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PREFACE 


The present volume is an Elementary Treatise on the 
Statics of Coplanar Forces, and is intended for the use 
of Higher Forms in Schools and Junior Classes at the 
Universities. 

The special feature of the work is its continual 
insistence upon the double aspect of the subject, 
namely the geometrical and the analytical. I have 
in the whole development, of the subject allowed 
Geometry to play its part side by side with Analysis, 
and I venture to hope that the book will thus cultivate 
greater resourcefulness than would come from the usual 
almost exclusive use of the analytical method. 

The examples are very numerous, and are mostly 
of an easy type. The more difficult will be found 
in the sets which come at the ends of the different 
chapters. They include, among others, practically all 
the examples which have been set during the last ten 
years'in the Military Entrance Examinations, together 
with a large number of original examples accumulated 
during the same period. The Miscellaneous Examples 
at the end of the book are intended primarily for the 
use of Scholarship Candidates; they consist largely of 
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recent scholarship questions, and require some mathe¬ 
matical power for their solution, but are not beyond 
the scope of the book. 

It is suggested that the portions marked with an 
asterisk may be omitted by beginners on a first reading. 

My thanks are due to several Cambridge friends, 
and particularly to Mr. B. W. Bayliss, M.A., who has 
kindly read through the whole of the proof-sheets, and 
to whom I am indebted for many valuable criticisms 
and suggestions. 

Corrections or suggestions for improvement from 
teachers or students will be much esteemed. 


5 LEXHAM O.AliDENS, w., 
August 15, 1901. 


W. J. l)OBBS. 
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CHAPTER I 

INTRODUCTION 

tkwC i* ^icW^'Uu A«»|t ? 

lj Matter is the substance of which all created thinys arc composed. 

Matter, in some form or other, is continually affecting our . 
senses. It is matter which moves, and its presence is attested 
by its powers of offering resistance. 

2. A Material Body or simply a Body is a limited quantity 
of matter occupyiny a limited portion of space. 

In a body matter assumes some definite form in which the 
dimensions are limited in all directions. 

3. The Volume of a body is the amount of space it occupies. 

Two bodies may occupy equal portions of space and yet 

contain unequal quantities of matter, the matter being more 
closely packed in the one case than in the other. 

4. The Mass of a body is the quantity of matter it contains. 

5. A Particle is a material point. 

In a particle the dimensions are indefinitely small in all 
directions. 

A body may be regarded as an aggregation of an indefinitely 
large number of indefinitely small portions of matter called 
particles. In this sense a particle is a body of indefinitely small 
volume and of indefinitely small mass. 

The term particle is, however, used in another sense. It 
frequently happens that the dimensions of a body may be 
neglected in comparison with those of neighbouring objects, 
while its mass is of appreciable magnitude. Under these cir¬ 
cumstances, and for the purposes of our investigations, the body 
may be regarded as an appreciable quantity of matter condensed 
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into an indefinitely small compass*, possessing mass and position 
only. 01 course such a portion of matter does not exist in 
nature, hut is an ideal conception. In considering the motion 
of such a body we lose sight of any possibility of its rotating, 
and imagine it to describe a single line. 

6. A Rigid Body is one in which the different particles of 
which it is composed are so inseparably connected , that they retain 
the same positions u\th reyard to one another under all circum¬ 
stances. 

This is again an ideal conception, not occurring in nature. 

7. Force is anything which produces or tends to produce motion 
in matter at rest , or which modifies or tends to modify motion 
already existing in matter. 

A force, in its strictest sense, is that which produces or tends 
to produce motion in a particle at rest, or that which modifies 
or tends to modify motion already existing in a particle. 

A particle, being of indefinitely small mass, the forces which 
act upon it are also of indefinitely small magnitudes. The 
forces, however, which we shall consider are in general ideal 
forces of appreciable magnitude equivalent to an indefinitely 
large number of the small forces which actually exist. 

In the case of a string in a state of tension, the action of 
one part of the string upon another consists of an aggregation 
of small forces distributed all over the section of the string. 
We shall, however, regard them as a single force, applied at a 
point of the string along a single line, situated in the middle of 
the string. Thus, if force is applied to a body by means of a 
string which is pulled, we shall regard the part of the body to 
which the string is attached as a geometrical point , and we shall 
consider the force as of finite magnitude applied at that point 
in a geometrical line. 

8. Ihc Line of Action of a force is the line drawn through 
its point of application in the direction in which the force acts. 

A force is said to art along its line of action. 

9. Statics is the science which deals with the conditions under 
which the forces applied to a body do not disturb its position of rest. 

Under these circumstances the forces are said to be in 
equilibrium. 

10. The Weight of a body is the force with which the earth 
attracts it. 

The earth attracts every particle of which a body is com- 
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poseil with a force dependent upon the mass of the particle and 
its distance from the earth’s centre. Fur particles at the same 
distance from the centre of the earth, these forces are propor¬ 
tional to the masses of the particles. 

The bodies with which we shall have to deal arc all small 
in comparison with the size of the earth, while the distances 
of their different parts from the centre of the earth arc all 
large, and may be regarded as equal. Thus the attraction of 
the earth upon a body may be regarded as consisting of a large 
number of small parallel forces distributed all over the body, 
each of these forces being applied to a single particle of the 
body and in magnitude proportional to the mass of the particle. 
When the body is moved farther away from the earth, these 
forces are all diminished, but in the same ratio. 

We shall regard all these forces as together equivalent to 
a single ideal force equal to the total weight of the body and 
applied at some one point of the body. 


It will be proved later on that in the case of a rigid body the total 
weight may be regarded as applied at one point, fixed with regard to 
the different parts of the body however the body be turned about. 

In the case of two different bodies, situated so that their 
distances from the centre of the earth may be regarded as 
equal, their total weights are proportional to their masses. 
Thus we may say that the weight of m units of mass is m 
times the weight of one unit of mass. 

In the present work the unit of mass generally chosen is one 
pound, and forces are generally measured in terms of the 
weight of one pound. It must not, however, be forgotten that 
the weight of one pound, though suitable in most cases for a 
statical unit of force, is not of constant magnitude, but depends 
upon the positiou of the pound relatively to the earth. 

11. Action and Reaction. —Forces always occur in pairs, 
and the association of two masses is necessary for the existence 
of force. By the mutual association of two masses A and B 
action is set up between them, and the action of A upon B 
is equal and opposite to that of B upon A. The action of B 
upon A may also be regarded as the resistance which B offers 
to the action of A upon B, and in this aspect it is called the 
reaction of B. We take it as a fundamental axiom that 

Action and Reaction are equal and opposite. 
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Fig. 1 represents two bodies A and B resting upon the earth 
at H and K , and against one another at L. 

The pressure of B upon A at L is equal and opposite to 
that of A upon B at L. 

The pressure of A upon the earth at H is equal and opposite 

to that of the earth 
upon A at H. 

The pressure of 
B upon the earth 
at K is equal and 
opposite to that of 
the earth upon B 
at K. 

The attraction 
of the earth upon 
A is equal and op¬ 
posite to that of A 
upon the earth. 

The attraction 
of the earth upon 
B is equal and opposite to that of B upon the earth. 

In the present work, except when it is expressly stated to 
the contrary, we shall consider that all forces acting on a body 
or particle are applied in one plane. 

12. Equilibrium of Two Forces. —We take it as axiomatic 
that two cf/uul forces acting in opposite directions at two points 
A and B of a rigid body, so that the force acting at A is in 
direction AB, and that acting at B in direction BA, produce no 
effect upon the body as a whole. The tendency is merely to 
throw the portions of the body between A and B into a state 
of compression, and, as we are dealing with an ideally rigid 
body, the effect upon the body as one solid piece is nil. 
Similarly, if the two equal and opposite forces act outwards, 
instead of inwards, they produce no effect upon the body as 
a whole. 

The converse of this principle is equally important; namely, 
two forces acting upon a rigid body cannot balance one another 
unless they are equal and opposite and act along the same 
straight line. Unless they satisfy all three of these conditions 
the two forces will produce a motion of the body. 

We assume, then, the following fundamental axioms : 
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If two forces, acting on a rigid body, arc equal mid act in 
opposite directions along the same straight line , thnj arc i n equi¬ 
librium. 

If two forces, acting upon a rigid body, arc in equilibrium, 
they must be equal and act in opposite directions along the same 
straight line. ?m> q. f.— . c* 

13. Principle of Transmissibility of Force.—// a force 
ads at a point A of a rigid body in a direction from A towards 11, 
and if any other point A' is taken in All, or All produced either 
way, then the force may be considered to act at A', instead of at A, 
and in the same direction as before. 

This follows from the first of the axioms stated above. 

For, take any other point 
A" in AB, or All produced 
either way. At A' and A" 
apply two forces F' and F" 
respectively, the force F' 
being in the same direction 
ns the force F, and the force 
F" in the opposite direction, 
and both of the same in¬ 
tensity as the original force 
F. These two forces F' and 
F", being equal and op¬ 
posite and along the same straight line, themselves form a 
system in equilibrium, and can be introduced without having 
any effect upon the body as a whole. 

The two forces F at A and F" at A" may now be removed, 
for they also are equal and opposite, and act along the same 
straight line. 

We are now left with the force F' at A'. 

Thus the force F' at A' may be considered as equivalent to 
the force F at A, so far as its effect upon the body as a whole 
is concerned. 

Thus there are a succession of points of the body, all situated 
in the line AB, any one of which may be considered to be the 
point of application of the force F. This justifies the expression 
line of action as applied to the line All. 

Further, the line of action may be extended beyond the 
limits of the body, and the force considered as applied at a 
point outside the actual body altogether, if we suppose the body 
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to be ideally extended so as to include this point, which must 
be treated as a point of the body. 

14. Converse of the Principle of Transmissibility of 
Force. —[fa force F act ini/ at A is equivalent to another force F' 
acting at A' in its effect upon a rigid body as a whole, then the two 
forces F and F must be equal, and act in the same direction along 
the same straight line. 

We can prove this from the second of the two axioms of 
Art. 12. 

Let the force F act at A in the direction from A towards B. 

In AB take any point A". 

Then the force F could 
be balanced by a force F" 
of ecpial intensity acting at 
A" in the opposite direction. 
But as F' is equivalent to 
F, it follows that the force 
F" would also balance the 
force F. 

F" and F' must be of 
equal intensity and act in 
opposite directions along the same straight line. 

But F" and F are of equal intensity and act in opposite 
directions along the same straight line. 

F' and F must be of ecpial intensity and act in the same 
direction along the same straight line, so that A' is a point in 
AB, or AB produced either way. 

15. Resultant. —When a number of forces acting upon a 
rigid body are in equilibrium, any one may be regarded as 
balancing the combined effect of the others. But this one force 
could be balanced by an equal force acting in the opposite 
direction along the same straight line. Hence we see that, if 
one of the forces is reversed in direction but remains otherwise 
unaltered, it may be regarded as equivalent to the remaining 
forces of the system. 

When two or more forces, acting on a rigid body, are in their 
joint action together equivalent to a single force, that single force is 
called the resultant of the other forces. 

When two or more forces are regarded as being replaced by 
their resultant, they are said to be compounded into their 
resultant, and are described as components of their resultant. 
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When one force is regarded as being replaced by two or 
more forces to which it is equivalent, it is said to be resolved 
into components. 

16. Resultant of Forces acting in the Same Straight 

Line. —If a number of forces act upon a particle, all in the same 
direction, their resultant is clearly equal to their sum. 

Further, if the forces act upon the particle, all in the same 
straight line, but some in one direction and some in the opposite 
direction, then those in the one direction may be regarded as 
positive and those in the opposite direction as negative, and the 
resultant is still the sum of the forces, each having its own 
proper sign. This we take as self-evident. 

Now consider the case of a number of forces acting upon a 
rigid body all along the same straight line, but applied at 
different points of that line. By the principle of transmissibility 
of force, the forces may all be supposed to be transferred to one 
and the same point in their common line of action. Hence the 
resultant is again the algebraic sum of the forces. 

17. Action of Force upon Bodies not Rigid. —No body in 

nature is absolutely rigid. When forces are applied to a body 
at rest, they may produce motion in the body, or they may 
throw it into a state of strain until the different parts of the 
body take up a position of equilibrium. In the second case, 
all parts of the body being now at rest, we may treat the whole 
body or any portion of it as a rigid body under the influence of 
the forces which act externally upon that portion. 

In order that a body not rigid may be in equilibrium under 
the action of forces applied to it, so that every portion of the 
body may be at rest, it is necessary and sufficient that:— 

(i) The forces which act externally upon every conceivable portion of 
the body shouhl satisfy the conditions of equilibrium of forces acting 
externally upon' an ideally rigid body of the same size and shape. 

(ii) The external forces which, act upon the whole body should not 
be such as to produce internal actions sufficient to break it. 

The first of these principles shows the practical importance 
of examining the conditions necessary and sufficient for the 
equilibrium of an ideally rigid body when acted upon by forces, 
and enables us to determine, when necessary, the internal actions 
at different points within a body. 

The second principle is also of great practical importance, and 
belongs Co that branch of mechanics which deals with strength 
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of materials. In the present work we shall, in general, assume 
that every body under consideration is strong enough to bear 
any strain put upon it. 

18. Fine Light Rods and Strings. —By a light rod or 
string we mean one whose weight is inappreciable. By a fine 
rod or string we mean one whose thickness is inappreciable. 

Let AB represent a fine light rigid straight rod at rest under 
the inlluence of two forces, one applied at A and the other at B. 



We may remove the limitation that the rod should be rigid, 
and suppose that it has taken up a position of equilibrium under 
the influence of the forces that act upon it. 

These two forces must be equal and opposite, and act along 
the same straight line. Hence AB must be the line of action of 
both forces. 

The actions upon the rod at A and B must be either both 
inwards, as in Fig. 4, or both outwards, as in Fig. 5. 

For the purpose of determining the stress produced at a point 
1[ of the rod situated between A and />, we consider the equi¬ 
librium of the portion AH. The external forces which act 
upon this portion are,—the force applied at A and the action 
of the adjoining portion HB at H upon the portion All. 
These two forces must be equal and opposite and act along the 
same straight line. Thus, in Fig. 4, the portion HB presses 
against the portion AH in the direction HA with a force equal 
to the force which acts upon the rod at A. In Fig. 5, the 
portion 11B pulls at the portion AH in the direction AH with a 
force equal to the action at A. 

In Fig. 4 the rod is in a state of compression ; such a rod is 
called a strut. In Fig. 5 the rod is in a state ot tension ; such 
a rod is called a tie. 

In both cases the internal action is of the same intensity at 
every point of the rod, and is in the direction of the rod. 
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19. If a fine light string AB is in equilibrium in a state of 
tension, under the influence of two forces, one applied at each 
end, then the two external forces, as in the case ot a rod, must 
he equal and opposite, and act in the same straight line. 

Take any point H of the string between A and B, and 
consider the equilibrium of the 
portion AH. The external forces 
which act upon this portion are,— 
the force applied at A and the pull 
of the adjoining portion HB at H 
upon the portion AH. These two 
forces must be equal and opposite 
and act along the same straight 
line. Thus, every point H of the string between A and B 
is in the line of action of the force applied at A, so that 
the spring is straight , and the tension at every point is of the 
same intensity and equal to the force applied at each end of 
the string. 

The string may be extensible or inextcnsiblc. In the first 



case it will be stretched beyond its natural length before 
assuming its position of equilibrium. 

20. Suppose that a fine light string AB has one extremity 
A attached to a fixed point, and that it is thrown into a state 
of tension by means of a force applied at the other extremity 
B. Then it takes up a position of equilibrium such that the 
whole string AB is straight and in the direction of the force 

applied, and the tension of the string at every point is coual to 
the force applied. 

In particular, if a heavy mass is attached at B, then ‘ 

AB takes up the vertical position with B below A, and 
the tension of- the string at every point is equal to the 
weight of the mass supported. ^ 

21. We may remove the limitation that the string 

should be light. b 

- Let AB be a fine heavy string attached to a fixed 
point A and supporting a heavy mass at B. Let H be 
any point of the string between A and B. Then, con¬ 
sidering the equilibrium of the system consisting of the X 

null*of n r 8 if fr? nd the mass at B ' we see that the © B 

lo lmlLi e v 8tnn i 8 / ffat H Upon this s y stem is s »ch as Fl0 -7- 

10 balance its whole weight. Hence the pull of the string AH 
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upon the string IIB is vertically upwards and equal to the sum 
of the weights of the string HB and the mass at B. 

Thus the string rests with B vertically below A, and the 
tension at any point II is equal to the weight of all below H. 

Example .—Suppose that AB is a uniform heavy string of length 
12 feet and mass 3 pounds, the mass at B being 40 pounds, and that 
it is required to determine the tension at a point II, situated 5 teet 
along tlie string from A. ’ 

As the string is uniform, the mass of any portion is proportional to 
its length. Hence IIB weighs T r 5 of 3 pounds = lif pounds. Thus the 
tension at II is the weight of 41 $ pounds. 


EXAMPLES I 

1 . A sheet of paper of no appreciable weight, to which is attached 
a heavy particle at a point /', is supported at a point A. hind the 
position of equilibrium. 

2. A fine light string ABCD is attached to a fixed point A, and 
supports at B, C, 1) particles weighing 5, 8, 7 pounds respectively. 
Find the tensions of the different portions AB, BC, CD of the string. 

3 . A mass of 10 pounds hangs at the end of a uniform rope 12 feet 
long, whose other end is fixed. If the rope weighs 3 pounds, find its 
tension at the point 4 feet from the mass. 

4. A uniform heavy string is attached at one extremity to a fixed 
point and supports at its other extremity a heavy body. Show that 
the tensions at different points, situated at equal intervals along the 
string, form an arithmetical prog ression. 

5 . A uniform string Al> is attached to a fixed point A and 
supports at its other end B a mass of 00 pounds. The strain on the 
support at A is 03 pounds’ weight, and the tension at a point of the 
string 5 feet from A is 02 pounds,’ weight. Find the length of the 
string and the tension at a point 5 feet from B. 

6 . A uniform chain AB, of length 7 feet G inches and weighing 

10 pounds, is attached to a fixed point A, and supports at its other 

end B a mass of one cwt. If a force of 50 pounds’ weight is applied 

vertically upwards to the chain at a point 5 feet from A, find the 
tension (i) at a point 4 feet 0 inches from A, and (ii) at a point 
0 feet from A. 

7. A uniform chain A BCD, of length 8 feet 9 inches, and weighing 

7 pounds, is attached to a fixed point A, ami supports at B, <, D 

masses of 10, 1G, 20 pounds respectively. If A IS and BC are of 
lengths 4 feet and 2 feet respectively, find the tensions at the middle 
points of AB, BC, CD respectively. 
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CHAPTER II 


PARALLELOGRAM OF FORCES 

22. Geometrical Representation of Force.—We have seen 
that it is not necessary in general to indicate the actual point of 



Fio. s. 
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application of a force. The line of action being known, an 
arrowhead is placed in it, to show the direction in which the 
force acts along it, and a number placed by the arrowhead 
indicates tlte magnitude of the force. 

Thus, if the weight of one pound is taken as the unit of 
force, the number 5 in Fig. 8 indicates that a force of five 
pounds’ weight acts in the direction indicated by the arrowhead 
along the line HK. 

The order in which the letters are read is important. If 
the direction of the force were from K towards if, we should 
say that it acted along KH. 

If the force contained P units of force, its magnitude would 
be denoted by the algebraic symbol P. In general, by a force 
P we mean a force whose measure is P, i.e. a force equal to P times 
the unit of force. 

A straight line can be drawn to show by its length the 
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magnitude of a force, and by its direction the direction of the 
force. 

Thus, in Fig. 8a, the straight line AB is drawn parallel to 
IIK and in the same direction as HK, and, with some suitable 
scale, AB is taken 5 units of length. In this way the force 
of 5 pounds’ weight, which acts along 1IK, is represented in 
magnitude and direction by the line All. 

A force P would be represented by a straight line of length 
P units drawn in the proper direction. 

23. Resultant of Two Forces.—When two forces act upon 
the same particle in different directions, they tend to move the 
particle in some definite direction, and it is clear that a single 
force could be found of proper intensity, which, acting in the 
opposite direction, would keep the particle at rest. If this 
force be reversed, it is the equivalent of the other two forces, 
and may be regarded as capable of replacing the other two. 

Thus we see that two forces, acting upon the same particle, 
have a resultant. 

Now consider two forces acting upon the same rigid body 
along intersecting lines. They may be supposed to be trans¬ 
ferred so as both to act at the point of intersection of their lines 
of action. Hence, as before, two forces, acting upon the same 
rigid body along intersecting lines, have a resultant, whose line 
of action passes through the point of intersection of the lines of 
action of its component forces. 

The following proposition gives the method for determining 
the resultant of two such forces. A formal proof of the pro¬ 
position will be found at the end of the present chapter. 

A 24. The ParallelogramTor Forces. —If two forces, acting 
***'along OB and 01), are represented in magnitude and direction bg 
OB and 01) respectively, and if the parallelogram OBCD is com¬ 
pleted, then the resultant acts along the diagonal OC and is repre¬ 
sented in magnitude and direction by OC. 

Thus, to find the resultant of two forces P and Q, we first 
determine the point 0 where their lines of action intersect. 
Then from 0, along the lines of action of the forces P and Q, 
we measure OB and 01) to contain P units of length and Q units 
of length respectively. Completing the parallelogram OBCD, 
we draw the diagonal OC and measure it. Suppose that OC 
contains It units of length. Then the resultant of the two forces 
P and Q is a force It acting along OC. 
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The student should notice that the two forces are represented 
by OB and OD, botli drawn away from 0 , and that the resultant 
is intermediate in direction to the directions of P and (?. 

The resultant force R is not an actual force applied to the 



B 
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body, but an ideal force which may be conceived to replace the 
two forces P and Q. Its point of application may be taken to 
be any point of the body situated in OC or 00 produced either 
way. If the line of action of the resultant falls wholly outside 
the body on which the. forces act, then we may suppose the 
body to be ideally extended so as to include some portion of 
the line OC. 

V 25. Experimental Verification of the Parallelogram of 
Forces.— In Fig. 10, ABO represents an endless fine light string, 
to which three other fine light strings are knotted at A, B , 0. 
The tensions of the three last-mentioned strings are recorded by 
means of three spring balances shown in the figure. 

The points Q and R are fixed on a board on which a diagram 
can be drawn, and the whole system is thrown into a state of 
tension by pulling the string at A. The point P is then fixed, 
and when the system has taken up a position of equilibrium, 
the readings of the balances are found to be (say) l, to, n, as 
indicated in the figure. ’ 

We proceed to make the following construction on the board 
behind the stringsProducing QB and RO to meet at 0, we 
measure, on any suitable scale, lines OM and ON of lengths, to 
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units and n units towards Q and R respectively. Then, com¬ 
pleting the parallelogram OMLN and joining OL, it is found 
that 

(i) OL is in the same straight line as the string AP, 

(ii) OL and AP are in opposite directions, 

(iii) OL contains l units of length. 
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Now consider the equilibrium of the string ARC. The 
forces which act externally upon it are the pulls at A, B, C. Of 
these three forces, the pulls at B and C act along, and are 
represented by, the lines OM and ON respectively. The 
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experiment shows us that the pull at A acts along, and is 
represented by, the line LO , so that the pull at A could be 
balanced by a force acting along, and represented by the line 
OL. 

Thus it appears that the force acting along, and represented 
by, the line OL is equivalent to the two forces which act along, 
and are represented by, the lines OM and UN. 

26. Exrettsioit of the Parallelogram of Forces. —In 
Art. 24 the line DC is equal and parallel to 01), and therefore 
represents the force (? in magnitude and direction. It is not 
necessary to draw the whole parallelogram in determining the 
resultant, for we can draw OB to represent the force P, then 
DC to represent the force Q, and OC will represent the resultant. 
Also, to avoid confusion in the figure, the forces can be repre¬ 
sented to scale in a separate diagram. Thus, 

To find graphically the resultant of txco given forces. 
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Let the two given forces P and Q act along lines which 
intersect at 0. With any suitable scale, draw AB equal to P 
units of length in the direction of the force P, and from B draw 
BC equal to Q units of length in the direction of the force Q. 
Then the straight line from A, where we started, to C, where 
we finished, represents the resultant in magnitude and direction. 
Suppose that AC contains R units of length. Then the 
resultant of the two forces P and Q is a force R acting alon" a 
line drawn through 0 parallel to AC. 

This is the fundamen tal metho d for determining the 

resultant of two given forces, and from it can be deduced all 

the properties of the resultant of two forces which act along 
intersecting lines. b 
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It is to be particularly noticed that the angle ABC is the 
supplement of the angle between the directions of the two forces 
P and Q. 


Example. —Suppose it is required to determine the resultant of two 
forces of 8 and 3 pounds’ weight acting at an angle of 120°. 

With any suitable 
scale make AB of length 
8 units; make angle 
ABC = supplement of 
120° = 60°; and make 
BC of length 3 units. 
Then, on measurement, 
AC is found to be of 
length 7 units, and the 
angle /L/C'of magnitude 
21 if. Hence the resultant is 7 pounds’ weight, making an angle of 
21 if with the direction of the first force. 

27. ^Calculation of the Resultant of two Forces.—In the 

preceding article, let <x be the angle between the foices. 
Then, in’ the triangle ABC, the angle ABC = ir-a } while the 
sides that include this angle arc of lengths P units and Q 
units. Hence, as the base contains R units of length, we have, 

by trigonometrical formula, 

R- = P°- + Q 2 - 2PQ cos (it - a) 

. •. IP = P~ + Q' + ZPQ cos a . . (i) 

Let 0 be the angle that the resultant makes with the 

force /'. 



Then BAC=0 and ACB = a - 9 

Hence, as the sides of a triangle are proportional to the sines 

of the opposite angles, 

P sin 6=Q sin (a - 0) 

= Q sin a cos 0 - Q cos a sin 0 
. •. ( P+Q cos a) sin 0 = Q sin a cos 6 

Q sin a 

• - • tan 8 = P + Q co>fa • (,l) 

The equations (i) and (ii) determine the magnitude and 
direction of the resultant. 


Example.—Thu resultant of 8 and 3 pounds’ weight acting at an 

angle of 120° is__ 

\'64 + 9 + 2 • 8 • 3 • cos 120° pounds’ weight 

= n/ 64 -f 9 - 24 pounds’ weight 
= 7 pounds’ weight; 
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and the angle that it makes with the 8 pounds’ weight 

, 3 sin 120" 

~ tau 8 + 3 cos 120" 

. 3\'3 

= tan 16^3 
=tan“ 1 ^v/3 

= tan “ 1 ‘3997 ... 

= 213 " nearly {by mathematical tables). 

28. In the preceding article, if P and Q are equal, the 
triangle A BO becomes isosceles. 

In this case R bisects the angle between P and Q. 

Also, the perpendicular from B upon AC divides AC into 

two parts each of length P cos 

Thus, the resultant of two equal forces P acting at an angle 
a is of magnitude 2P cos and acts along a line bisecting the 
angle a. 


Example— The resultant of two forces each of 10 pounds’ weight 
acting at an angle of 60° is 

2 • 10* cos 30° pounds’ weight 
= 10 n /3 pounds’ weight 
= 17 '32 pounds’ weight. 


EXAMPLES II 

1. If the side of a square denotes a force of 4 pounds’ weight when 
one foot represents a weight of 3 pounds, what will the diagonal 
denote when one inch represents a weight of 6 ounces? 

2. OACB is a rectangle, the sides OA and OB being of lengths 
16 and 12 inches respectively. Find the resultant of 4 pounds’ weight 
acting along OA ana 3 pounds’ weight acting along OB. 

Find also the resultant of 3 pounds’ weight actiug along OA and 
4 pounds’ weight acting along OB. 

3. Show that the resultant of forces P and Q, acting at right angles, 

is of magnitude v/P*+<P, and makes an angle tan -1 j, with the first 
force. 

4. Find the magnitude of the resultant of the following pairs of 

forces acting at right angles. 

(i) 7 and 24 pounds’ weight. 

(ii) 10 and 24 pounds’ weight. 

(iii) 18 and 24 pounds’ weight, 

(iv) 46 and 24 pounds' weight. 

2 



13 


EXAMPLES II 


cir. ii 


(v) 70 and 24 pounds’ weight. 

(vi) 94 A and 24 pounds’ weight. 

(vii) 25*2 and 24 pounds’ weight. 

(viii) 43 and 21 pounds’ weight. 

and in each case give the tangent of the angle that the resultant 
makes with the larger force. 

5. The resultant of two forces at right angles is of magnitude 65 
pounds’ weight. If one of the forces is of given magnitude, determine 
the magnitude of the other. 

(i) When the given force is 16 pounds’ weight. 

(|i) „ „ 52 „ 

(iii) ii ii 60 ,, ,, 

(iv) „ „ 62-4 „ 

6. The resultant of two forces P and Q is in a direction at right 
angles to the force V. Show that the cosine of the angle between the 

forces is - —. 


7. Find the magnitude of the resultant of two forces eacli of 10 
pounds’ weight. 

(i) When they act at an angle of 120° 

(») „ „ 135 ° 

(iii) „ „ 150° 

8. Find the resultant of 

(i) 8 and 5 pounds’ weight acting at an angle of 120° 

(ii) 5 „ 3 „ „ „ „ 60 3 

(iii) 8 „ 7 .. 60’ 

(iv) 15 „ 7 „ . 120” 

(v) 15 „ 8 „ „ „ „ 120° 

(vi) 6 „ 7 „ „ „ „ 45° 

and in each case give the cosine of the angle that the resultant makes 
with the larger force. 

9. At what augle must forces of Sand 3 pounds’ weight he inclined, 
in order that their resultant may be 7 pounds’ weight ? 

10. Find the cosine of the angle at which forces of 10 and 17 
pounds’ weight must be inclined, in order that their resultant may 
be 21 pounds’ weight. 

11. The resultant of two forces, acting at right angles, is 13 pounds’ 
weight, and the dilfcrenee between them is 7 pounds’ weight. Find 
the forces. 


— 12. The resultant of two forces of given magnitudes is greatest 
when the forces act in the same direction, and least when they act in 
opposite directions. 

13. The resultant of two forces P and Q is of magnitude Jl. If 

one of the two forces is reversed in direction, the resultant of the 
two becomes IP. Prove that lP+lt *=2 {l a +Q 1 )- ' i 

14. The resultant of forces of 11 and 7 pounds' weight is 14 pounds’ 
weight. Find what the magnitude of the resultant becomes when one 
of the two forces is reversed in direction. 

16. The resultant of two forces, one of which is double of the other, 
is 13 pounds’ weight. If one of them is reversed, the other remaining 
unaltered, the resultant becomes 9 pounds’ weight. Find the magni- 
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tudcs of the forces ami the cosine of the angle at which they must he 
inclined in the first case. 

16. ALL' is an equilateral triangle and 1). is the middle point of 
AB ; if AR represents the resultant of forces represented hy AD and 
AC, show that AR=\/7 times AD. 

17. The resultant of two equal forces P, acting at an angle of 60' J , is 
of magnitude R. Show that the resultant of R and JA', actiii" at 
right angles, is of magnitude jjA\ 

18. Two forces V and Q are inclined at an angle 0. If Q is replaced 
hy a force R+Q, acting in the opposite direction, it is found that the 


resultant remains of the same magnitude as before. Determine the 


value of 0. 

19. The resultant of two forces is 17 pounds’ weight when they act 

at right angles, and 13 pounds’ weight when they act at an angle of 
120°. Find the forces. ° 

20 . The resultant of two equal forces P, acting at an angle 0 , is of 

magnitude R, and the resultant of R and JA’, acting at right angles 
is of magnitude %R. Find the value off?. ■ 

7 z, 1 ' l! ie r ?' ll i ta " t two lo,ces 1* a»d Q is equal in magnitude 
to y. enow that Q and R make supplementary angles with R. 

2 , 2 ’ , an .^ MOB a .re two straight lines intersecting at right 

angles, hind the magnitude of the resultant of forces of 98 91 30 
40 pounds weight acting along OA, OB, OA', OB respectively’and 
give the tangent of the angle that it makes with OA. 

23. The resultant 1( of two forces R and Q, acting at any given 
angle makes an angle <p with the direction of the force O.' Show 
that the resultant of R and (Q + R), acting at the same angle, is 

211 cos & aud ^akes an angle A <p with the direction of 

24. Two forces R and Q act at an angle of 120°. Show that if thn 

J! 1 ,®. ,tant “ ""altered. I rove also that the sum of the angles 
whicl. the resultant makes with the force R iu the two different cases 

resuftant V °7/° r if S tw a ?n l Q ' rf 1 '" 8 alo "n ! ntcrscctin g lines, have a 
resultant R. If the force Q is reversed in direction and changed 

show t,iat tl,e resultant is still of magnitude R. 

of Tw rt Pr r Perty ° f , the Line of Action of Resultant 

Of Two Forces. From a point L perpendiculars, of lengths 
panel q are draim upon the lines of action of two ford P and 

tov7Z7(tii?L aCt o l0, r inle f rSed y ig lines ' 11 is re 9uired to 

P and (/( ^^ P U in tfle »ngle between the two forces 
and Q (or m the vertically-opposite angle ) and Pp = Qn, then 

UtTho 1 T tl f Une ° f D adlon °f the resultant of the two forces. 

rodl i . f ? rCCS P and Q ' ^Presented by AB and BC 
respeettvely, act along lines which intersect at 0 ; and let the 
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circle on OL as diameter meet the lines of action of P and Q in 
II and K respectively. Then LH and LK are the perpen¬ 
diculars, and are of lengths p and q respectively. 
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(i) If L is in the line of action of the resultant of P and Q } 
the line OL is parallel to AC. 

.-. CAB = UJlI = LKIL 


Also ABC =supplement of KOH = KIM. 

.-. the triangles ABC and KLH are similar. 

Thus P :Q = AB : BC= KL :LH = q :p. 

Pp = Qq. 

(ii) If L is in the angle between the two forces P and Q 
(or in the vertically opposite angle), we have 

Kill = supplement of the angle between the forces = ABC. 
Also, if Pp = Qq, we have 

KL : LH = q :p = P : Q = AB: BC, 
the triangles KLH and ABC are similar. 

BAC=LKII=LOH 
OL is parallel to AC. 

Thus L is in the line of action of the resultant of the forces 
P and Q. 

Example.— Suppose it is required to determine where the line of 
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ac tion of the resi iU~. ant._n r the two known forces P and Q, indicated in 
Tig. 14, intersects the given line AB. 

Let c he the known 
length of AB, and let 
the line of action of 
the resultant intersect 
AB at the point L at 
a distance x from A. 

Then the perpendi¬ 
culars from L upon the 
lines of action of P and Q are a: sin a and (c-x) sin (i respectively. 
Hence x can be found from the equation 

P x sin a — Q (c-x) sin /?. 

If the direction of the force Q be reversed, the point L will lie in 
BA produced. In this case, if A is at a distance x from A, we have 

P x sin a — Q (c+ x') sin /9. 




The result is the same as we should have obtained from the equation 
above by changing the sign of Q and writing - x! instead of x; 

y*3o 


. ... Resultant of A (OB) and //. ( OD). — If two forces, n.v 

acting along OB and OD, are represented in magnitude and ^ 
diredim by A times OB and /x times OD respectively , and if a point 
E is taken in BD such that A times BE = p times ED, then the < ~ 

resultant acts along OE and is I 
represented in magnitude a 7 id>lx 
direction by (A + /x) times OE'. 

The force which acts along 
OB is equivalent to two forces 
represented by A times OE 
and A times EB, both acting 
through 0. 

The force which acts along 
OD is equivalent to two forces A.t .31 



represented by /x times OE and /x times ED, both acting through 0. 
Replacing the two given forces by these pairs of components, 

/I R 1/1 S , i 1 • a § i A / - . 9 

1^4 xJr 
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we see that the two forces represented by A times Eli and /x 
times ED, being equal and opposite and acting along the same 
straight line through 0 may be removed. 

Thus the resultant acts along OE and is represented by 
(A + /x) times OE. 

In particular, if the forces are represented by OB and OD, 
and if E is the middle point of BD, then the resultant acts 
along OE and is represented by twice OE. 

31. Resolution of a Force into Two Components. —To 
resolve a given force into tiro components in tiro given directions. 

Let OG be the line of action of the given force P, and 
let OH and OK be straight lines drawn through 0 in the given 
directions. 
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(i) Bij Geometrical Construction.— Taking Ali in the direction 
of the force P and of length P units, draw AL parallel to OH 
and BL parallel to KO, meeting in L. 

Then if AL and LB contain X and Y units of length 
respectively, the given force is equivalent to two forces A' and 
Y acting along OH and OK respectively. Thus we determine 
the required components by measuring AL and Lll. 

(ii) Bij Calculation .—Let the angles HOC and COK be a and 
[3 respectively. Then in the triangle A BL, the angles A and B 
are u and [3 respectively, and the external angle at L is a + f3\ 
also the side A B is of known length P. Thus, to find X and Y, 
we have 

_X_ = Y = P 
sin [3 sin a sin (a + (3) 

j X = P sin [3 cosec (a + (3) 

' ’ | Y = P sin a cosec (a + /3). 


ef Arc- iri. 
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If a and (3 are equal, then the triangle ABL becomes isosceles, 
so that the forces X and Y are equal. 

In this case the perpendicular from L upon AB divides AB 
into two parts each of length X cos a. Thus A' can he deter¬ 
mined from the equation. 

2 .Y cos a = P. 

32. The Besolved Part of a Force in a Given Direc¬ 
tion. —In the preceding article, suppose that the direction of 
OH is given, while the direction of OK is unknown. Then the; 
position of the line AL is known, hut not the position of the 
point L. Thus A' has different values according to the direction 
in which OK is drawn. 



Of the different values of A' we will choose that particular 
one which requires that the remaining component I' should he 
in a direction perpendicular to OH. In this case we draw BL 
perpendicular to AL, and thus determine the position of the 
point L. 

Def. —That component of a given force in a given direction 
which requires the remaining component to act at right angles to the 
given direction, in orda • that the two components mag he together 
equivalent to the given force, is called the resolved part of the given 

fnrrj'. in the niven. divert inn (.4* ■*» •*I*K 


force in the given direction. •«*— «*•'«' • »*«- 

Draw Aa and Bb perpendiculars upon OH. Then, evidently, 
ab =AL. 


A\ 


Thus the resolved part of a given force in a given direction 
is represented by the projection upon the given direction of the ! * u ' 
straight line which represents the given force. 

When the projection of AB upon OH ft negative (as it will 
he when a is obtuse) the resolved part X is also negative. 

Again, we have ab -AL — AB cos a 


jlt 


. •. X=P cos a 
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And X is positive or negative according as cos a is positive 
or negative. 

Thus the resolved part of a given force in a given direction 
is given in magnit ude and sign by the product of the measure 
of the given force and the cosine of the angle it makes with the 
given direction. 

The resolved part of the force P in a direction at right angles 


to OH is of value P cos^y - aj = P sin a. 

The resolved part of a force in its own direction is itself. 

The resolved part of a force in a direction at right angles to 


its own direction is zero. 


Tiie student should carefully distinguish between the resolved part 
of a force in a given direction and a component of the force in that 
direction. In Fig. 17 thc resolved parts of the force P in the directions 
OH and OK are of values P cos a and P cos 0 respectively. These are 
not together equivalent to the given force P, except in the case where 

7r ET>«.k k A r *. so 'vccA. |V CV-. otLtr d 

* + P=T 2 - 


33. The Principle of Resolved Parts .—The sum of the 

t resolved parts, in any direction, of two forces which act atony 
intersecting lines is equal to the resolved part of their resultant in 
•'°Viat direction. 

. In the figure of Art. 2G draw OX, any straight line through 
0 , and suppose that perpendiculars are drawn from A, 1 >, C, 
upon OX. 

Then it is geometricall y obvious that the sum of tlie 
projections of AB and BC upon OX is equal to the projection of 
AO upon OX, each projection having its own proper sign. 

But the projection of any line represents the resolved part 

of the force represented by that line. 

Thus the sum of the resolved parts of the forces P and Q 
is equal to the resolved part of their resultant P, each resolved 
part having its own proper sign. 


If the forces are as indicated in Fig. 19, we have from the proposition 


proved above 


7i cos 0 = - /* cos a + <? cos 0. 


This is described as resolving along OX. 

In practice the value of the resolved part of the force / is obtained 
as follows:—Its resolved part estimated in the direction AO produced 
is V cos a ; hence its resolved part in direction OX is 1 cos a. 
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Resolving perpendicular to OX we obtain 

.ft sin 0=Psiu a- Q sin p. 



The two equations, obtained above, arc sufficient to determine ft 
and 0. 

Squaring and adding, we have 

ft 2 =ft 2 + Q*~ opQ (cos a cos p + sin a sin p) 

= P 2 + Q 1 - 2PQ cos (a - p) 

Also, tan 6= ? 

- P cos a +Q cos fi 

• 

The student is recommended to obtain the results of Art. 27 by this 
method, resolving in the direction of the force P and at right angles 
to this direction. 


34. The following particular cases of the proposition proved 
above are important, and should be carefully noted :— 

(i) The sum of the resolved parts of the two forces in the 
direction of their resultant is equal to the resultant. 

(ii) The sum of the resolved parts of the two forces iii a 
direction perpendicular to their resultant is zero. 


Example .—Suppose it is required to find tho 
value of the force X in order that the resultant of 
I and X may make angles a and p with the 
directions of P and X respectively, as indicated 
m Fig. 20. 

Resolving perpendicular to the direction of tho 
resultant, we have 

ft sin a-Xsin p=0 
. *. X—P sin a cosec p. 

X ha3 *» th h> vah,c , t ! ,en - resolvin ff in the direction of tho 
resultant, we see that the magnitude of tho resultant is 

P cos a + X cos p 

_ n „„„ , P sin a cos fi 

=1 cosa+-i-“ 

sm p 

~P sin (a+/3) cosec p. 
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EXAMPLES III 

1. If the resolved part of a force in a given direction is half the 
force, what is the angle between the given direction and that of 
the force ? 

2. The cosine of the angle AOB is "28, and BO is produced to C. 
OD and OB arc the bisectors of the angles AOB and AOC respectively. 
A force of 100 pounds’ weight acts along OA. Find the resolved 
parts of this force in directions OA, OB, OC, OD, OE. 

Determine also the two components along OB and OE, which are 
together equivalent to the given force. 

3. Resolve a force of 10 pounds’ weight 

(i) into two equal components inclined at an angle of 30°. 

('*) >> n »> > > >> »> 135 . 

„ ,, „ „ „ 120 °. 

(iv) into two components making angles of 90° and 30° with 

it on opposite sides. 

(v) into two components making angles of 75° ami 45° with it 

on opposite sides. 

4. Resolve a force of 12 pounds’ weight into two components 
making angles of 60’ and 15° with it on opposite sides. 

What are the resolved parts of the given force in these two directions ? 

6. OA and OB are two straight lines inclined at an angle of 60°. 
Find the magnitude and direction of a force, acting at O, such that 
its resolved port along OA is 23 pounds’ weight, and its resolved part 
along OB is 22 pounds’ weight. 

Find also the two components, along OA and OB, which arc together 
equivalent to this force. 

6. Two forces, one of which is 16 pounds’ weight, arc inclined at 
an angle of 120°. Find the magnitude of the other in order that 
the resultant may be at right angles to the given force. Determine 
also the magnitude of the resultant. 

7. Resolve a given force /' into two components, inclined at an 
angle of 120° so that one component may be double of the other. 

8. Show how to resolve a given force into two components, one of 
which is of given magnitude and acts in a given direction. 

9. A given force /' is to be resolved into two components, one of 
which is of given magnitude Q in a given direction inclined at an 
angle a to the direction of B. Obtain formula; giving the magnitude 
and direction of the other component. 

10. Resolve a force of 15 pounds’ weight into two components, one 
of which is 7 pounds’ weight and makes an angle of 60° with the 
given force. 

- 11. Find the cosine of the angle at which two forces of 40 and 25 
pounds’ weight must be inclined, in order that their resultant may 
make an angle cos -1 j- with the greater force. Determine also the 
magnitude of the resultant. 

12. Two forces are represented in magnitude and direction by AO 
and BO; show that their resultant is represented by twice CO, where 
C is the middle point of AB. 

If the forces are represented by AO and OB, find their resultant. 
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13. D is the middle point of the side ISC of a triangle A ISC. Prove 
that the resultant of forces represented by AB and AC is double of 
the resultant of forces represented by AB and ISD. 

— 14. If D is the middle point of the base JSC of a triangle A JSC, 
and the resultant of forces represented by ISA and ISI) is equal to 
the resultant of those represented by CA and CD, show that the j 

triangle ABC is isosceles. 

15. Two forces are represented in magnitude and direction by OA 
and 2 OB. Show that their resultant is represented by 3 OC, where 
C is one of the points of trisection of A IS. 

" 16. OA, OB, OB represent in magnitude, direction, ami position^ *,» 
two forces and their resultant. If OC and Ol) are two equal lines cut 4 _*,t 
olf from OA and OB respectively, and if OB meets CD in <1, iind the. Ba 
ratio of CO to CD. 

17. AB is a straight line one foot in length. Forces of 5 and 2 
pounds’ weight act along AC ami BD respectively, the angles IS AC 
and ABD being 90’ ami 30’ respectively. Find where the line of 
action of the resultant intersects AB or BA produced, (i) when AC 
and BD are on the same side of AB, and (ii) when AC and BD are on 
opposite sides of AB. 

18. Forces P and Q act along the sides OA and OB respectively of 
the triangle GAB. Show that the line of action of their resultant 


divides AB in the ratio Qa : Pb, where a and b are the lengths of the 
lines OA and OB respectively. 

19. Two forces aet along OA and OB. Prove that (i) if the line of 
action of their resultant bisects AB, then the forces arc proportional 
to OA and OB respectively; (ii) if the line of action of the resultant 
divides AB in the ratio OA : OB, then the forces are equal. 

20. The sides OA, OB, AB of the triangle OAB are of lengths 
5, 5, Cinches respectively. Forces of 11 and 25 pounds' weight act 
along OA and OB respectively, and the line of action of their resultant 
meets AB at the point D. Find the length of AD, and show that it 
is equal to 01). Determine also the magnitude of the resultant. 

21. The sides OA, OB, AB of the triangle OAB arc of lengths 

5, 5, 6 inches respectively. Forces of 7 and 3 pounds’ weight act 
along OA and BO res)actively, and the line of action of their resultant 
meets BA produced in D. Find the length of AD, and determine B 
the magnitude of the resultant. jv 

“ 22 - The sides OA, OB, AB of the triangle OAB are of lengths 21, 1 
35, 28 inches respectively. Forces of 3 and 2 pounds’ weight act c : 
along OA and OB respectively. Find the position of the point in AB L* 
through which the line of action of the resultant passes. A * 

" 23. Forces P and Q act along the sides OA and OB respectively of / 
the triangle OAB. Prove that (i) if P: Q= cos A : cos B, then the lino j 
ol action of the resultant of P and Q passes through the centre of the , 
circle which circumscribes the triangle ; and (ii) if P: Q = cos B : cos A,. V 
tliep the resultant is perpendicular to A IS. \ 

"■V*35. T’nmiol __ -c -n_ 


■ V * 35 , Formal Proof of the Parallelogram of Forces.—- It*' 
l\ e assume that the resultant of two equal forces acts along the b» 
bisector of the angle between the lines of action of its com- 
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ponents. For there is no reason why the resultant should 
make with one component an angle different to that which it 
makes with the other. 



two equal forces, of 


Now let two equal forces act along the 
lines OA and OB. Make OA equal to OB, 
and complete the rhombus OACB. Then, 
by elementary geometry, OC bisects the 
angle between OA and OB. Hence the 
resultant of the two forces acts along OC, 
and may he regarded as applied at the 
point C. There it may be resolved into 
the same intensity as before, acting along 


BC and AC. 


T Thus, two equal forces acting along OA and OB are equiva- 
J lent to two equal forces, of the same intensity, acting along BC 
and AC. But the last-mentioned pair (and therefore also the 
first-mentioned pair), could be balanced by two equal forces, of 
the same intensity as before, acting along CB and CA. 

Thus, four equal forces, acting along the lines 
OA, OB, CA, CB, form a system in equilibrium. 

Such a system of four forces will, for short¬ 
ness of expression, be described as a rhombus of 
forces, and will be indicated in a diagram as in 

Fig. 22. fio. 22 . 

Now consider several such systems of forces, 
as indicated in Fig. 23, the whole figure forming a paraUelo- 

t, be n* g C gr am 0ACR Each 

rhombus of forces 

forms a system in 
equilibrium; therefore 
the whole system is in 
equilibrium. 

But all the forces 
which act along the 
lines within the paral¬ 
lelogram consist of 
pairs of equal and 
opposite forces acting 

along the same straight line, and can therefore be removed. 

Hence the remaining forces, which act along the sides of 
the parallelogram, form a system in equilibrium. 
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But these remaining forces are equivalent to four forces 
acting along, and represented by CM, OB, CA, CB. 

Hence, in any parallelogram OAGB, whose sides are commen¬ 
surable , four forces acting along, and represented by, CM, OB, 
CA, CB form a system in equilibrium. 

We may remove 
, the limitation that 
the sides of the paral¬ 
lelogram should be 
commensurable. For, 
if OA and OB were 
incommensurable, we 
could still find a frac¬ 
tion which differs 
from the true ratio 
of OA to OB by a 
quantity less than 
any assignable difference. 

Thus we see that 

In any parallelogram OACB, four forces acting along, and re- 
presented by, OA, OB, CA, CB form a system in equilibrium. 

Now the first pair of forces are equivalent to a resultant 
acting through 0, and the second pair to a resultant acting 
through C. 

These resultants must be equal and opposite and act along 
the same straight line. 

Therefore 

If two forces act along, and are rqntscnled by, OA and OB, 
their resultant acts along OC. 

We can now prove that OC represents the magnitude also 
of the resultant 

As the forces represented by CM and OB are equivalent to 
a force along OC, they can be balanced by an equal force acting 
along CO. Let such force be represented by OD, so that COD is 
a straight line. Complete the parallelogram OBED (see Fig. 25). 

Then, by that which we have just proved, the forces repre¬ 
sented by OB and OD can be replaced by some force along OE. 
Such force will balance the force represented by OA. 

Hence EOA is a straight line. 

Thus EOCB is a parallelogram. 

0C=EB=D0. 
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. OC and OD represent forces which are of equal mag¬ 
nitude. 

But OD represents a force equal in magnitude to the re¬ 
sultant of the two forces represented by OA and OB. 



Therefore OC must represent the magnitude also of the re¬ 
sultant of the two forces which act along, and are represented 


by, OA and OB. 

36. Ex. 1 . — Show how to resolve a given force P into two 
components , one of which is in n given direction inclined at an 
angle a to the given force, while the other is of given magni¬ 


tude Q. 

(i) By Geometrical Construction.— Take AB to represent the 
given force P, and draw AH in the given direction of the 
* first component, so that 

s'] the angle HAB is of 

/ magnitude a. 

/ The two compon- 

/q ents will be represented 

f by AL and LB, where 

/ AL lies along AH and 

A,\ LB is of magnitude Q. 

/ a i _ I—A -- Thus, to get the posi- 

A x tion of L, we describe 

Fl0 'a circle with its centre 


<P \ 


Fio. 20. 


at B and its radius of magnitude Q, and determine the points, 
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if any, in which the circle intersects All. AVc sec that the 

problem may admit of two solutions. 

(ii) By Calculation. — Let A’ be the measure of the lust 
component, and <f> the angle at which the second component is 
inclined to AH. Then in the triangle Afifi, the side Ah is ol 
magnitude A', and the exterior angle at L of magnitude </>. 
Hence, by trigonometrical formula, 

Q 2 = p2 + X- - 2 VX cos a. 

This is a quadratic equation to find X. 

Also, 

sin ALB sin a 

-~P ~Q~' 


i J 

sin </>= - sin a. 

This equation determines the angle </», which may be either 
acute or obtuse, the two values being supplementary to each 


other. 

37. Ex. 2.— The resultant of tico forces is perpendicular to one 
of them. Show that, if this force be doubled, the neic resultant will 
be equal in magnitude to the other force. 

(i) Geometrically. —Let AB and BC represent the two forces. 
Then AC represents their resultant and must be perpendicular 
to AB. 

If the first force be doubled, it will be represented by Ajfi, 
where A is the middle 
point of Aj.fi, and the 
new resultant will be 
• represented by AjC. 

In the triangles, 

AjAC and BAG , the 
sides AjA and BA 
are equal, the side 
AC common, and the angles at A right angles ; therefore these 
triangles are equal in all respects. 

Thus AjC = fiC, so that the new resultant is equal to the 
force represented by BC. 

(ii) Analytically. — Let the resultant of forces P and Q, 
acting at an angle a, be at right angles to the force P. Then 
the sum of the resolved parts of the two forces P and Q in the 
direction of the force P must be zero. 
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P + Q cos a = 0, 
, P 

so that cos a = - - 


Now let P be changed into 2 P; tlien the new resultant 


will be of magnitude 


7(2/*)“ + Q' 1 + 2(2 P)Q cos u, 

V 


4P- + Q°- + 4 PQl - 


Q. 


/ = <2 ‘ 

V *38. Ex. 3 .—Two forces are represented in magnitude and direc¬ 
tion by A 1 Ii l and A.jB r Show that their resultant is represented 
in magnitude and direction by twice AB, where A and B are the 
middle points of A x A. 1 and B 1 B., respectively. 

Let the lines of action of the two forces intersect at a point 

0. Then the force re- 



B 2 presented by Ajf is 
equivalent to two 
forces represented by 
. AyA and AB V hoth. 7 
acting through 0 . Also, * r 
the force represented 
by A.fly is equivalent 
to two forces repre¬ 
sented by A.,A and 


A.V 


A By both acting 


through 0, (rv, p c 
Replacing the two 


given forces by these pair3 of components, we see that the two 
forces represented by A X A and A,,A, being equal and opposite 
and acting along the same straight line through 0, may be 
removed. 

Thus the two given forces are equivalent to two torces 
represented by AB Y and AB,Jiolh acting through 0. 

Hence the resultant is a force represented by twice AB, 
acting along a line through 0. 




•EXAMPLES IV 


S 1. A BCD is a given parallelogram, and P is any point in AD, or 
AD produced either way ; two forces act along, and are repiesentcd 
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by, BP and PC. Show that, for all positions of P, the resultant is of 
fixed magnitude and acts along a fixed straight line. 

2. The sides AB and KG'of the quadrilateral A BCD arc parallel. 
Determine the magnitude, direction, and position of the resultant of 
two forces acting along and represented by AC and DB. 

~ .lines: if P is 


is unaltered. 


A3. Two forces Pand Q act along given intersecting li 
increased by Q and Q by \ P, the direction of the resultant 
Find the ratio of P to Q. 

AL The resultant of two forces P and Q is at right angles to P ; the 
resultant of P and Q', acting at the same angle, is at right angles to 
Q'. Prove that QQ' = I a . 

V6. Two forces P and Q have a resultant and the resolved part of 
11 in the direction of P is of magnitude Q. Show that the angle 

/ P 

between the forces is 2 sin -1 

/6. The resultant of two forces }'nnd Q is of magnitude li. Show 
that if P be doubled, Q remaining unaltered, then the new resultant 

will be of magnitude slw 1 + ‘111 1 - (f. 

■J 7. The resultant of two forces P and Q is of magnitude P. 

Show that if the force P be doubled, (J remaining unaltered, then the 
new resultant will be at right angles to Q. 

- 8. Two forces P and Q act at an angle a. Prove that if Q be oV?.rq 
changed into Q\ a and P remaining unaltered, the magnitude of tbc*Q,+•.’ 
resultant will remain the same as before, provided Q+Q’ = - 2 P cos a. 

9. Two forces P and Q have a resultant li. Provo that if Q be 
changed into Q\ the force P remaining unaltered, the magnitude of 
the resultant will remain the same as before, provided QQ 1 = l' 1 - IP. 

10. If one of two equal forces be reversed and doubled, the other 
remaining unaltered, it is found that the magnitude of the resultant 
is unaltered. Find the original angle between the forces. 

11. ABCDEF is a regular hexagon. Find the resultant of forces P 
and 2 P acting along AC aud BP respectively. 

12. Two forces, oue of which is of given magnitude P, are inclined 
at a given angle a. Show how to determine the magnitude of the 
second force, in order that the resultant may be of given magnitudo li. 

13. Two forces, one of which is 35 pouuds’ weight, are inclined at 
an angle of 120°. Determine the magnitude of the second force, in 
order that the resultant may be 31 pounds’ weight. 

14. Two forces, one of which is of given magnitude P, are inclined at 
a given angle a. Show how to determine the magnitude of the second 
force, in order that the resultant may make a given angle /3 with the first. 

15. One of two forces, which act at an angle 3a, is 8 pounds’ weight, 
and the resultant makes an angle a with the given forco. If cos a = |, 
liud the other force and the magnitude of the resultant. 

— 16. Show how to resolve a given forco into two components of given 

magnitudes. Under what circumstances is the problem impossible of 
solution! 

The resultant of 6 and 4 pounds’ weight is 5 pounds’ weight. 
l ind the cosiues of the angles that the resultant makes with its two 
components, and show that one angle is double of the other. 

3 


if A, 
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18. The line of action of the resultant of two forces P and Q divides 
the angle between them in the ratio 1 :2. Show that the magnitude 

of the resultant is ^ ^ 


Q 

19. The resultant of two forces P and Q is of magnitude 


r- - (f- 

Q 


Show that its line of action divides the angle between the forces P and 
Q in the ratio 1 : 2. 

20. In the example of Art. 36, show that the product of the two 
values of A' is l fl - (f, and their difference is 2\/ (f 1 - 7 r - sin -a. 

21. A force of 8 pounds’ weight is-resolved into two components, 
one of which is 7 pounds’ weight, while the other component is 
inclined at an angle of 60° with the given force. Determine the 
magnitude of the second force. 

22. Show how to determine the angle at which two forces of given 
magnitudes P and Q must be inclined, in order that their resultant 
may make a given angle a with the force /'. 

23. The resultant of two forces of 8 and 7 pounds’ weight is in a 
direction making an angle of 60’ with the greater force. Determine 
(i) the magnitude of the resultant, and (ii) the angle between the 
forces, given sin 82°= "990. . . . 

- 24. The greatest resultant that two forces can have is of magnitude 

■<7Mand the least is of magnitude Q. Show that, when they act at an 
^x+y x-y - 


angle a, their resultant is of magnitude P" cos- ^ + Q- sin‘ J ^. 

25. In the example of Art. 37, show that the new resultant will be 
inclined to the force 'IP at an angle equal to the supplement of a. 

26. Two forces, one of which is 17 pounds’ weight, have a resultant 
of 30 pounds’ weight. If the known force be reversed, the resultant 
becomes 40 pounds’ weight. Find the magnitude of the other force. 

27. Show how to resolve a given force into two components, such 
| that their difference ma^ beof given magnituderand the greater of 
,, pdhenf in a given direction. 

28. Resolve a force of 7 pounds’ weight into two components whose 
difference is 3 pounds’ weight, the greater component being inclined at 
an angle cos -1 5 with the given force. 

29. Show how to resolve a given force into two components, such 
that their sum may be of given magnitude and one of them in a given 
direction. 

-- 30. Resolve a force of 35 pounds’ weight into two components 
whose sum is 12 pounds’ weight, one component being inclined at an 
angle of 60° with the given force. '^5 ' <5* “ * c 

^ 31. Two forces are represented in magnitude and direction by the 

A* straight lines joining the middle points of opposite sides of a quadri- 
if\ f 'lateral. Show that their resultant is represented in magnitude and 
r—\ direction by one of the diagonals of the quadrilateral. 

■»o«tr 32 . The sides AB, AC of the triangle ABC arc each of length / 
inches, and the base BC is of length 6 inches. Find the force which, 
together with a force of 7 pounds’ weight acting along AB, will be 
equivalent to a force of 12 pounds’ weight acting along CB. 


(i\ 
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33. The sides BC, CA, AB of the triangle ABC sire respectively 17, 

31, 40 inches long. Find the force which, together with a force of 
4 pounds’ weight acting along AB, will be equivalent to a force of 

65 pounds’ weight acting along AC. * 

34. The sides OA, OB, AB of the triangle OAB are of length 13, 

15, 14 inches respectively. Find where the line of action of the '* 
resultant of the following pairs of forces intersects AB :— , L~. 

(i) 39 pounds’ weight along OA and 18 pounds’ weight along OB s.u + iu 
(H)8fl „ „ OA „ 25 1 „ h (,B 

(iii) 39 * „ „ OA „ 45 ” l,’ OB 

(;v 39 ^ 0 ,, „ OA „ 81V-U- „ „ Oir^K,u 

(v) 39 (}) ,, ,» OA ,, 15 M ,, BO-T^k 

35. Two forces of given magnitudes act in one plane at two given 
points of a rigid body. Show that, if their lines of action are turned ?• 
round these points in the same direction through any two equal angles, 

then the magnitude of their resultant will remain unaltered, and its & 
line of action will always pass through a fixed point. esc-.cZc 6 

[Noe- y *.*.Ctv AtfluC,.* e f- r.s«.tf^c ; v.k.ij 

t©CuLl of 0 is A. O tUre* A,B. 

Force D ^ *S constant IK * StTL AOR *. Ao,R, 

•• pA*k«-l t^r«’ * Akv ^ pt. s OK tke. ©•? AS OH, 


OB 

BO-n 


A A 

for 0,SC : 0,£y 


°. R . 
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CHAPTER III 


EQUILIBRIUM OF THREE FORCES 

\j 39. The Triangle of Forces .—If three forces, acting upon the 
I same rigid body along concurrent lines, are represented in magnitude 
e4 .v and direction by the sides of a triangle taken one way round, then 
-+.**the forces are in equilibrium. 



Fig. 20. 



Let three forces P, Q, P, acting along lines which intersect at 
0, be represented i n magnitude and d irfislion by the sides PC, CA, 

AB respectively of The triangle AltC. 

Then by the extension of the parallelogram of forces, the 
two forces P and Q may be replaced by a force represented by 

BA, acting along a line through 0. 

This re duces the system to two forces, namely, the resultan 
of P and Q represented by BA, and the force It represented by 

AB, both forces acting through the point 0. 

These two forces are of equal intensity and act in opposite 

directions along the same straight line through 0 . 
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Hence the system is in equilibrium. 

^40. Converse of the Triangle of Forces .—If three/wees, 
which are not all parallel, act upon a rigid body in one plane and 
keep it in equilibrium, then their lines of action arc concurrent, and 
the forces can be represented in magnitude and direction bg the sides 
of a triangle taken one way round. 



Let P, Q, R be the measures of three forces, which are not 
all parallel, and which act iu one plane upon a rigid body and 
keep it in equilibrium. 

As the forces are not all parallel, the lines of action of two 
of them, say P and Q, meet at a point 0. 

Let BO and CA be drawn in the directions of the forces P 
and Q, and of length P units and Q units respectively. Then, 
by the extension of the parallelogram of forces, the two forces 
P. and Q may be replaced by a force represented by BA and 
acting along a line through 0. 

This reduces the system tojwojorces^namely, the resultant 
of P and Q represented by BA and acting through 0, and the 


Now we are dealing with a system in equilibrium. Her 
these two forces must be of equal intensity and act in oppos 
directions along the same straight line. 

Therefore AB contains R units of length and is in t 

direction of the force R, and the line of action of the force 
must pass through 0. 

‘Thus the lines of action of the forces must be concurrent, a 
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the force diagram is a triangle, whose sides taken one way round 
represent the three forces. 

41. In the preceding article if any triangle, such as A'BC 
or A"B"C'\ is drawn with its sides parallel to the lines of action 
of the forces P, Q, It, it will be similar to the triangle ABC, and 
will therefore have its sides proportional to-P, Q, It. 

Thus we have a. more ge neral converse to the Triangle of 
Forces than that which we have enunciated and proved above, 
namely : 

If three forces, which are not all parallel, act upon a rigid body 
in one plane and keep it in equiliJmiunK thenfhcir liiiff si 

are concurrent ; and if straig ht lines are dra wn pa rallel lo D ieir tines 
of action so as to form, a triangle, then the sides of the triangle are 
proportional to the forces to which they arc respectively parallel. 

As the lines of action of the forces meet at a point, the forces 
may be regarded as all acting at that point. In future, for 
shortness of expression, if the lines of action of a system ot forces 
all pass through the same point, we shall describe the forces as 
concurrent forces, or as all acting at a point. 

42. Lamp’s Theorem .—If three concurrent forces are in 
equilibrium, each is proportional to the sine of the angle between the 

other two. . 

In the figure of Art. 40, the angles of the triangle ABC are 

respectively the supplements of the 
angles between the different pairs of 
forces, while the sides of the triangle 
are of lengths P, Q, II respectively. 

Now, by Trigonometry, the sides 
of a triangle are proportional to the 
sines of the angles opposite, and the 
sine of an angle is equal to the sine 

of its supplement. 

Hence,denoting the angle between 
the forces Q and It by the notation 

(Q,R), and similarly for the other 
pairs of forces, we have 

p _ = Q R 

sill (oji) sill (/O') sin ( y, > 0) 

Suppose it is required to determine the values of V 
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and Q in order that the three forces indicated in Pig. 31 may be in 
equilibrium. 


We have 


Q 


20 


CVS 


_ =90. !•) 

sin (180°-60°)“sin(180°-75°) sin(G0' + 75") “ N ’ 

. . /P=20 x /2sin60° = 10 N /6 = 24-49 . . . 

; u j<2=2°N/2sin 75° = 10( n /3 + 1) = 27-32 . . . 

u 43. Principt^of^tVsolved Parts .—If three concurnnt forces 


are in equilibrium , the sum. of their resolved parts in any direction is *1 
zero. . r { Ar f « 


In the figure of Art. 40 let OX be drawn in any direction 
through 0, and suppose that perpendiculars are drawn from 
A, B, C, upon OX. 

Then it is geome trically obvious that the sum of the pro ¬ 
jections of BO , CA, AB upon OX is zero, each projection having 
its own proper sign. 

But the projection of any line represents the resolved part of 
the force represented by that line. 

Hence the sum of the resolved parts of P, Q } It, in any 
direction is zero. 


If the three forces indicated in Fig. 32 are in equilibrium, then, 
resolving along xX we have 


P cos a = Q cos /3 + R cos y. 



44. If from any point in. the line of action of one of three con¬ 
current forces , which keep a body in equilibrium , perpendiculars arc 
drawn upon the lines of action of the other two forces , then the per¬ 
pendiculars are in the inverse ratio of the other two forces. 

This follows from Art 29, since the line of action of any one />■/? 
force coincides with the line of action of the resultant of the 
other two. 

Also ptK Art,4i-. 
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45. Equilibrium of Three Strings.—Let three fine light 



portion of the system arc :— 


strings OA, OB, 00, 
knotted together at 0, he 
in equilibrium in a state 
of tension. 

Let the tensions of the 
strings OA, OB, OC, be of 
A magnitudes P, Q, 11, re¬ 
spectively. 

We have drawn a closed 
curve round 0, enclosing 
the portions of string OH, 
OK, OL. The forces that 
act externally upon this 


[At H a force P in direction 1IA 
a At K a force Q in direction KB 
I At L a force 11 in direction LO. 

Thus the consideration of the equilibrium o f the portion of 
matt er in the neighbourhood of 0 comes under the subject of 
the present chapter, and the force diagram will be a triangle, 
in which the arrows go one way round. 

This is briefly described as considering the equilibrium ol 0, 
and the force diagram is called the triangle of forces for the 
point 0. 

46. Ex. 4.—Show how to arrange three forces of given magnitudes 
P, Q, P, so as to act at a given point 0 and produce equilibrium. 

(i) By Geometrical Construction .—Construct a triangle ABC so 
that the sides BC, CA, AB, may contain P, Q, 11, units of length 
respectively; and from 0 draw straight lines in the directions 
of BC, CA, AB (see Fig. 29). Then, if the forces P, Q, H 
are arranged to act along these straight lines respectively, we 
know by the Triangle of Forces that they will produce equi¬ 
librium. . 

The problem cannot be solved when any one of the forces is 

greater than the sum of the other two, as it is then impossible 
to construct the triangle. 

When one of the forces, P, is equal to the sum of the other 
two, the point A falls in BC. Thus, in this case, Q and 11 must 
act in one and the same direction opposite to the force P. 


ART. 47 


EXAMPLES 


41 


(ii) By Calculation.— Since (Q,ll) = supplement ol' A of the 
triangle ABC, we have 

Q2 + R 2 - V 2 

cos (Q,R) = - cos A ■■= -- 2( jj- t -• 

This determines (Q,U), and the angle between any oilier two 

% 

forces can be found in the same way. 

Numerical Example .—Suppose that forces of 7,8,5 pounds’weight arc 
to be arranged so as to produce equilibrium, and that the angle between 
the forces of 8 and 5 pounds’ weight is required. If the triangle is 
constructed with its sides of longths.7, 8, 5, the angle between the last 


two sides is cos 


_, 8 2 + 5*-7 2 _ 


2-8-5 


= cos _ 1 J = 60\ The angle required 
must be the supplement of this, i.c. 120° 
v 47. Ex. 5.— Three forces act along given concurrent straight lines. 
The magnitude of one of the forces being known, it is required to 
determine the magnitudes of the other two, in order that the system 
may be in equilibrium. 

(i) By Geometrical Construction. —Let the three forces P, X, Y, 
jn equilibrium, act 
along the three con¬ 
current' lines indi¬ 
cated in Fig. 34, P 
being known and X 
and Y unknown. 

With any suitable y' 
scale draw AB to 
represent the known 
force P, and through 
B and A draw paral¬ 
lels to the lines of 
action of A” and Y re¬ 
spectively, meeting 
in H. Then, by the 
converse of the tri¬ 
angle of forces, the 

sides of the triangle AB1I , taken one way round, must represent 
the three forces. Hence, measuring BH and HA, we have the 
values of X and Y. 

(ii) By Calculation — (a) First Method. —If the lines of action 
of P, X, Y are given parallel to the sides of a known triangle 



Fio. 34. 



Fio. 34a. 
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the values of X and Y can be at once determined, since the 
forces are proportional to the sides of the triangle. 


Numerical Ream pic .—Suppose that a mass of one cwt, suspended 
from a fixed point A by a fine light string AH, of length 20 inches, 

is pulled aside by a horizontal 
force until it rests at a distance 
of one foot from the vertical 
through A. Let it be required 
to determine the magnitude of 
the force applied, and the tension 
of the string. 

In the figure, Nil is of length 
12 inches. 

Hence AN = n^O 2 -12-inches 
= 1G inches. 

The triangle ANB has its 
sides parallel to the three forces 
which act upon the mass. Hence, 
on the scale in which 16 inches 
represents 112 pounds’ weight, 
12 inches will represent the 
horizontal force applied, and 
20 inches the tension of the 
string. 

Thus the force applied = 12 x 7 pounds’ weight = 84 pounds' weight, 
and the tension of the string = 20x7 pounds’ weight = 140 pounds’ 
weight. 

(b) Second Method .—The values of A' and Y may be deter¬ 
mined by Lame’s Theorem, the angles between the different 
pairs of forces being known. 

Numerical Example .—Taking the same example as before, let 
B pounds’ weight be the force applied, and T pounds’ weight the 
tension of the string, and let a be the angle ABN. 

Then 



r T 112 


sin (00' + a) sin 90 J sin (ISO" — a) 


P T 112 

t.c. --- — — —— 

cos a 1 sin a 

/'=112cota = 112(^) = 84 
7’=112 cosec a = 112^) = 140 

(c) Third Method.—Wc may resolve in two different directions, 

and thus obtain two simple equations to find A and Y. 

If we require X and not Y, we may resolve in a direction at right 
angles to the force Y, which docs not then enter into the resulting 
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equation. Thus, if the dotted line in Fig. 36 is at right angles to 
the direction of the force Y, we have 

X cos 7 = P co.s /3 

Numerical Example .—Taking again the same 
numerical example, and resolving vertically, we 
have 

7 sin a = 112 

7=112 coscc o = 140 
Also, resolving horizontally, 

P=T cos a = 140 (?) =84 



EXAMPLES V 

1. Three forces of given magnitudes keep a particle in equilibrium. 
Determine the angle between the last two forces when the measures of 
the forces arc:— 

(i) 6 , 11, 18 (v) 17, 15, 8 

(») 5, 3, 4 (vi) 13, 15, 7 

(iii) 7, 8 , 5 (vii) 13, 15, 8 

(iv) 22, 29, 51 (viii) 13, 8 , 7 

2 . A mass of weight JY is supported by two line light strings 
inclined at angles a and /3 with the vertical. Determine the tensions 
of the strings. 

3. A body, which weighs 12 pounds, is kept at rest by means of 
two fine light cords, one being horizontal, and the other inclined to 
the horizontal at an angle whose tangent is 2 ; find their tensions. 

4. A mass of 20 pounds is supported by two fine light strings 
inclined at angles of 30° and 60° with the vertical. Determine the 
tensions of the strings. 

5 . A mass of 5 pounds is supported by two fine light strings, each 
inclined at an angle of 75° with the vertical. Determine the tensions 
of the strings. 

6 . A mass of 100 pounds is supported by two fine light strings 
inclined at angles of 45° and 15° with the vertical. Determine the 
tensions of the strings. 

7. A force of given magnitude P is in equilibrium with two forces 
each of given magnitude Q. Show that the two equal forces must 

be inclined at an angle 2 cos ~ 1 — . 

2Q 

8 . A force of 40 pounds' weight is in equilibrium with two equal 
lorces, the cosine of the angle between the given force and one of the 

forces beiUS ~ ^ Detcnnine t,ie magnitude of each of the equal 

- HgUt ? tring A0B ' with its extremities fixed at points A 

and if, is thrown into a state of tension by a force applied at O. If 

? f act ]? n ® f , tho a lT licd force Passes through the middle point 

° tthe t ”'° portionsof th0 strhlg aro 
10. A fine light string AOB, of length 7 inches, attached at its 
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extremities to two points A and B, situated 5 inches apart, is thrown 
into a state of tension by a force of 10 pounds’ weight applied at a 
point 0 of the string distant 3 inches from A. If the line of action of 
the applied force passes through the middle point of AB, find the 
tensions of the strings AO and OB. 

11. In question 9, if AOB is a right angle, and if the force 
is applied in a direction perpendicular to AB, show that the 
tensions of the two portions of the string arc inversely proportional to 
their lengths. 

12. In question 10, if the force of 10 pounds’ weight is applied in a 
direction perpendicular to AB, find the tensions of the strings AO and 
OB. 


13. A fine light string AOB, of length feet, is attached at its 
extremities to two points A and B , situated 6 J feet apart in a hori¬ 
zontal line. From a point Oof the string, distant 6 feet from A, a 
mass of 100 pounds is suspended. Find the tensions of the strings 
A 0 and OB. 

14. A fine light string AOB, of length l, is attached at its 
extremities to two points A and B, situated at a distance a apart in a 
horizontal line. Find the tension of the string when a mass of weight 
/F is suspended from its middle point. 

15. A heavy particle is suspended by two equal strings attached to 
points in the same horizontal line. If the lengths of the strings arc 
equally increased, show that their tensions are diminished. 

16. In the preceding question, if the lengths of the strings arc 
altered so that they arc afterwards inclined to the vertical at the same 
angle at which they were formerly inclined to the horizontal, show 
that the tension of each is altered inversely as its length. 

V -17. A heavy particle is suspended from the middle point ot a^tring 
29 inches in length, attached at its extremities to two points situated 
v -^c 21 inches, apart in the some horizontal line. If the length of the 
striiigjs increased to 35 inches, show that its tension is diminished in 

the ratio 110 : 100 . t 

j.p. A and B are two lixed points situated in a horizontal line at 
a'distance c apart. Two fine light strings AC and BC, of lengths b 
and n respectively, support a mass at C. Show that the tensions of 
the strings arc in the ratio &(a 2 + c 2 -i 2 ): n(b- + c~- « 2 ). , 

19. // ami B arc two fixed points distant 4 feet apart in a horizontal 
line. Two fine light strings AC and BC, of lengths 2 and 3 feet 
respectively, support at C a mass of weight IV. Find the tensions of 
the strings. 

-20. A and B are two fixed 

r 4 a distance c apart. A fine lig—-.~ - 

at C a mass of weight 7F. If the difference between the tensions of 




r 

r- 


ft 




d points situated in a horizontal line at 
light string ACB, of length 2c, supports 

, v a niasa . . :f the difference between the tensions of 

.e two parts of the string is } IV, show that the(lifrcrcnce_bctween 

icir lengths is jr./$ u,m ~~ * . . ... 

21. A fine light string^ or length 64 inches, has its extremities 

attached to two fixed points, situated 40 inches apart in a horizontal 

line. If the string can bear any tension up to 20 pounds weight, find 

the greatest load that can be supported at a point of the string distant 

25 inches from on e extremity. 

\ * -*» — IJTc 

^ ^ 1> T / 1 •»- 


c 


in ' 
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, * 22 . A fine light string OAB is attached at one extremity to a fixed 
y* point 0, and supports at the other extremity B a mass of given weight 
L) W. To a point A of the string, situated at a given distance a from 




■ - -point__ .. 

0, a force of given magnitude P is applied in a given direction 
making an angle a with the upward vertical. Show that, in the 
position of equilibrium, OA is inclined to the vertical at an angle 

tan -1 - i. u - g - , and determine the tension of OA. 

«?vcui* I'-Bcos a 

23. A fine light string OAB is attached at one extremity to a 
fixed point 0, and supports at the other extremity B a mass of 
32 pounds. To a point A of the string, distant 14 inches from 0, a 
force of 12 pounds’ weight is applied in a direction making an angle 
of 60° with the upward vertical. Find the vertical distance of A 
below 0 in the position of equilibrium, and determine the tension of OA. 

— 24. A fine light string OAB is attached at one extremity to a fixed' 7 ’*- 1 * 
point 0, and supports at the other extremity B a mass of given weight 701 
IV . It is pulled aside from the vertical by means of a force applied w 
to a given point A of the string. Show how to find the magnitude’^' 
and direction of the smallest force. which will cause the string to rest 
iu a given position. 

tic. 25. A line light string OAB is attached at one extremity to a fixed 
point 0, and supports at the other extremity B a mass of 10 pounds. 

It is pulled aside, until OA makes an angle of 30* with the vertical, o 
by means of a force applied at A. Find the magnitude and direction 
of the smallest force which will keep the system in this position. 

26. In the preceding question, if the applied force is altered so as . 

to be inclined at an angle of 30° to the vertical, the position of' 
equilibrium being unaltered, show that the tension of the string is V' 
diminished in the ratio 3:2. 3k s ^ - i. ! 

27. In the preceding question, if the applied foreeu again altered,**' 
so as to be horizontal, show that the tension of the string is doubled. 1 

28 . A particle, of mass 7 pounds, is suspended from a fixed point l,' 
by a line light string 21 inches in length, and is drawn aside until it J 
rests at a vertical distance of 9 inches below the horizontal through v 

force of • ; 
of tlic&fc 

-<*» -fiii 

in H.a ^ —7® i "r- u,a88 18 auenvaras supported 

n ‘lit thc A 

K“ int ’ “! c cauilikiun,, «ua g 




r^i prove tho 

oi the angle between P and It. 

augwlfd 7 OB- rn d] F atCra1 ^ ’p*n n l tll ° ftngles at A and D 

h 0 *cs, and OB-CD. forces P, Q, II, acting along AB, CA, AD 
respectively, are in equilibrium. If P= show thafc AB= }_ BQ 
or -zBO, v 3 2 
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>-'•33. A given force P is in equilibrium with two others, one of which 
K is of given magnitude Q, while the other is of unknown magnitude X 
'\ in a given direction inclined at an angle a with the force P, all three 
i forces acting at the same point. Show how to determine the direction 
| of the force Q and the magnitude of the remaining force. 

« Show that there are in generaj^hvo solutions, and that if P>Q , 
-—there are limits to the angle a fieyoud which the question is impossible 

MWisn: »-•* ■ “-(s. “ 

- 34. In the preceding question, show that the sum of the two values 
7 of X is - 2 P cos a, and their product is P- - Q 1 . 

35. A fine light string OAB is attached at one extremity to a fixed 
% point 0, and supports at its other extremity Ji a mass of 15 pounds. 

It is pulled aside, until OA makes an angle of G0 J with the vertical, 
by means of ji force of 13 pounds’ weight applied at A. Find the 
tension of the string. 

36. If three forces, acting at a point, arc in equilibrium, and if 
straight lines are drawn perpendicular to their lines of action so as to 
form a triangle, then the sides of the triangle arc proportional to the 
forces to which they are respectively perpendicular. c f A,c - ai - 
y/37. If three forces P, Q, R, acting at a point 0, arc in equilibrium, 
and if a circle through 0 cuts their lines of action in A, B, C respec- 
tively, then P : Q : R = BC : CA : AB. U 

48. Ex. G. — A given force P, acting along a given straight line 
01), is in equilibrium with two other forces of unknown magnitudes 
X and Y. The force X acts along a given straight line OE, and 
the force Y through a given point F . It is required to determine 
the values of X and Y, ajul the direction of the force Y. 

(i) Jig Geometrical Construction .— The lines of action of the 
three forces must he concurrent. Hence, joining FO, the line 
so drawn is the line of action of the force Y. 




/ Y 


Fio. 37. 
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The question now becomes the same as that of Art. 4/, and 
is solved in the same way. 
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(ii) By Calculation — (a) First Method .—The position of the 
point F being known relatively to the lines OD and OK , the 
angles FOP and FOE may be determined with the aid of 
geometry and trigonometry. Let these angles be a and /i 
respectively. 

Then, by Lame’s theorem, 

X _ Y _ r 
sin (7r - a) sin (a + fi) sin (tt - (i) 

. f X = P sin a cosec /2, 

( and Y—P sin (a + /?) coscc /?. 


Numerical Example. —Fig. 38 represents a straight rod A FB, o 
no appreciable weight, 

capable of turning ^ 

freely in a vertical a 6 \F 5 C 

plane about the fixed ■ .. . . ; 

point Fj the distances 
AF and FB being 6 

and 5 feet respectively. T s S. \ 

A mass of 30 pounds 

is suspended from B, ^Ny 

and the rod is sup- q'\, \ 

ported in a horizontal '\ 

positiou by a fine light \ V - 

string AC, inclined at ''\V 

an angle of 30° to the '** O 

horizontal. Suppose 

that it is required to 

determine the tension ' r 

of the string and the 

force of constraint at Fm 1 

F. Fl °- 3S - ©30 

Let AC meet the vertical through B in 0. Then OF is the lino o 

action of the force of constraint at F. Let 'FOB= 0 . 

Then tan 0=—= • FB _ 5 5 N /3 


2)30 


Then 

whence 


tan 0 


BO AB tau 30° 11 tan 30° “ 11 

r ls\ 


sin aud cos 0= — 

... 14 14 


wiht uKSof SlraLuVr 8 * 0 ” ° f "" Slri " a 0nd 11 l'™"' 1 

Ihen, by Lamp's theorem^ 

sin 6 ~ sinCCP = sin (60° - 0 ) 

*i*. 30 • • O 0 

sm (60° - 0 ) dn 60° cot 0- COS 60° “^3-H-T 

2 * 673"2 

= 50. 


30 
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Also 7i = 


30 sin 60° __30_ = 30 

siu (6Q~ - 0 )~cos (/-cot 00“ sin 0 11_1 r>\/13 

14 V3 ’ 14 

= 70. 


Thus the tension of the string is 50 pounds’ weight, and the force of 
constraint at F is 70 pounds’ weight inclined at an angle cos 1 J J 
with the vertical. 


Willi llit \ fulfill. 

1(h) Second Method. —The position of the point F being 

' v _ tnmvn Vfdnt.ivfdv to 


t 


■ • c known relatively to 

/ the lines OD and OE, 

X / ■ the lengths of the per - 

r pendicula rs from F 

/ upon the lines OD 

/ and OE may be de- 

/ termined with the aid 

/ j\F. of geometry and trigo- 

/ nometry. Let j> and 

/ 7 l je the measures of 

/ ' these perpendiculars 

A. respectively. Then we 

/1 _> -L-p. have X<i = l‘p. 2 7 

P This equation deter- 

Fio. 30. . A 

mines A. 

Let y be the known angle between OIJ and OE, and suppose 
that the direction of Y makes an angle 9 with the direction 
DO, as indicated in the figure. Then, resolving along and 

perpendicular to OD, we have 

j Y cos 9 = P + A" cos y 
( Y sin 9 = X sin y. 

As A' has already been determined, these two equations are 

sufficient to determine Y and 9. 

Numerical Ex- ^ 

ample. — Taking \ 

the same numerical A_ 0 .° 

example as before, ■ ■ ■ ■ . 

the length of the > 

perpendicular from 
/<’ upon AC is \a 

G sin 30° feet 
= 3 feet. 

Hence we have X) O 30 

T* 3 = 30x5, Flc . 40 . 

T= 50. 
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Let <p be the angle that the constraint at /'’makes with 1SA. 
resolving vertically and horizontally, we have 

111 sin <£=30 + T cos 00° = 150 + 25 = 55. 

\ R cos </> = T cos 30° = 25 \J3. 

.-. /i- = 55 2 + (25\/3)* = 5 2 {121 +75} = 5‘-x 11-. 

.-. 11=70. 


Also 


. 55 55 11 

s " l ^=7; = -ro = n 


Thus \vc have the same result as before. 


Then, 





49. Centre of Gravity. —In the following examples, wec.'i 
assume that the resultant weight of a rigid body acts along a ^ 
vertical line, which, in all positions of the body, passes through ^ j' fi 
a point fixed relatively to the body. This point may thus lie 
regarded as the point of application of the resultant weight 

of the body, and is called its Centre of Gravity. We shall 
consider this subject in Chapter VIII. 

We also assume that if a uniform body possesses a centre of 
figure, then its centre of gravity coincides with its cen tre of ! *'< t 
figure. 

50. Smooth Hinge. —In some of the following examples, a 
body is supposed to have one point A constrained to remain in 
a fixed position. The constraint is supposed to be such as to 
compel the point A of the body to remain in its fixed position 
by means of a single force applied at A. This force is self- 
adjusting as regards magnitude and direction, and accommodates 
itself so as, if possible, to preserve equilibrium. Under these 
circumstances the body is described as smoothly hinged to the 
fixed point A , or as capable of turning freely about the fixed 
point A. 

\J 51. Ex. 7 .—A straight rod AB, of weight IF, is capable of 
turning freely about one extremity A, and is pulled aside from the 
vertical by a given honzontal force P applied at B. Given the 
position of G y the centre of gravity of the rod, determine the angle at 
which the rod is inclined to the vertical in the jiosition of rest, and 
find the magnitude and direction of the action at A. 

Let 6 be the angle at which the rod is inclined to the 
vertical, and let the horizontal through B meet the vertical 
through A in N. 

The weight of the rod is equivalent to a single force IF, 
acting vertically downwards through G. Let AG and BG be of 
lengths a and b respectively. 

[K.B.— If the rod is uniform, G is tho middle point of AB.] 
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The forces acting upon the rod have been reduced to three ; 





namely, the force P 
acting horizontally 
through B, the force 
JV acting vertically 
through G, and the 
reaction R of the 
hinge at A acting 
at an angle </> with 
the horizontal. 

First Method .— 
Let NB meet the 
vertical through G 
in 0. Then OA is 
the line of action 
of the force R, 

and NOA = <f>. By 


have 


IV R 


Now 


i.c. 


cos <l> sin $ 1 

IV 

tan </» = — 

and R = IV cosec </> = IV Jl +cot- </> = JIV- + P-. . 
NO : NB = a:a + b 
AN cot </>: AN tan 0 = a : a + h 

. •. tan 0 = " + cot </> 

a 

a + h P 
~ a ' IV' 

Thus the rod rests at an angle tan -1 ^-^- • with the 
vertical, and the action at A is JlV* + F* in a direction making 

jyr 

an angle tan -1 — with the horizontal. 

Second Method (without joining AO ).—'The perpendiculars 
W) from A upon the lines of action of P and IV are of lengths 
(a + b) cos 6 and a sin 6 respectively. 
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Hence P (a + b) cos 6 = JVa sin 6 

. Q a + b P 

.. tan 6 =-- — . 

a IV 

Again, resolving vertically and horizontally, we have 

f R sin (f>= JV 


i R 

u 


cos < f ) = P 


R= JIV 2 + P 2 , and tan </>= — . 

l> 

Thus we obtain the same result as before. 

Wti^*52. Ex. 8 .—An endless fine light siring, in the shape of a cf 
Triangle, is throrcn into a state of tension leg means of three forces ip 
applied at its angular points. It is required to determine the (fl), 
tensions of the different parts of the string. 

(i) By Geometrical 'Construction .—Let the sides of the triangle 
be denoted by a, b, c, and its angular points by be, ea, ab. 



The applied forces w ill act along lines which meet at a point 
within the triangle, and will be represented by the sides of*.*^ 
another triangle ABC taken one way round, BC, CA, AB 
representing the forces applied at the points be, ca, ab respectively. 

We will suppose that these forces are all known, and that the 
triangle ABC has been constructed.’ 

Draw BO and CO parallel to the strings b and c respectively 
to meet in 0, and join OA. r ' o P ..ve J 
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Then BCOB (this way round) is the triangle of forces for the 
point be, so that CO represents the pull of the string c at the 
end be. Hence OC represents the pull of the string c at the end 
ca. Thus OCAO (this way round) must he the triangle of forces 
for the point ca. 

Hence the straight lines drawn through A, B, C parallel to 
the strings a, b, c respectively meet at a point 0, and the tensions 
of the strings a, b, c are given by OA, OB, OC respectively. 

(ii) By Calculation .—The lengths of the lines OA, OB, OC 
may be determined by trigonometry, and thus the tensions ot 
the strings become known ; or, without drawing a force diagram, 
we may determine the tensions of the strings by applying L;nne _ s 
The orem successively to the consideration of the equilibrium 
of each angular point of the triangle. 



B 


Mine light strings, suppoit 0 . • the same as that described 

SS Won of the 

tr i; S L force di.gnnn , BO is of length W and the perpendicular. 
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from A and 0 upon BC are of lengths A IF cot a and All cot ft re¬ 
spectively. 

Hence AO is of length A IF (cot a - cot ft). Tims the tension «>r the 
string a is A IF (cot a - cot ft). 

Otherwise .—Let .S' be the tension of each of the strings b and c, and 


T the tension of the string a. 

Then resolving vertically upwards for the equilibrium of the knot 
be, we have 2 .S' sin ft = IF 

S sin/3 = A IF. 

Also, using Lame’s Theorem for the equilibrium of the knot at, we 

_ T_ _ = .S' 

iave sin (it - ft + a) sin(w-a) 

.\ T= S sin (ft - a) coscc a 

= Ssin^'^-, a > 
sin a'Mil p 

= .S’ sin ft (cot a - cot ft) 

= A IF (cot a - cot ft). 


* EXAMPLES VI 

1. A uniform thin rod AB, which can turn freely in a vertical 
plane about a hinge at A, is kept in a horizontal position by a string 
BC attached to a fixed point C in the vertical plane, the angle ABC 
being obtuse. Show in a diagram the forces acting on the rod, and 
prove that two of them are equal. 

2. A fine uniform rod, 7 feet 6 inches long and weighing 20 pounds, 
can turn freely about its lower end 0. A line light horizontal string 
AB connects a point A of the rod, distant 6 feet 8 inches from O, with 
a fixed point B, situated 4 feet vertically above 0. Find the tension 
of the string and the reaction at 0., 

3. A uniform beam, 12 feet in length, has a fixed bingo at one end, 

and is supported by a fine light cord, 13 feet long, attached to the 
other end nml to a fixed point situated 20 feet vertically above the 
hinge. Find the tension of the cord, assuming that the beam weighs 
140 pounds. p. 

- 4. A drawbridge, consisting of a uniform plank, of length 10 feet h T J 
and weighing 240 pounds, which is movable in a vertical plane about,;* • 
a smooth hinge at one of its ends, is kept in a nearly vertical positiofi'i'|)| 
by means of a rope which is fastened to the other end and is also made % 
fast to a peg, situated vertically over the hinge and at a height of 24 / 
feet above it. Find the limit to which the tension in this rope dimin-AV 
ishes as the bridge approaches the vertical position. ^ 

6. A uniform rod AB, of weight IF, is capable of turning freely 
about the extremity A, which is fixed, and rests in a position inclined 
at an angle of 60° to the vertical, being supported by a force applied at 
the lower end B. Find the magnitudes of the applied force and of the 
reaction at A,( i) when the applied force is horizontal, and (ii) when it 
is inclined at an angle of 30° to the horizontal. 

6. In the preceding example, find the magnitude and direction of 
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the smallest force which, applied at B, will keep the rod at rest in the 
given position ; and determine in this case the value of the reaction 
at A. 

7. A thin uniform rod AB, of length 10 feet and weighing 12 
pounds, is capable of turning freely about a smooth hinge at A. It 
is supported by a line string, of length 10 feet, connecting B with a 
point C, situated 1G feet from A in a horizontal line. Find the 
tension of the string and the action at the hinge. 

8. A straight rod AB , of length ih feet and weighing 24 pounds is^ 
capable of turning freely about one extremity A, ami is pulled aside \ 
from the vertical by a horizontal force of 10 pounds’ weight applied »» 


i;!W at B. If the centre of gravity of the Toil is at a point 2 feet from B, , 

^li ikI the distance of li from the vertical through A in the position ol | \ ( p 
V B '‘t ijuililn inm, and determine the magnitude of the action at A. ' 

ii* 9. In the preceding example, lind the smallest force which, applied. 

11 instead of the horizo n tal force o f 10 pounds’ weight, will keep V 
the rod at rest in the same position. ’ 7>; 1 -ri- 

A tine light rod AI), of length 2 feet and oT no^ip(fre 6 table hM . 
weight, is capable of turning freely in a vertical plane about its lower 
extremity A. A line light string, also of length 2 feet, connects a 
point C of the rod, distant 1 foot 0 inches from A, with a point A 
situated 2 feet (i incites vertically above A. Find the tension ot the 
string when a mass of weight //' is suspended from D. 

11. A tine light rod Al), of length 2 feet and of no appreciable 
weight, is capable of turning freely in a vertical plane about its lower 
extremity A. A fine light string, of length 1 toot 0 inches, connects 
a point 0 of the rod, distant 1 foot 3 inches from A, with a point A 
situated 1 foot 8 inches vertically above A. What mass must lie 
suspended from I) in order that the tension of the string may be 144 

pounds’ weight. . . ,. , f 

12. A straight rod Ali, of no appreciable weight, is capable of 

turning freely in a vertical plane about a fixed point I which divides 
AB in the ratio 2:1. A mass of weight W is suspended from H, ami 
the rod is supported in a horizontal position by a line string A , 
connecting A with a point 0 situated vertically below l. 
string makes an angle of 30' with the horizontal, determine its Unsion 

t;J til 3 !‘Vstraiglft^rod APB, of length 6 feet 3 inches, and of noq r>‘ 
appreciable weight, is capable of turning freely m a vertical plane 

s-fuse'SJKta-vs sc- 

>>» ti '\T7lL, lamina in the -shape of an eqmUtjiml triangle of 
Yr weight W, can turn freely in a vertical plane a .out a IxceI hmge t 
., if f- ke-nt with AB horizontal, and V down* aids by a line stung 

t: “«--s' ’*• 

lit TmSX capable of 
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turning freely in a vertical plane al»out a liinge at A. Find what 
horizontal force, applied at C, will keep the lamina in eipiilihrium 
with BC horizontal ami below AD. Determine also the action of the 
hinge at A. 

16. A uniform square lamina A BCD, of weight IF, is capable of 

turning freely in a vertical plane about a hinge at A. Find what 

horizontal force, applied at D, will keep the lamina in equilibrium 

with AC inclined to the downward vertical at an angle of 15'. t <, 

-17. A uniform square lamina ABCD, of weight IF, is capable of v °0 r> 

turning freely about the point A, which is fixed ; a line string, of T t 

length equal to the side of the square, connects B with a point K, 

..A] w 

situated in a horizontal line with A. If BAE—a, show'that the 
tension of the string is ? Or, f r oAno i £ .- — 

^ IF (coscc a - sec a). cct^c. «. = 

18. ABODE? is a regular hexagon. A given force P, acting along 
AE, is iu equilibrium with two forces of unknown magnitudes, one 
of which acts along FB, while the other acts at C iu an unknown 
direction. Determine the magnitudes of the unknown forces. 


19. A uniform straight rod AB, of weight IF, is suspended from a 
point C by two fine light strings AC and BC at right_angl&& If 

{ * A If — n lu>n i'A f m f lio l iac* it! am a f aa tl>.. ua.1 


CAB=a, prove that in the position of equilibrium the rod rests 
inclined at an angle 2a to the vertical, and that the tensions of the 


strings AC and BC arc IF cos a and IF sin a respectively. 
i 1 * 20. A uniform rod, of length 7 feet and weighing 5.1 pounds, is 
suspended from a fixed point by two fine light strings, of lengths 
0 and 7 feet, connecting the fixed point with the extremities of the 


0 and 7 feet, connecting the fixed point with the extremities of the 
rod. Find the tensions of the strings and the cosine of the angle at 
which the rod is inclined to the vertical in the position of equilibrium. 

-21. A straight rod AB, whoso centre of gravity is 7 inches from A* cr h 
and 5 inches from B, is suspended from a fixed point C by means oP^'V* 
two strings AC and BC, of lengths 13 and 7 inches respectively. 

Find the angle that the rod makes with the vertical in tho position v 


of equilibrium, and determine the tensions of the strings in terms of 
IF, the weight of the rod. Cc - 1 * ■■ *-» --1 i- 


22. A fine rod OA, one foot in length and of no appreciable weight, 
is capable of turning freely about the extremity 0, which is fixed.° A 
mass of weight IF is attached at A, and the rod is supported in a 
horizontal position by means of a fine light rod BC, of length 10 
inches, smoothly hinged at B to tho rod OA and at C to a point 
situated 6 inches vertically below 0. Find the action at 0 and the 
thrust in BC. 


r 2 *!? d a P°i nt P wUhin a triangle ABC, so that forces represented 
l>y X (PA), fi (Pi?), v (PC) may be in equilibrium. A 

Make use of this to prove the geometrical theorem, that if points 

VnT,’ * a y° ^ ken 111 the sidcs BG > CA > AB respectively of a triangle 
ABC, such that It 1* As iE J b 


BD 

DC 


then AD, BE and CF are concurrent. 


CE AF 
EA ' FB 




t tx 


0.ff * pc. F »«xt tl-kC 

VW #/ ..f»,K.n lr«!" =* >in 
So {•r P eo*v»H»n a 1 
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24. A straight uniform rod Ah. of weight IV and of length r, is 
capable of turning freely in a vertical plane about one extremity A. 
A line light string of length a connects the extremity B with a point 
C, fixed at a distance b vertically above A. Show that the tension of 

the string is ~ If, and the reaction at A is 

2b 

25. A straight rod AD, of no appreciable weight and of length d, is 
capable of turning freely in a vertical plane about one extremity A. 
The point B of the rod, at a distance c from A, is connected by a 
light inextcnsiblc string of length a to a point C, fixed at a distance 
b vertically above A. At /> is attached another fine light string 
supporting a mass of weight IV. Show that the tension of the 

string is ^ IV, and the reaction at A is 

° be _ 

N - b-c) ( d -c) + c'd „ r 
be 

*. -26. A straight rod BAD, of no appreciable weight, is capable of 

turning freely in a vertical plane about a-fixed point A, where Ah 
, land AD are of lengths c and d respectively. A mass of weight U 
'x- '<Vis suspended from D, and the roil is supported by a fine string BC , 
’A of length a, connecting the extremity B with a point 6, fixed at 
r) 0 a distance b vertically below A. Show that the tension of the 

“•* string is -r IV, and the reaction at A is 

bc _____ 

J(nV + lrc)(e + d)-Cd ]y 

be 

27. A uniform rod is capable of turning freely about one extremity, 
which is fixed, and rests in a position inclined to the vertical, being 
supported by a horizontal force applied at the lower end. Show that, 
if the direction of the applied force be altered, and its magnitude 
adjusted so as not to disturb the position of equilibrium, then when 
the force is diminished as much as possible, the reaction ot the hinge 
is diminished in the same ratio, and its direction altered so that it 
now makes the same angle with the vertical that it former!} made 

28 th Fou°rfinc light strings arc knotted together to form a rhombus 
A BCD, which is suspended from A. A mass of weig t / » 
at O, while B and D are kept apart in a horizontal lineby two 
and opposite forces acting at B and D. If each ^e^fhe.honbn 
is inclined to the vertical at an angle a, determine the \alue 
of the applied forces, and find the tension of the suing. , 

29. A!, endless tine light string, of length 16 inches, is in shape 
of a triamde ABC, the sides AC and BC being each of length 
inches A mass of 24 pounds is suspended from (, and tho uhok 
rests with Ah horizontal, being supported by forces applied at A am 
Jj in directions perpendicular to BC and LA u-spcc nc j. 
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magnitude of each of the applied forces, and determine the tensions of 
the different parts of the string. 

30. An endless line light string is in the shape of a triangle AUC, 
the angles at A and U being each of magnitude 2a. A mass of weight 
W is suspended from C, and the whole is supported, with A It horizontal, 
by forces applied at A and li along the bisectors of the angles A and 
li respectively. Show that the tension of the string is the same 
throughout, and determine its magnitude and that of each of the 
applied forces. 

Qjsif 31. An endless fine light string in the shape of a triangle AUC is 
tlfrown into a state of tension by means of three forces applied at the 
angular points along lines which intersect at a point 0 within the 




a 

Pop 






Hr. 


points along lines which intersect at a point 
triangle. The circles circumscribed to AUC and OUC meet AO pro¬ 
duced in O' and A' respectively. Show that the forces applied at 
A , U, C and the tensions of lit', CA, AU are proportional to UC, CA','.'-, 
A'B, O'A', O'B , OX'respectively. T,r V;*-^ € 

32. In the preceding example, if 0 is the orthocentre of the triangle . j 
ABC, prove that the forces applied at A, B, C and the tensions of 
UC, CA, AU arc proportional to UC, CA, AU, OA, OB, UC 
respectively. 

33. An endless fine light string is in the shape of a triangle ARC. 

A mass of weight W is suspended from t\ and the whole rests with 
AB horizontal, being supported by forces applied at A and B in 
directions perpendicular to ifC'&iid CA respectively. Show that the 
tension of AB is IV cot C. 

--34. An endless fine light string is in the shape of a quadrilateral 
r B .\ A D und BC l,cill 8 parallel and AD longer than UC. Masses each 
of weight IV are suspended from U and C, and the whole rests with A1 
horizontal, being supported by forces applied at A and 1), each at an 




A «* 



angle a with the horizontal. If AU and Cl) are each inclined to tlm 
liorizontal at an angle /3, show that the tension ol AD is 

ll r (cot a - cot p). V Bc •• 

’• T 'Ojf- * r T/ 

cT. <L* 


CHAPTER IV 

CONCURRENT FORCES 


y/ 53. Resultant of Concurrent Forces.—To find the resultant , 
by geometrical construction, of any given system of concurrent forces. 


0 


Fig. 44. 


Fig. 44(*. 


* 

Let a number of given forces P, Q, H, * T act in one plane 

along known lines which intersect at the point a 

From any suitable point A, and with any suitable scale, i ' 
AD to represent the force P. From B draw BC to represent 
die force Q.' Similarly, draw CD, DE, EF to represent the 

S JJ t V where ,ve finished, represents the resultant ... 

and direction, and that its line of act,on passes 

11,1 TW to forces J> and Q are represented by AD and BC , 
hence, by the extension of the Parallelogram of forces, tiui 
resultant is represented by AC an d acts through 0. 



ART. 56 


POLYGON OF FORCES 


59 


Replacing the forces P and Q by their resultant, we sec that 
the resultant of this force and the force R , represented respec¬ 
tively by AG and CD, is represented by AD and acts through 0. 
Thus, the forces 1\ Q, It are equivalent to a force represented 
by AD and acting through 0. 

Proceeding in this way, we see that the whole system is 
equivalent to a single force represented by AF and acting 

through 0. W #jr , . , f 

54. In the preceding article, in planning out the lorcc 
^diagram ABCDEF, the forces may be taken in any order, and uV , 
the same result is obtained. The system cannot admit ol two 
resultants different in magnitude, or in direction, or in line of 
action, since such resultants would have to be equivalent to one 
another, which is impossible by Art. 14. ■ , f r „ 

V55. Geometrical Condition of Equilibrium. —In Art. 53,;- * 
if the final point F of the force diagram coincides with the 
initial point A, the resultant of the system vanishes^ A In sucli^** 
a case, replacing the forces P, Q, Ii, S by their resultant, we reduce*** 
the system to two forces both acting through 0, namely—the 
resultant of P, Q, R, S, represented by AE, and the force T, repre¬ 
sented by EA. These two forces are equal and act in opposite ps. 
directions along the same straight line through 0. Hence the 
forces are in equilibrium. Thus we have the proposition known 
as the Polygon of Forces:— 

11 am J number of concurrent forces arc represented in magnitude 
and direction by the sides of a nohjijon taken one way round , then 
the forces are in equilibrium. 

This, of course, includes the Triangle of Forces as a particular 
case. 

56. Conversely, if a number of concurrent forces are in 
equilibrium, and if straight lines AB, BC , CD, DE, EF are 
drawn to represent them, the force diagram commencing at the 
point A and terminating at the point F, then the final point F 
must coincide with the initial point A. For, otherwise, the system^ 
would be equivalent to a resultant represented by AF. Thus 
we have the following Converse to the Polygon of Forces 

it a number and if* 

straight lines are drawn to represent them one after another , the* 
arrows going one way round, then the final point of the force*' 
diagram coincides with the initial fioint. cf. f 37.1 

The more general converse of the Polygon of Forces corre- 
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spending to the converse of the Triangle of Forces considered in 
Art. 41 is not true, because two polygons with their sides 
respectively parallel are not necessarily similar, d 

V 57. Principle of Resolved Parts. —The sum of the resolved 
parts in any direction of any number of concurrent forces is equal 
to the resolved part of their resultant in that direction. 

In the figure of Art. 53, let any straight line OX he drawn 
through 0, and suppose that perpendiculars are drawn from 
A, B, C, D, E, F upon OX. 

Then it is ueo metricallv obvious that the su m of the pro ¬ 
jections upon OX of the lines AB, BC, CD, DE, EE is equal to 
I he projection of AF upon OX, each projection having its own 
proper sign. 

But the projection of any line represents the resolved part 
of the force represented by that line. 

Therefore the sum of the resolved parts of the forces 
Q, II, S, T in the direction OX is equal to the resolved part 
of their resultant in that direction, each resolved part having 

x its own proper sign. 

The student should notice the 
following particular cases: 

(i) The sum of the resolved parts q 
of the forces in the direction of theic 
resultant is equal to the resultant. 

(ii) The sum of the resolved^ aa. 
parts of the forces in a direction 
perpendicular to their resultant is 
zero. 

(iii) If the forces arc in equi-ejArt 

librium, the sum of their resolved 

parts in every direction is zero. 

Example.— If It is the resultant of tl.c 
forces Q, S, T, indicated in Fig. 45, 

I’ and Q being at right angles, and S 

and T at right angles, wc have, resolving along OX, 

R cos 0 = P sin a + Q cos a - S sin p - T cos p. 

^ 58 . If the sum of the resolveil parts, in a certain direction, of 
any number of concurrent forces is zero, then either the forces 
are in equilibrium, or their resultant is at rujht angles to that 

/ V *ct i( it 

' "‘LTtiic sum of the resolved parts of the forces in the direction 
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* 


Flfi. 40. 


lUftU jUrti$ 

!•»«•» K<« -- 

Mw i«v Ck;vr 1 l ,! H'**'- 

OX be zero, and let the force diagram commence at A and finish 
at F. • p 

Then the projection of AF | 

upon OX is zero. 

Hence, either F must coin¬ 
cide with A y or AF must be 
perpendicular to OX. 

We have shown in Art. 55 
that if F coincides with A , the 
forces are in equilibrium, and 
if F does not coincide with A, q 
they are equivalent to a re¬ 
sultant force represented by AF. 

Tims, either the forces are in equilibrium, or their resultant 
is, at right angles to OX. 

Analytical Conditions of Equilibrium.—// the sum* 

the resolved parts'in two directions of any number of concurrent 
forces are separately zero , then the forces are in equilibrium. 

If the forces were equivalent to a resultant, it would, by the 
preceding article, be perpendicular to each of the two given 
directions, which is impossible. Hence the forces must be in 

7 ilibrium. 

60. Calculation of Resultant.-i-To find by calculation the 
magnitude and direction of the resultant of a given system of con¬ 
current forces. 

Let P be the measure of one 
of the forces, acting at an angle 
a with a known straight line OX 
drawn through the point 0, where 

-^ the lines of action of the forces 

intersect. 

Suppose that the measure of 
the resultant is R, and that it makes an'angle 0 with OX. 

Then, resolving along and perpendicular to OX, we have 
R cos 6 = sum of all such terms as P cos a = 2 ( P cos a) 

R sin 0 = sum of all such terms as P sin a = 2 (P sin a) 
These two equations are sufficient to determine R and 0, 
Squaring and adding, we have 

R 2 = [2 (P cos a)] 2 + [2 (P sin a)] 2 

. * . •. R = J [2 (P cos a)] 2 + [2 (P sin a)] 2 



Fin. 47. 


{ 
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Also 


tan 6 = 


- (P sin a) 
2 (/» cos a)' 


Example .—In the ease of the system indicated in Fig. 48, wo have 
A «. of- p Li “* 



11 eos 0 = 1 + 4 cos 60 ’ - 6 cos 60° - 3 - 2 cos 60° + 5 cos 60° 
= - 2 4 cos GO' ' 

3 

2 

Also, R sui 0 = 4 cos 30" + 6 cos 30" - 2 cos 30' - 5 cos 30' 

= 3 cos 30° 

3 v /3 

“ 2 


. • * 


IC-= (!)' (1 +3)=3- 
. •. 72=3 

Now cos 0 is negative, sin 0 is positive, ami tan 0= - N '3 

. \ 0 = 120 °. 

Thus the resultant is of magnitude 3, and is in the same direction as 
tlic force 6. 

i..a Otherwise 1 .— ¥hc 4 ‘forccs*'l and 3 are equivalent to a force 2 in the 

direction of the greater; the forces 4 and 2, 
, are equivalent to a force 2 in the direction of 
2 the greater; and the forces 0 and 5 arc equi¬ 
valent to a force 1 in the direction of the 
greater. Thus the given system is equivalent 
To the three forces indicated in Fig. 49. 

The two equal forces 2, acting at an angle 
of 120°, arc equivalent to a force 2 in the 
direction of the middle force. 

Thus the resultant is a force 3 in the direction of the original 

force 6. 



Fig. 49. 
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EXAMPLES VII 

1. If the side of ;i regular hexagon AllCDEF represents a force of 
100 pounds’ weight, find the magnitudes of the forces represented by 
the straight lines AE, AD, I'll ; and supposing them to art at a 
point, determine the magnitude and direction of the resultant of the 
three forces. 

2. A, B, C, J) arc the angular points of a parallelogram taken one 
way round; find the resultant of the forces represented by All, AC, 

AD. 

3. If a given straight line All represents a force equal to tin- 
weight of 1 pound, construct a line which shall represent a force equal 
to the weight of \/2 pounds. 

A BCD is a square. Forces of 1, 2 S '2, 3, N '2 pounds’ weight act 
at a point in the directions of the lines All, 111), J)A, AC respec¬ 
tively ; determine their resultant geometrically or otherwise. 

4. ABCDxs a square. Forces of 1, 2, 3, 2 V '2 pounds’ weight act 
at a point in the directions of the lines All, BC, CD, Dll respectively ; 
determine their resultant. 

6. Find the resultant of forces 6, 2, 3 pounds’ weight acting in one 
plane at a point, the middle one being inclined to each of the others 
at an angle of 60". 

. 6. hind the resultant of forces 5, 3, 4 pounds’ weight acting in one 
plane at a point, the middle one being inclined to each of the others 
at an angle of 60’. 

7. Find the resultant of forces 12, 9, 4 pounds’ weight acting in one 
plane at a point, the angle between each pair being 120'. 

-8. The triangle ABC has its sides JIC, CA, All of lengths 4, 5, 0^7 
inches respectively. Forces of o, 5, 9 pounds’ weight act at a point s • 
m the directions of the lines BC, CA, All respectively ; determine t- 
their resultant. 

9. The triangle ABC has its sides BC, CA, AB of lengths 7, 0, 12 
inches respectively.. Forces of 7, 12, 16 pounds’ weight act at a 
point in the directions of the lines BC, CA, AB respectively; deter¬ 
mine their resultant. 

• i 10 ‘ F 0,ccs E+X, Q + X act at a point in the directions of the 
sides of an equilateral triangle, taken one way round. Show that 
they are equivalent to two forces B and Q acting at an angle of 120°. 

11. Forces P, Q, X act at a point in one plane, the middle one 
l)cmg inclined to each of the others at an angle of 60°. If the force 
n- 1S i ^® move d> the resultant is of the same magnitude as before. 

A 111(1 A* 


12. ABCD is a square, and 2? is a point dividing BC in the ratio 
3 :1. Find the resultant of forces of 12, 5, 9 pounds’ weight acting 
along AB, AE, AD respectively. 

13. The length of a side of the regular hexagon ABCDEF is a • 

* n ma 8 n *^ u ^ e and direction by the lines AB, AC, 

, ’ AE, AF act at A. Show that their resultant will be represented 

by a lino of length 6a. 1 

P+Z act at a point in the q 
directions of the sides of a regular hexagon, taken one way round. ~ 
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Show that their resultant is a force P+Q in the direction of the 
force Q + Y. 

15. Forces 1, 2, 5, 6, 4, 3 act at a point in the directions of the sides 
of a regular, hexagon, taken one way round. Find the force which 
1 f will balance the system. 

-16. AliCDEF is a regular hexagon. Find the resultant of forces of 

• . ^ • * * * . ... . a i v t « t I 


7, 9,-5, 9, 7 pounds’ weight acting along AB> CA , AD, AE, AF 
V respectively. **'“» * 1 f ,'■? *• W ^ 

17. AliCDEF is a regular hexagon. Forces A, P, Y, Z, Y+Q act 

• . a. . .a i ■■ . a* . • 1 n* 1 If * a /'ll 1 


along Alt, AC, AI), AE, AF respectively. Find A’ in terms of 1‘ and 
Q, in order that the resultant may he along ;IE. 

18. AliCDEF is a regular hexagon. Forces of 2, A’, 4, V, 3 pounds’ 
weight act along Alt, CA, AD, AE, FA respectively. Determine 
the values of A' and Y in order that the system may he in equilibrium. 

19. ABC is an equilateral triangle, and I) is the middle point of 
110. Forces of 1, 5, X, Y pounds' weight act at A in the directions of 
the lines CB, AC, Alt, DA respectively. Determine the values of A 
and Y in order that the system may he in equilibrium. 

20. ABC is an equilateral triangle, and D is the middle point of 
1IC. Find the resultant of forces of 3,'2, 4, 2 pounds’ weight acting 
at A in the directions of the lines BC, DA, CA, Alt respectively. 

21. -/Tand /’arc the middle points of the sides CA and Alt respec¬ 
tively of an cq'hilat/r.'ti ^riipiglc JJtC. Find the resultant ol forces of 
f», 2, 1, 3 pounds’ weight acting at A'in flic tHrcOtions of the lines 
CB, CA, BE, FC respectively. 

22. E ami /'are the middle points of the sides CA and AB respec¬ 
tively of an equilateral triangle ABC. Forces 3, 1‘, 3, 4, Q act at A 
in the directions of the lines BE, CA, Clt, Alt, FC respectively. Find 
the values of 1‘ and Q in order that the system may he in equilibrium. 

23- E and /'arc the middle points of the sides CA and AB respec¬ 
tively of an equilateral triangle ABC. Forces A, Q, A, ) act at // 
in the directions of the lines BC, BE, CA, CF, Alt respectively. If 
the system is in equilibrium, determine the values ol A and I m 

terms of P and Q. .... 

24 OB is a diagonal of the square OABC; D and A arc the middle 

points of A It and BC respectively. Find the resultant of forces 1 

acting along OB, 0 acting along Ol), and Q acting along Oh. 

25. Let 0 he the position of a particle, and OA a straight line 
drawn through 0. Find the magnitude and direction ol the resultant 
of forces of 10, 18, 20, 10 pounds’ weight acting on the particle, when 
their directions make with OA angles of O’, 30°, 90’, 135 respectively, 

all measured in the same sense. . . _ . .. .. „ / 

26. Forces of magnitudes 3, 4 and 5 act at a point 0 in directions W 

,^A lying in one plane, and making angles of 15° 60° and 135 respectively 
'o+i/i.with a line OA in the same plane. Find the magnitude of th 

i . . _ « '• - . v *-_: y • 

resultant. , , f 0fl o 

27. Forces of 3, 4, and 0 pounds weight make angles of 90 , bU , 

and 30° respectively with a force of 2 pounds’ weight (the angles being 
measured in the same direction). Find the magnitude of the resultant, 
and the angle its direction makes with the force of 2 pounds 

28. Five forces P, Q, X, 11, Y act at 0, the centre of a regular 


t 
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pentagon ABODE , in the directions 0.1, OB, 00, OD, OE respectively. 
If the system is in equilibrium and the forces 0, R arc given, liml 

*1... __ :l.. i.. -c xr ... i ir 



magnitudes of X and Y. vW 

r^r-29. ABODE is a regular pentagon. Forces of m 2 + 2m, w, h, 2/# -I- 5 * { 
j^pounds’ weight act along the lines ,-//?, y/ff, . / D, AE resp ectively ; 

^how that their resultant is \V + 5« 3 +15rt' J + 2« + 25 pounds’ 
weight, f,. 0119 *~c/k 2 .J-- f 

30. ABODE is a’reguW pentagon. Forces of 3, 24, 21, 16 pounds’ 
weight act along the lines AB, AO, AD, EA respectively ; show that 
their resultant is 41 pounds’ weight. 


61. Systems of Jointed Rods.—Suppose that a number of 
fine straight rods, of no appreciable weight, are jointed together 
at their extremities, so that each rod is in equilibrium under the 
influence of forces which act only at its extremities. 

Let us consider the equilibrium of a single rod Ali, jointed 
at A and B to the adjoining parts of the system" The only 
external forces that act upon it are those at A and those at B. 
Those at A are equivalent to a single force at A, and those at 
B to a single force at B. Hence, as in Art. 18, the resultant 
action at A must be equal and opposite to the resultant action 
at B , and both must act in the line AB , either outwards or 
inwards. Also the whole rod; is in a state of direct tension or 
c ompression at every point throughout its length. 

In the one case the rod is a tie, and might°he replaced by a 
string, which would answer the purpose theoretically just as 
well. The effect is to bind together the two parts of the 
structure at A and B , the rod pulling the structure at each end 
m its own direction. 

In the other case the rod is a strut, and its effect is to keep 
the two parts of the structure at A and B apart from one another, 
the rod pushing the structure at each end in its own direction. 

poi ^£ i°n ;r C f bl v 0r ‘ f il appSlo it it ** 

EJ-i t , lts ext ‘;cimtics, then the above does not apply Wc 
shall consider such cases in a future chapter. 11 3 

, ®?: If ILmuub cr of fine li gh t as above, are jointed 
together at a comnicm extremity 0, we consider the equilibrium 
the portion of the system included within a closed curve 

V 'of r °r °\ JUSt " S n in ArL 45 - liia»» for this 

Cllel to tw' "; lll , consist of » Hi^feriidcs arc 
tlle rod3 wh “>> at 0, and iu winch the arrows 
must go one way round. The direction of the arrow decides in 
each case, not already known, whether the rod is a strut or a tie. 

5 
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This is briefly described as considering the equilibrium of 0, 
and the force diagram is called the polygon of forces for the 
joint 0. 

For further discussion of the geometrical treatment of the equilibrium 
of systems of jointed rods, see the author’s Elementary Geometrical 
Statics. 


The analytical treatm ent of the equilibrium of any system of 
such jointed rods consists in resolving in each of two different 
directions for the equilibrium of each joint. 

63. Ex. 1). —A fine liylit rod AH, of length c, is capable of 
turning freely in a vertical plane about the point A, which is fixed. 

To the point 11 is attached a fine light string, supporting at its 
other extremity a mass of weight IV. Another Jine light string, of 
length a, connects 11 with the fixed point 0, situated at a distance b 
vertically above A. Find the tensions of the strings, the stress in 
the rod, and the action at A. 

In the position of equilibrium, the two strings are straight 

and the mass rests vertically below 
B. 

The rod is at rest under forces 
g acting only at A and 11. Therefore 
the stress in the rod is at every A>( 
point in its own direction, and the 
action at A is in the line AH. 

The triangle ABO has its sides 
parallel to the forces which act upon 
the portion of the system at B ; also 
the tension of the vertical string we 
see at once is IV. Hence, on the 
scale in which CA represents II , 

A11 and BO represent the thrust of the rod and the tension of 
the string BO. 

Thus, the thrust of the rod is - IV, the tension of BC is IV; 

and the action at A is ^ IV in direction AB. 

*64 Ex. 10._ Four fine light rods are smoothly jointed at their 

extremities to form a quadrilateral framework OB AC, the opposite 
joints being connected by two fine light strings OA and BC in a 
state of tension. From any point a in BC, or BC produced either 
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way, a straight line is drawn parallel to Oli to meet OA in y ; from F. k . 
y a straight line is drawn parallel to AB to meet BO in <>; from o ?, 
a straight line is drawn parallel to AC to meet OA in fi; and the 
straight line fia is drawn. It is required to prove that fia is 
parallel to 00, and that the thrusts in the rods OB, BA, AO, CO 
and the tensions of the strings OA. BO are proportional to ya, oy, 
a P> P'O oa respectively. 

Let the scale of representation of force be so chosen that oa 
may represent the ten¬ 
sion of the string BO. 

Then oayo (this way 
round) is the force dia¬ 
gram for the joint B 
so that the lines ay 
and yo represent the 
thrusts of the rods OB 
and AB upon the joint 
B. Hence oy repre¬ 
sents the thrust of the 
rod AB upon the joint 
A. • Thus the force dia¬ 
gram for the joint A is 

oy/3o so that /Jo represents the thrust of the rod CA upon the 
joint vl, and yfj represents the tension of the string OA. 

ence m the triangle aoft, ao represents the pull of the 

t ™foinf C r 0/3 ,CI r n,S tl,e tllr ' ,st of llu! r “ l A0 "l>on 

the joint 6 therefore aofla must be the force diagram for the 
in the^od Oa ‘ ^ " IMrallel l ° 0(7 am ' r 'T resc " t3 ‘he thrust 
Thus, the thrusts in the rods Oli, DA, AC, CO, and the 

tens,„„ s of the slri „ 0A> 1>roportioilaI ’™ 

a P> Py, oa respectively. ' ' ' ’ 

/ * 65 ; EX - 11 • ~ A nnmber W mis are freely jointed at 

,1 exlreml ^s° ™ to form a plane figure, each joint connection 

f'° r<>dS ’ r'f thC , W, ‘? le M iu «l'“Mrium urnler the influence of 
fo)ces applied at the joints in the same plane. It is required to 

TtlUfrX 0/ aiHililriUaml 10 

(i) Geometrically. Fig. 52 represents four of the rods marked 

' UtABBCC^ bC « 4 ' ^ respect W : marUJ 
Let AB, BO, CD he drawn to represent the forces applied at 
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the joints ab , be, cd respectively. Then we shall show that the 
straight lines drawn through A, B, C, D parallel to the rods 
a, b, c , d respectively must he concurrent. 


A 



Draw AO and BO, parallel to the rods a and b respectively, 
to meet in 0. Then A BO A (this way round) is the triangle of 
forces for the joint ab. Thus BO represents the action of the 
rod b upon the joint ab, and therefore OB represents the action 
of the same rod upon the joint be. Hence, joining <)G, we see 
that BOOB is the triangle of forces for the joint be; so that C J 
is parallel to the rod c,*aml represents its action upon the joint 
be. Similarly DO is parallel to the rod d, and represents its 

tt< ’ t Thiwthe straight lines drawn through A, B, C, D parallel to 
the rods «, b, e,d respectively must he concurrent in 0, and the 
straight lines so drawn represent the stresses in the rods. 

(ii) Analytically.—We may either resolve twice or use Lames 

Theorem for the equilibrium of each joint. 

Particular Example .-The fine light iwl 

mMSmm 

angles to the string «. vertically downwards to represent 

Then BC represents X. 

Also, evidently, 

(AO=U sec a 
BO= W tan a 

'I CO = BO Sfrc a = JV tan a sec.a 
I BC=BO tan a= W taira. 
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Tims X is of magnitude /Ptan'-’a, the tensions of the strings a and c. 
are W sec a and JV tan a see a respectively, and the thrust in the rod 
is of magnitude IV tan a. 




(ii) Analytically .—Let S and T he the tensions of the strings a and 
c respectively, and R the thrust in the rod. 

Then, resolving vertically and horizontally for the equilibrium of 
the portions of matter in the immediate neighbourhood of each end of 
the rod, we have 

{ S cos a = W 
R = S sin a 
7 sin a = X 
R = T cos a. 

These equations give the same results as before. 

*66. Ex. 12 .—Four fine light roils AB, BC, CD, DA of lengths 
a, b, a, b respectively, b being greater than a, arc freely jointed together 
at their extremities to form a rectangular framework, which is stiffened 
by another fine light rod connecting the hinges B and D. The frame¬ 
work is capable of turning freely in a vertical plane about the point 
A which is fixed, and rests, with BD horizontal, under a load of 
given weight IV applied at C, and an unknown horizontal force 

applied at D. Find the magnitude of the force at D, and the 
thrust in the rod BD. 


aJSSS^SsSSf solution scc Art 140 of thc author ’ s £lcmcnta> » 

Let ABD = a, so that tan a = -. 

a 

Let P be the value of the unknown force applied at D, S the 
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thrust in the rod BD, T and T the tensions of BC and CD 



eliminate the action in the rod AB, we resolve perpendicular to 
that rod, and obtain 

S sin a=T 

= IV cos a, 

S = IV cot a = 1VZ 

b 

Also, resolving perpendicular to AD for the equilibrium of 
the joint D, we have 

wk<r*- (P + COS (t = jT 

i, f or-o = IV sin a, 

P— TV tana- 8 


= IV (tail a - cot u.) 
(b a\ 
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*67. Ex. 13. Suspension Bridge.—In the suspension bridge 
represented in Fig. 55, we suppose that the chain and the 
vertical suspending rods are of no appreciable weight, and that 
the latter arc sufficiently numerous to enable us to look upon 
the chain as forming a continuous curve. 



Let the span of the bridge be of length 2c, and let W he the 

total weight of the roadway. Lot A be the lowest point and 

/ any other point of the chain, T n the tension at A and T the 

tension at /' and let 0 be the inclination of the chain at /’ to 
the horizontal. 

Let us consider ' T 

the equilib riu m of " i' 

the portion AP. We ^ 

assume that the total ! ^ yf 

load supported by •>’ 

this part of the 

chain is the portion ^ - 4—- /i\ _ 

np of the roadway 0 * ' i >v 

vertically below AP, \ J 

and that the resultant 1 

weight of this por- Fio. so. \ j 

? n 'andV rtiCa,ly do "' u "' ard3 aIo "K » Hue midway, between 

, . '| A f,!'r ontal “"<1 PM vertical, meeting in jif and 
let AM and MP be of lengths x and y respectively. 

The total load upon AP is of weight IV acting vertically 

i.^ d «'™7?F ds Oir°u e h L, the middle point of AM. 
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Tims the forces acting externally upon 4Pare equivalent to— 
(At A a force T 0 in a horizontal direction. 

I At P a force T at an angle </> with the horizontal. 


• (.Through L a force J IV- vertically downwards. 

" c 

The lines of action of these three forces must meet at L. 
Hence the tangent at P bisects the line AM. 


. MP ?/ 2y 

. •. tan </> = = -j- = —. 

LM lx x 

Resolving vertically and horizontally, we have 

j T sin <f> = J IV - 

I T cos <l> = T 0 . 

Therefore, eliminating 7', 


.t*t 
* 3 . 


IVX , 2 »/ 

-= tan </> = — > ^ i 

2 7' 0 c * 


that 


r c .f /r o 

' . 7/ = - .X . 

J 47 V 

Thus, for different points 7', y varies as z 2 . 

The student of Higher Mathematics will see that the curve 
of the chain is a parabola with its vertex at A and its axis 
vertically upwards. 

For any given value of y there arc two equal and opposite 
values of z. Thus the curve is symmetrical about the vertical 
through A, which must therefore lie vertically below the middle 
point of the horizontal line BP. 

u/ ?) ^i-nwr.Lgt /( Be the depth of A below /<//; then when x = c , y= <• 
)lt JV o 




C rx . JV o 

. r„ t.W ^ ‘ ,= 4T~C C ' 

.-. t ,=1 > r , 

u Ah 

and the equation connecting z and y becomes 
Also 
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And 


T = 7’ 0 see <!> 


-£ "V 
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•EXAMPLES VIII 

1. Four forces, acting at a point, arc represented l»y AIt, DC, DC, 

AD; show that their resultant is represented Ly twice AC. 

2. Prove that four equal forces, acting at a point in one plane, 
cannot be in equilibrium unless they consist of two pairs of equal ami 
opposite forces. 

3. Two equal forces P, acting at an angle 2a, arc in equilibrium 
with two equal forces Q, acting at an angle 2ft, all four being in one 
plane and acting at the same point. Prove that either a and ft arc 

each equal to —, or P cos a = Q cos ft, and in the second case the 

bisector of the angle between the two forces P must be in the same 
straight line as the bisector of the angle between the two forces Q. 

— 4. Four forces in equilibrium act at the same point and are repre- 0 <*. 
sented in magnitude and direction by Alt, Cl), AD, CD. Show that 
A, IS, C, D must be the angular points of a parallelogram. • 

5. A, B, C D arc any lour points situated in one plane! Fin<Tn* ' 
point O such that forces represented by OA, OB, OC, OD may be in 
equilibrium. J 

ar ,i H An Ce *\ )r ° V ? tl ' a f tl !- strai 8 ,lt lilie joining the middle points of All 
J" , C .P* t* 10 .straight line joining the middle points of BC and DA, 
and the straight line joining the middle points of AC and BD aro 
concurrent and bisect one another* 

6- A system of coplanar forces, acting at a point 0, aro in cmii- 

i' U p , ,° n ® of ben 'K of magnitude /* in direction OA. If the 
loice P is turned through an angle 0, show that the system is then 

equivalent to a resultant of magnitude 27>siu t in a direction inclined 

at an angle with OA. 

acUng^rpohit' 30 S ° aS t0 inClUd ° lh ® 0450 ° f any number of f orccs 

Fin^i ?) AB ° n a r ar ? 1 i elogram » and D is tl,e middle point of AB 
Find the resultant of forces represented by OA, 2(OD) OB OC all 
acting upon a particle at 0. J > w, OL, all 

9. Two fine light rods a and b arc freely jointed to one another 

are ties™ stmts * l ° StrCSses in the rods > aud whether they 

10. A fine light rod AB is capable of turning freely in a vertical 
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plane about its lower eml A , wbieli is fixed. A mass of weight IV is 
suspended from />, and tlie whole is supported, with the rod inclined 
at an angle a to the vertical, by means of a fine horizontal string 
attached at B. Find the tension of the string, the thrust in the roil, 
and the action at A. 

If the string cannot bear a tension greater than a certain value /', 
find the weight of the greatest mass which can be suspended from B 
without breaking the string. 

Also, if there is no load supported at //, find in what direction a 
given force Q must be applied at B, in order to be just on the point of 
breaking the string. 

11. A line light rod All, of length one foot, is capable of turning 
freely in a vertical plane about the point A, which is fixed. To the 
T point B is attached a tine light string, supporting at its other extremity 
g a mass of weight //'. Another line light string, of length lt> inches, 


eon net 


:ts B with a fixed point C, situated 8 inches vertically above A. 
Find the tension of BC and t lie thrust in AB. T - z*' 


\ V -*- 


If the rod cannot hear a thrust greater than a certain given value /', 

’ — and if the string cannot hear a tension greater than jj/', and if there is 
Xr,no load supported at B, determine the magnitude and direction of the 
force which, applied at Ji, will he on the point of breaking both rod 
? and string simultaneously. *• 4 P c A U.c c). 

Find also the weight of the greatest mass which can be suspended 
from B. v* I c J ». * \ ^ . 

12. Four fine light rods, each of length r, arc smoothly hinged 
together at their extremities lo form a rhombus OJJAL\ and the hinges 
at //ami C arc connected by another line light roil, also of length r. 
If the whole is supported at 0 and a mass of weight IV is suspended 
from A, find the thrust in BC. 

., _ 13. In the preceding example, if the rod BC is of length a, find the ^ 
° ^thrust in BC. 

5 14. Four line light rods arc freely jointed together at their cxtrcmi-F 

7 11 ties to form a quadrilateral framework OBAC, which is stitlcned by 
a another fine light rod connecting the opposite joints 2?and C. A mass 
of weight W is attached to the joint A, and the whole is suspended 
1 / from 0. 1’rove that 

u rj (i) If the angles OBA and OCA arc botlijight, then the thrust m 
- r^Tthe rod BC is of magnitude /Fcoscc BOC. E 7 ‘ *i‘ 

^ (ii) If the angles BOC and IS AC are both right, then the thrust lit 
the rod BC is of magnitude IFsin OBA. 

(iii) If the angles OBC and OCB arc each a, and the angles AW■ 
and ACB each [i, then the thrust in BC is of magnitude 

HF(cot a + cot 0). 

5 (iv) If the angles OBC and ABC are each a, and the angles OCA' 

>> and ACB each d, then the thrust in BC is of magnitude 

■ 5 ^P\ ‘ ' -(3 ~ ( tana + ta iT/v ' 

15. In Example 11, if OB and OC are each of length 5 feet, All and 
AC each of length 0 feet, and BC of length 8 feet, find the thrust m 

BC. 
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16. In Example 1-1, if BO and BA arc each of length .'I feel, CO 
ami CA each of length 2 feet, and BC of length 4 feet, lind the thrust 
in BC. 

17. Four fine light rods, of lengths b, c, b, c arc smoothly hinged 
together at their extremities to form a parallelogram OB AC, which is 
stiffened by another line light rod, of length a, connecting the opposite 
hinges B and C. A mass of weight //’ is attached to the hinge A, and 
the whole is suspended from 0. Prove that the thrust in BC is of 
magnitude 

18. In Art. 64, let a, b, c, «„ r, be the lengths of the lines BC, 
('A, AB, OA, OB, OC respectively ; also, let (),, B, (J, J,\, be the 
thrusts in the rods OB, BA, AC, CO respectively, and 1\, B the 
tensions of the strings OA, BC respectively. 

Prove that 

(i) If the framework is a parallelogram, then the thrusts of the 
rods and the tensions of the strings are proportional to their lengths, 

(ii) If a circle can be circumscribed to the quadrilateral, then the 
thrusts of the rods and the tensions of the strings arc proportional to 
the lengths of the opposite rods and strings respectively. 

(iii) If o, bisects «, then Q:R=b:c and Q,: R. = b . : c.. 

(iv) If b is parallel to b u then 

B:Q :It: P 1 :Q l il{ l =a:b l :c:a l :b:c l . 

(v) If It: It l = c : c„ then b is parallel to 

19. Three lino light rods, of lengths a, b, c, are smoothly hinged 
together.at tl,c,r extremities to form a triangular framework ABC, 
which is m equilibrium under the influence of forces I\, Q x , /,*, applied at 
A, B, C respectively along lines which intersect at any point O in the 
plane or the framework. The stresses in the roils n, b, c are of 
magnitudes B, Q, It rcsjicctivcly, and the lines OA, OB, OC are of 
lengths b } c, respectively. Prove that, if a geometrical construction 
is made similar to that of Art 61, then 

P '• Q ’• R i P x : Q x : R x = oa : o(i: oy : (}y i ya : af}. 

Hence show that 

(i) If 0 is any point on the circum-circle of ABC, then 

.... Tf . : G : jK : A : <?i :R l = a l :b l :e l :a:b: c. 

(ii) If 0 is the orthocentre of ABC, then 

P: Q : R : P x : Q x : R x = a x : b x : c,: a : b : c. 

?J S c eH tle of any one of tl.c four circles which touch 
the sides of the triangle ABC, then B=Q=zR, 

(iv) If 0 is the centroid of ABC, then 

P : Q|:R : 1\ : Q x : R l = a :b:a 3a,: 36,: 3c,. 

(v) If OB AC is a parallelogram, then 

■ f.'-Q'' 11 :P i--Qi'Bi =( i'• bid V2> i + c a ) - or :b:c. 

20. Three fine light rods arc freely jointed together at their 

toS freclVira ll T fra m, c ' vork *BC, whidi is capable of 

turning irecly in a vertical plane about the joint B, which is fixed. 
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A mass of weight II is suspended from C, and the framework is 
sustained in a position in which BC is horizontal, and A uppermost, 
hy means of a horizontal force applied at A. Determine in the follow¬ 
ing cases the magnitude ol the applied force, the stresses in the rods, 
and the reaction at B. 

(r) The angle ACB = a and ABC is a right angle. 

(ii) The angle ACB = a and BAC is a right angle. 

(iii) The angles ABC and ACB are each a. 

(iv) The angles BAC and ACB are each a. 

(v) The rods BC, CA, AB are of lengths 8, 5, 7 feet respectively. 

21. Four line light rods are freely jointed at their extremities to form 
a parallelogram OB AC. A mass of weight IV is attached at A, and the 
whole is supported at the opposite joint 0. What horizontal forces must 
he applied at B and C, in order that the framework may rest with A 
vertically below 0, and with OB and OC inclined at angles p and y 
respectively to the vertical? 

22. Four line light rods, of lengths 13, 9,13,9 inches, arc freely jointed 
at their extremities to form a parallelogram OBAC. The joint 0 is 
fixed, and the joint A is connected with a fixed point 1) by means of 
a fine elastic string, so that OAD is a straight line. The joints B and 
G’arc pulled apart 10 inches by forces, each of magiritude 1\ applied 
at B and C in the line BC. Find the tension of the string AD. 

^ 23. A light rod AA\, of length 2a-1-6, rests in a horizontal position 

—^ with masses each of weight IV suspended from A ami A x . A line light 
o string ABB X A X has its extremities attached at A ami A x , and the 
{•r'do whole is supported by means of two vertical forces applied at B and 
By The portions of string AB, BB ly B X A X are of lengths c, b, c 
respectively, and the whole rests in a symmetrical position with BB X 
horizontal. Find the tensions of the dillercnt parts of the string. 

24. Two fine light rods CA and AB, of lengths b and c respectively, 
are freely jointed together at A, which is fixed. The roils rest in a 
horizontal position, with masses of weight JV and //" suspended 
from B and C respectively, being supported by two line light strings 
connecting B ami C with a fixed point 0, situated at a distance a 
vertically above A. Determine the constraints at A and 0. 

25. A fine light string ABCB X A X . of length 3 a, has its extremities 
attached to two fixed points A and A x , situated in a horizontal line, 
and supports at its middle point C a mass of weight JV. Two fine 
light rods OB and OB x , each of length a, arc capable of turning freely 
about 0. the middle point of AA X , and are attached to the string at 
points B and B x , each at a distance a from C. The strings AB and 
A X B X being both vertical, determine the tensions of the different parts 
of the string, the thrusts in the rods, ami the reaction at 0. 

26. Four fine light rods are freely jointed together at their cx- 
V tremities to form a quadrilateral framework OBAC, and a line light 

y,Z. v < string connects the hinges 0 and A. Masses ol weight II and IV 
arc suspended from B and C respectively, and the whole is supported 
i 4 c.at 0. If OA is vertically downwards in the position of equilibrium, 
T > ** prove that 

J IV: IV=CD: DB, 

where D is the point of intersection of BC and AO. 

• < loi 60 
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Prove also that if T is the tension of the string OA, then 

T: IF+ IF' = AD : A 0. 


27. In the preceding example, if IF is supposed known, determine 
IF' ami T in each of the following cases. 

(i) OB AC is a parallelogram. 

(ii) OCis parallel to BA ; and BD and CD arc of lengths b and c 

respectively. 

(iii) The angles BAO and CAO are each a ; and the angles BOA 

and CO A are each p. 

(iv) The angles BAO and BOA arc each a; and the angles CAO 

and COA are each ft. 

28. Four fine light rods AB, BC , CD, DA, of lengths 3, 1, 3, 4 feet 
respectively, are freely jointed at their extremities to form a rectangular 
framework, which is stiffened by another fine light roil connecting the 
hinges B and 1). The framework is capable of turning freely in a 
vertical plane about the point A, which is fixed, and rests with 1>11 
vertically downwards, under a load of weight IF applied at B and a 
vertical force at C. Find the magnitude of the force at V and the 
stresses m the different rods. 


29. Four hue light rods, of equal length, arc freely jointed at their 
extremities to'form a rhombus OB AC, which is stiffened by another 
fine light ,0(10.1. The framework rests with OA vertically downwards, 
a mass of weight W being suspended from A, and is supported by two 

JesnecS-eJr ° in ‘ lin * tions |*rpcndicular to OB and OC 

/•V O - r , AS - / r, - I 

()) S is a fixed point. As - \ A [. <, « / ' R 1 

(fiiwvff 1of a = fi ^. hor ir > s^ ‘ 


* «id wej§it ,,r • 


the longest of the 1 ?« th « a,,d "eight IF, 

at the highest points of the chain^TeVtimesn' ““ d ,llC tensions 

point. Determine . * 1 110 tcnsl0 » at the lowest 

/l\ rni . v .» _ . * r 


SxJJ . way across the bridge.. 6 1 m ““^"•rter of 

at that *** 


tho 

6, 


bf 



EQUILIBRIUM ON A SMOOTH SURFACE 


' 68. Equilibrium of a Particle in Contact with a Smooth ^ lW 
Surface.—Let a particle be in contact with a smooth surface 

at 0 ; then the surface oilers 
\ a resistance R to any tendency 

which the particle may have 




A to penetrate it. This resistance f . 
/ ^ ..t is a self-adjustnq^ lbi'ce amt C | A 

1 4 -* 4 If A 


Cs>\\\\\V 


accommodates itself so as to 
balance, if possible, all the 

! other forccs that ilct u l )0n the 

particle. If. the surface is 

• smooth , it cannot offer any re- 

F,0 ' J '’ sistance to a tendency which 

the particle may have to slip over it; in such a case the surface 

can oiler a resistance onlv in the direction of the normal ON 


Fig. 57. 


drawn away from it at 0. 

Suppose that a given system of forces is applied to the particle 
in a plane containing ON. Then it is necessary and sufficient 
for equilibrium that the resultant of the given system should 
be along NO .. The surface then oilers a resistance R in 
direction ON of sufficient magnitude to preserve equilibrium. 
The given system of forces and the force II form a system in 
equilibrium as for a particle free to move. 

An ali/tic a l Conditions of Equilibrium .—Excluding the force R, 
the sum of the resolved parts of the given system of forces 
estimated in the direction of the tangent OT to the surface at 0 
must be zero, while the sum of the resolved parts of the forces 
in the direction of the no rmal NO towards the surface must not 
be negative. 
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The second of these two conditions gives the value of the 
force R, and is necessary in order to ensure (hat the forces do 
not tend to move the particle away from the surface altogether. 
In the case of a bead threaded upon a fine smooth wire, or of 
a particle placed inside a fine smooth tube, this second condition 
is unnecessary. 



Example. —Fig. 5S repre¬ 
sents a circular hoop, fixed 
with the diameter All 
vertically downwards. A 
smooth ring, of weight IV, 
rests at C, being supported 
by a fine light string AC. 

•Suppose that it is required 
to determine the tension of 
the string, when a given 
force F is applied to the 
ring in a direction perpen¬ 
dicular to AC. 

If 0 is the centre of the 
hoop, the angles OAC and 
OCA are equal. Let each 

be a. Then i'IOC- 2 a, and 
the force F is inclined at an 
angle a to the tangent at C. 

Resolving along the tangent, we have 

i T sin a + cos a = IV sin 2a, 

^ \\ •*• ?= 2 IV cos a -/’cot a. 

° f a , HeaVy ParticIe a Smooth 

d if / " 1 , Icicle, of given weight IV , is placed at 0 

Z f " mchncd at “ ( J ivcn “"Ok « to the horizontal AC, 
and is sustained by sjmeforceJV applied to it in some direction QL , 

which is m a verlual plane with A OR, the line ^f^estsToiwof 

the yelvied plan. It is reared to examine the conditions of 

equilibrium and in any given case of equilibrium to determine the 
pressure between the particle and the plane. 

l)lan e ra "The 0 f iV d r?' Vards ’ and N ’0N normal to the 

Lid a self P J aS t0 balancea known foi ’ce /ralong OM, 
and a self-adjusting force It along ON. Hence 01 mmt lio 
between OM' and ON' Ce U J must le 

The tr,angle of forces for the particle will he DEED, where 


c f. -t F* 

9'*-‘ r<ju 

C f. F* 0 t- F i k c^poj. 


t T 
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F is a point in Eli and FD parallel to OL. Thus, the different 
values of P, corresponding to different directions of OL , are 


Fie. 50. 


Fio. 59a. 




represented by the different lines drawn to D from points in 

The shortest of these lines is that which is perpendicular to 
Ell and its length is evidently //'sin a. Hence, the smallest 
force necessary to sustain the particle is a force ll r sin « acting 

' V- 0, Foi°any given direction of OL, we draw DF parallel to LO, 
to meet Ell in /■’. Then FD represents /', and EF represen s P. 

A 7 ialijtkally .—Let angle BOL = B. Then, resolving along, 
and pci^endicalar to the plane, we must have 

p cos 0= IV sill a . . • • (*) 

nnd (IP cos a - P sin 6) must be positive, 

the expression (IF cos a - P sin 0) giving tl,e value of the pressure 

It between the particle and the plane. 

If the first condition is satisfied, we have 

Jt = IV cos a - IV sin u . tan 0 

, r co s(a + 0) . . ,(ii) 


l 


= IV 


cos 0 
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The first condition shows that cos 6 must he positive, and 
hence the second condition shows that cos (a+ 0; must also he 
positive. These two conditions are possible only when 


7T 


6 lies between — and 

2 


(H 


that is, as before, when OL lies between OM' and OA". 

For any given value of 
0 between these limits, the 
equations (i) and (ii) give 
the corresponding values 
of P and J{. 

Example. — Suppose it is 
required to determine what 
horizontal force will support 
a body of weight IF on a 
smooth plane inclined at an 
angle of 30° to the horizontal. 



Fig. 00. 


Here, resolving along the plane, we have 

1 ‘cos 30 = Wain 30 a . 

.-. P= Wteu 30°=i»V3. 

70. Pressure between Two Smooth Bodies.— In the case 4 *>< 
k 0( Hcs resting in contact, the mutual pressure, at 
every point of contact is normal to both surfaces at that point. •■a-* 


v/ 


Nec tw* 

fts, • [ <!CK.C^ C t , 





Fig. Cl. 


Example .—Suppose that a uniform spherical ball, of weight W and ** 

T 't rCStS 01 ,‘ a s .T°“ th ,nclined l ,laue , being supported by a tine c f 
string of given length l , connecting a point B in the surface of the 
sphere> with a point C in the surface of the plane. 

to the?u£I“.n7i 0 I t? uili b rinm . let 0 be the inclination of the string 

1 The fo^tw i 0t ‘I* 6 Spllor , e re5 * against tho l ,lanc a t the point A. 
actin. vS n h i 1 act up ? n t ie s P hcre are':—Its resultant weight W 
acting vertically downwards through its centro 0 ; the reaction R of 

6 
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the plane, acting along the normal AO; and the tension T of the 
string, acting along BC. '1’he first two of these forces act along lines 
which intersect at 0; hence the line of action of the third must pass 



through 0, so that OBC is a straight line. Thus we see that 0 is given 

7* 

by the equation s\nO = j^j- 

The forces T and It may now be determined, either by resolving 
along and perpendicular to the plane, or by Lame’s Theorem. 


EXAMPLES IX 

1. A small ring, of weight IV, is capable of sliding freely on a fixed, 
smooth, vertical rod, and is supported by a fine light string, of length 
20 inches, connecting it with a fixed point situated at a distance of 
one foot from the rod. Find the tension of the string and the pressure 
between the ring and the rod. 

2. A is the lowest point of a smooth circular hoop fixed in n 
vertical plane. A small ring of weight JV rests on the hoop at B, 
being supported by a horizontal force. Find the magnitude of this 
force 0 and the pressure between the ring and the hoop, if the arc AB 

subtends an angle a at the centre. 

3. A small ring, of weight IV, is capable of sliding freely on a 
smooth circular hoop, of radius r, fixed in a vertical plane. It is 
supported by a fine light string, of length «<2r, attaching it to the 
highest point of the hoop. Find the tension of the string, and tho 

pressure between the hoop and the ring. ,. 

4 . A small ring, of weight IV, which can slide freely upon a smooth 

thin rod AB, is attached to the end A of the rod by a fine light string. 
If the rod is held, with A uppermost, in a position inclined at an angle 
a to the vertical, find the tension of the string and the pressure between 

the rod and the ring. . . .... 

5 . A small ring C, of weight IV, is capable of sliding freely on a 

smooth thin rod AB, fixed with A uppermost in a position inclined 


ART. 70 


EXAMPLES IX 


83 


•it an angle a to the vertical. It is supported l»y a fine IMit shin" 

connecting it with a point I) situated vertically above "such that 

AD-Al. tind the tension of the string and the pressure between 
the rod and the ring. 1 

6. A small ring, of weight IF, is capable of sliding freely on a 
siuooJi Circular hoop, of radius r, lixed in a vertical plane. It is 
supported by a line light string, of length a<r s /2, attaching it to one 
extremity of the horizontal diameter of the hoop. Find the tension 
ot the string and the pressure between the hoop and the rim'. 

7. A small ring of weight IF, which can move without friction on 
a enrular jure fixed a vertical plane, is in equilibrium at a ,oint 

on the lower ball of the wire, under the action of a force 11 in the 
direction of the tangent at V to the wire, if the pressure of the ri„o 

Sree h /?!‘ Ue ISC ' JUal t0 '- lV ' ,,U ‘ l the and direction of the 

8. Find the force necessary to sustain a particle of weird it IF 
placed on a smooth plane inclined at an angle a to the horizontal 
W when the force u horizontal, a„J (ii) ,vl,cn it acta along the inclined 

sSsSSsS 

and (ii) when it acts along the inclined plane ^ W l,omo,ltal . 

th/US lt"X vtlz: :r tu r'r •• 

supported by a force whose line of aotim ^ a ^ an S ,c » and is 
angle half that of Ylw planerLj'‘in" «> «'o I-ritontal an 

the pressure on the plane. ■ C ma o llltude of the force, and 

s ""‘ ,ort tl,c 31,1,6 body »*• i 

jyvZpt * f -w 

*oS^£ifiSJ57^iS3“|r- «; i ' 1 '“PPOrt « mass of 
being three times its height - find also th ° bas ? of thc P la »e ' 

• IB. Find the greatest * vertical if °‘ if l ,ress uro on the plane.* 

150 Pounds’ weight can raised maSfV 'T 5 ‘ W ] Uch a forco of 
smooth sloping plank 20 feet in length* C " by drawin S ifc U P « 

^ jsr ;rou a 
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If the inclination of the plane is increased by an angle 0, show that 
the sustaining force must be increased by a force 2 // ^_ lai| y )■ 

17 Show that the weight of the greatest mass, which a given force 
can sustain on a smooth inclined plane of given height, is proportional 

to the length of the plane. ....... 

18. A heavy body is supported on an inclined plane of height /< by 
a force V acting up the plane. If the height is altered to h , the 
length of the plane remaining the same, what force acting up the 
plane is now necessary to support the same body ? . . 

19 A body of weight IV rests on a smooth plane inclined at an 
an'de a to the horizontal, and is supported by a force acting at an 
angle with the plane. If the resistance of the plane is equal to the 
sustaining force, show that the latter must be inclined at an angle 2a 
with the normal to the plane, and that its magnitude is £ IV sec a 
20. A particle of weight //'is supported on a smoo h plane inclined 
at an an'de a to the horizontal, by means of a string of length / 
attached fo the particle and to the top of a peg of height Jr, standing 
out perpendicularly from the plane. Find the tension ol the stung. 

21 A body of weight IV is supported on a smooth plane, inclined 
at an an'de a to the horizontal, by means of a force inclined at an 
angle a fo the vertical ; show that the pressure on the plane is equal 

t0 If the body Is 'supported by a horizontal force, show that the pressure 

011 A^Iody 5 of'wcight”/F is”supported on a smooth plane, inclined 

at “angle« tothe horizontal, by a fine string attached to a point 

in tin* lil inc * fiinl the tension ol the string. , 

Iftlicstri'ii" is altered, so as to be inclined at an angle a to the 
vertical, the inclination of the plane remaining the same ajJ»efort, 
and if the pressure on the plane is changed from A to A , show tin 

Jt=2R' cos-a. 

23 A body of weight IV is supported on a smooth plane, inclined 
l „ tW horizontal, by two equal forces, one acting 

forces is IV tan ^ - 

horizontal force is of magnitude IV tanand is equal to the pressure 

on the plane. d • supi)0r ted on a smooth inclined plane 

25. A mass of 24 pounus ““11.. ve i«dit acting up the plane, 
,, v means of two Find the 

“ho of%he"eight o? the ,Wto its k*k, th ° 

pressure on the plane. 
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26 . A fine uniform rod AD, of weight IV, cap.il.le of turiilii" fn-dy 

in a vertical plane about its extremity A, which is fixed, reds in a 

horizontal position with its extremity 'll in contact with a smooth plane 

inclined at an angle a to the horizontal. Find the actions at A 
and L. 

\ rct 'k l 1 >K ,| lar box, containing a uniform spherical ball of 
weight II , stands on a horizontal table, and is tilted about one 
of its lower edges through an angle of 3D'. Find the pressures between 
tlie ball and the box. 

28. A uniform spherical ball, of radius 8 inches and wcMiim' 
10 pounds is supported in contact with a smooth vertical wall bv a 

he 1 In'tifl ,,,g ’ J - ‘f* •'"'o./ OD'ic. ting a point in the surface of 

the baH with a point in the wall. Find the tension of the stri.m 

inclL,^Tni°T l - SI, a,nCal of ' v ‘‘ , 'b ,|,t rests on a smooth 
inclined plane being supported by a fine string, of length e.inal to 

nUiSum , I C f * l | ,,,L T C ’ c . 0ll,lu ^tinga point in its surface with H point 
cha fin' I - C ° f t ,C stnn " is e*l«al to the weight of 

dofom Lu ,ncl . ,n * t,on ° tlle pl»»o to' the horizontaf, ami 
* tl .'r l ,,css,ue I'ctweeu the ball and the plane 

rests l* 1 )’ ofwt ; i « 1,t diameter R inches, 

enttl l ?'in,r 1 i" t i 1 V K ' <1 ' vhose ,u -'gl't is three-firths of its 
! g * I,cn, g supported by a line string, 4 inches loin' connecting i 

t e n sion'of tfic stHim°ii <!' 11 ^*^ With V° int th ‘‘ P 1 ™*- Kind the 

—" 31 °"A ulin’orn!' ^i? ■ 1 b0tWecn ,1,C l,al > «»d the plane. 

31 A uniform spherical ball, of weight IV and diameter ,/ is< 


Si 



in a state of tension 
rests with a portion of 
its length in contact 
with a smooth surface. 
dC The surface, being 

piesses the 
string at every point 
*rf.u-of contact in tlie direc¬ 
tion of tlie normal at 
that point. 

It is usual for the 



•-'-6 * 
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^ 72. Pressure between String and Peg. —To find the resultant 
pressure between a fine light string, in a state of tension, and a 
smooth peg round which it passes. 

Let the fine light string BAG pass round a smooth peg at 
A, and let its tension at every point he of magnitude T. 

/ 

' * • 

/ 

/ • 
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Consider the equilibrium of the portion of string DAE in the 
neighbourhood of the peg. The forces which act externally 

upon this portion are :— 

At 1), a tension T along DB. 

At E, a tension T along EC. ‘ 

At every point of contact with the peg, a pressure in the 


direction of the normal at that point, 


Let EG and OH be drawn, each of length T units, in the 
directions of DB and EC respectively. Then the first two 
forces are equivalent to a force R represented by EH, acting 
along a line through 0, the point of intersection ^' DB and EC 
The resultant pressure of the peg upon _thc string ^balances tins 
force R, and is therefore represented by HE, and acts through 
0. Also the resultant pressure of the string upon the j>egJ3 

represented by EH and acts through 0. . 

^ HF = Analytically .—Let a be the angle between the two straig i 

portions of the string. Then the angles E and H are each \ , 
and EH is of length 27'cos \a. Thus the resultant pressure 
between the string and the peg is of magnitude 2f cos H and 
acts along the bisector of the angle between the straijit 

portions of the string. 
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VExample. —The fine light string ABC, with one end fixed at A, 
rests against a(stnaH) smooth peg a - , , r- . 

at B, and supports at C a mass of 
weight IV ’ The resultant pressure j 

between the string and the peg /,• ^ 

acts along the bisector of the angle i 

'ABCana is of magnitude ° i /S. 


2 IV cos 


= 2IV /1 + cos 0 

V 2 

A-* 

= 2 W —' 


= IV 
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73. Ex. 14. A fine light string A BCD is attached at one 
extremity to a fixed point A. It passes through a small smooth 
ring B, of weight w, and over a smooth peg C, and supports at its 
extremity D a mass of weight IV. It is required to determine the 
pressure between the string and the peg in the position of equilibrium. 


,.l. 


BY 


Fio. 00. 

Ill the position of equilibrium, D hangs vertically below C, 
and the tension of the string is IV throughout 

Considering the equilibrium of the portion of matter in the 
ne.ghboui-lmod of B, we see that the strings AB and BC are 

equation ™ &t ^ an S Ie 8*ven by the 

21V cos 9 = w. 

This determines the position of equilibrium. 

le pressure between the string and the peg is along the 
bisector of the angle BCD, and is of magnitude 8 
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0 

2 IV cos - 


= 9 jr / 1 + c,,s ^ 

V 2 


= 9JV ! ' lW + Xt 

V 4 IV 
= \/(2 /r + w) iv. 


■ 74. Ex. 15 .—A fine light string ACU pusses through a small 
smooth ring C, of weight //', and has its extremities attached to two 
given points A and B. It is required to find the magnitude of the 
horizontal force which , applied to the. ring, will cause it to rest in a 
given position in the vertical plane containing A and If and to 
determine the tension of the string. 

A The tension of the 


a 

L / « 


■C » * < t ft 


The tension of the 
string is the same 
throughout. Let its 
measure lie 7’, and let 
/' he the measure of 
the horizontal force ap¬ 
plied to the ling. 

Let the known angle 
ACU he of magnitude 
2a. and let its bisector 


F10. Ci. 


make an angle ft witli 


the horizontal. 


The forces acting externally upon the portion of matter in 
the neighbourhood of C are — the force IV acting vertically 


downwards, the horizontal force and the equal forces T 
acting along GV1 and CB. The last two forces can he replaced 
by a single force of magnitude 27’cos a, acting along the bisector 
of the angle ACB. 

Hence, resolving vertically and horizontally, we have 

f 2 7'cos a sin ft = IV 
{ 2 T cos a cos ft = P 


. •. eliminating T, 


P = IV cot ft 

A Iso, T = i II ' sec a cosec ft. 

[For a solution by geometrical construction see Art. 52 of tlio 
Author’s Elementary Geometrical Statics .] 

/Uc.yq V rvo f*'' <-*-5. 0 

ZJt r\^ \ F- Tits* p- 4*,3 i 
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EXAMPLES X 

1. One end IS of a fine light cord is fixed ; the cord passes over 
a small smooth fixed peg A in the horizontal line through />’, and 
supports at its other end C’a mass of weight /'; find the magnitude 
and direction of the pressure on the peg. 

2 . A fine light string has one ernf attached to a fixed point / 

It passes over a small smooth peg IS, distant 18 inches from A ami 

' inches farther from the ground than A, and supports at its other 

oxtroimty a mass of 12 pounds. Kind the pressurebetween tin- st.i.m 
and the peg. n 

3. A line light string, of length 50 inches, is passed through a small 
smooth ring of inappreciable weight, to which is attached a mass weigh- 

7 : 4 * hc e-Ttreimties ot the string are attached to two fixed 

pomts sdnated - 0 inches apart in a horizontal line. Prove that, in t he 

•l din ! V 1 • """r * ' C n "r rcs,s at t,w '"'ddlc l*"''>t of the st ring, 
and liml the tension of the striii". 

4. A fine light string has its extremities attached to two masses 

° T"" •; a '" i l- a '- S0 ^ OVer , ' V " sn,a11 «'»ooth pegs A 

l.uioi • "i • SSltl, M t ^ 7 ****'hes farther from the ground than 
A, and 2i inches horizontally to the right of A. Kind tin- resultant 
pressures of the string upon the pegs "id tm UMiltant 

4 snmS s r Mt 

«„<. z nzijis^ni i “ "* * "• 

eachofwXl WK n!'7' g ‘'"'it 8 CXt ,' C,,,iticS alt;w • ,,c,, t0 tw 'o masses, 

liu' in liS it a’lli T't t - V ° Sn,a11 • smooth ri, w 't »««l A 

A fa. thei f.om tlT„ 1 ,c n "S 11 »«•'» situated at a heigh 

the strhigs^ud the idnffs ^ 1 — between 

IS 

S n,oothnt e „rt t J t 4 i ^„c» ‘^1 '“T 1— 

lhe stl 'i«g each peg is of magiiiinde " ,We>8Ure bttw ™ 


V / l-c 
' 2 (l-2c)' 
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11. A'fine light string, 31 inches long, passes through a small 
smooth ling ol mass 4 ounces, ami has its extremities fixed at two 
points situated 25 inches apart in the same horizontal line. Find the 
magnitude ol the horizontal force which, applied to the ring, will cause 
it to rest at a point 7 indies from the nearer end of the string Also 
determine the tension of the string. 

12. A line light string, ol length 5 feet, passes through a small 
smooth ring, to whidi a mass of weight IV is attached, and has its 
extremities fixed at two points situated 1 feet apart in a horizontal 
line. Find what horizontal force applied to the ring will cause it to 
rc *t at a point 2 feet from one end ol the string. Also determine the 
tension of the stiing. 

13. A line light string, of length 7 inches, has its extremities 
attached tf % two points A and B, situated 5 inches apart on a smooth 
horizontal table. To a point C of the stiing, 4 inches from A, is 
knotted another fine light string CD, which passes over the smooth 
edge of the table and supports at its free extremity a mass of weight 
// r . Find the tensions in AC and BC , supposing that DC produced 
passes through the middle point of AB. 

14. A line light string, of length a + b, has its extremities attached 
to two points A and B, situated at a distance c apart on a smooth 
horizontal table. To a point C of the string at a distance a from the 
extremity B, is knotted another line light string Cl), which passes 
over the smooth edge of the table and supports at its free extremity 
a mass of weight IV. Find the tensions in AC and BC, supposing that 
DC produced passes through the middle point of AB. 

15. A line light string AllCD has its upper extremity A fixed, and 
passes round two small smooth pegs at //and C, supporting at its free end 
1) a mass of weight IV. If (7is vertically below A , CA and CB each of 
length a, and AB of length c, determine the pressures between the 
string and the pegs. 

16. A fine light string, of length /, is passed through a small smooth 
ring of no appreciable weight, and is attached at its extremities to two 
fixed points A and B at a distance c apirt. A given force V is applied 
to the ring in a direction inclined at a given angle a with BA. Show 
that, in the position of equilibrium, the two parts of the string arc 

inclined to one another at an angle 2 sin -1 ^^ sin Show also that 


the tension of the string is of magnitude 





1 . 

7 


On- C 1 \ C *' (* j p 

17. A fine light string, of length /. is passed through a small smooth 
ring C of no appreciable weight, and is attached at its extremities to 
two fixed points A and B. The point B is situated at a distance A* 
farther from' the ground than A and at a distance h horizontally to 
the right of A. If a mass of weight W is suspended from C, show 
that, in the position of equilibrium, C rests at a distance A \!l--h m 


below, and at a distance h— f to the left ol the middle point o! 


V / 2 - h' 
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Alf. Prove also that the tension of the striii" is of mai'iiitndu 


A .--L=-W. 

y/P-h* 

18. A,If,Care three smooth pegs fixcil in a vertical plane, A living 
vertically above the middle point of IlC , which is horizontal. A line 
endless string passes round the three pegs and supports at a point I) 
below B(J a mass of weight //'. If each portion of string is inclined 
at an angle a to the vertical, determine the tension of the string 
and the pressures on the pegs. 

19 \ P> V are three smooth pegs fixed in a vertical plane, A being 
•1 feet vertically below// and 4 feet horizontally to the right of C. An 
endless fine light string, 13 feet long, passes round the three pegs and 
supports at a point below CA a mass of weight \V. Find .me tension 
ol the string and the resultant pressures upon the pegs. 

20 . An endless fine light string CAliC, of length «+& + c, passes 
round two small smooth pegs at A and If, situated at a distance c 
apart on a smooth horizontal table. In what direction must a hori¬ 
zontal fore c P be applied to tlic point C, situated at a distance b along 
the string from A, in order that the string may remain stretched 
without slipping over the pegs? If the force ‘is applied in this 
uiieetion, determine the pressures upon the pegs. 

f nc placed across two smooth parallel bars 

situated at a distance a apart in a horizontal plane, supports at each 

attachoK a nias \ of . ]V .’ a,1<1 an °ther mass of weight if is 

a tached to a point A of the string between the bars. Find the depth 

ol A below the level of the bars in the position of equilibrium 

and determine the magnitude of the pressure on each bar. 

22 . A fine light string ABCD, fixed at one extremity A passes 

fixed'‘JrtaYT Sn r°fr‘ 5'. ng B ' and ovcr a small smooth peg C, 
it ifs eviri-r n ° f 2 fce V" a horizontal line from A, and supports 

the ripest? ? 4 ° f 5 , J°o" ds - 1,1 the position of equilibrium 
>,, rest ? at a distance of 3A inches below AC. Determine the 
mass ol the ring and the pressure upon the peg. 

.I-, ’ •^ are three points in a vertical plane, A and C lviim on 
opposite sides of the vertical line through the highest noint^// 0 A 

5" 0X provi l thTt e in l tL 1 ^>olit- ChCd f t0 1 -n ^ n,ass at its frce extremity 
hang v^ic XhtoUT ° f C<imhl,rm,n ’ thc ri “S a “ d the mas^ 

smaU smooth pf^/sSte^t a 0VC1 ‘ a - 

lino from 0, and sunnorS at iL f, 8 dlSt T e rt ,u a h °rizontal 
wttfvht iir A u /’“Pports at its free extremity a mass of known 

stows IS?¥T! ^ 

coses AX is of length a (~\tan a - **** - A* *** k 

' \ W) a4.X. - c. 


OX - a cooC 1 M 
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. V *75. Ex. 1G.— A fint straight smooth rod AH, on which a small 
smooth ring P, of no appreciable weight, is capable of sliding, is 
fixed at an inclination a to the vertical with the end A uppermost. 
A fine light string CPD has one end fixed at the point 0, situated 
at a given distance b vertically below A, and supports at its other 
extremity 1) a mass of given weight IV. It is required to determine 
the tension of PC, and the pressure between the rod and the ring in 
the position of equilibrium, (i) when the string is attached to the 

A ring 1\ so that PC is of given 
length I, and (ii) when the 
string is free to si ip through 
the ring. 

In the position of equi- 
librium, the two portions of 
the string are straight, and 
the part PD hangs vertically 
downwards, its tension being 
^ of magnitude IV. 

Let T be the tension of 
the string PC, and 6 its in¬ 
clination to the rod. 

(i) The angle 0 is deter¬ 
mined from the equation 
sin 0 sin a 

b = T- 



i.e. 


0 = sin -1 or its supplement. 


Resolving along the rod, we have 

Tcos6= IV cos a, 
giving T= IV cos a secO. 

This result shows that the ob tuse value for 0 mu st be rejected , 
as it would require that T should be negative. 

Also, resolving perp endi cul arly to the rod, we see that the 
pressure required is T sin 0+ IV sin «, 

where T and 0 have been already determined. 

(ii) In this case the tension of the string is of magnitude II 
throughout, i.e. T = IV. Resolving along the rod, we have 

IV cos 0 = IV cos a 
.'. 6 = a 

.*. CP = CA = b. 


\ 
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Also, resolving perpendicularly to the rod, we sec that the 
pressure required is 

2/Fsin a. 

^*76. Ex. 17. A straight smooth roil All, of no appreciable 
weight and of length a, is capable of turning freely about the lower 
cml A, which is fixed, and carries a mass of weight IV suspended 
from the other end II. A small smooth ring P, of no appreciable 
weight, is capable of sliding along the rod, and is attached to one 
extremity of a fine light string, which jtasscs over a small smooth peg 
C, situated at a given distance b vertically above A, and supports at 
its other extremity a mass of known weight w. It is required to 
detei'mine the position of ctjuilibrium. 

Hie tension of the string which passes round the peg 6' is of 

magnitude w throughout. The only forces acting on the rinu P 
are this tension 

w and the normal 
reaction of the 
rod. Hence, in 
the position of 
equilibrium, OP 
is perpendicular 
to AB. 

Let 6 be the 
inclination of the 
rod to the hori¬ 
zontal. Then, also, 

aop=6. 

Consider the 

equilibriumofthe 

.-.tan 0=^?. 

wb • 
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77. Ex. 18 .—CADB is a thin lamina, whose centre of gravity 
is at G, the sides CA and CB being straight. It is supported in a 
vertical plane with CA and CB resting against two small smooth 
pegs II and K respectively, situated at a distance c apart in a 
horizontal line. It is required to determine the position of 
equilibria m. 

Let CG be of length a ami make angles a and /i with CA 

and CB respectively. Let 


9 be the inclination of 
CG to the horizontal in 
the position of equili¬ 
brium. 

Draw HO and KO 
perpendicular to CA and 
CIJ respectively, to meet 
in 0. Then the reactions 
of the pegs are along HO 
and KO, and for equili¬ 
brium it is necessary and 
sulHcient that G and 0 
should be in the same 
vertical line. 

Now the sum of the 


projections of CH, HO, T,i 5 


Fig. 70. 


projection having i^s own proper sign. 


OG in any direction is 
equal to the projection of 
CG in that direction, each 
Projecting homonwWy, 


this gives 


f i<n fk*. CH cos {9 + a) + HO sin (9 + a) = a cos 9. 

CH sin CKH sin (d - ft) 

Now 


Also 


HIC sin HCK sin (a +/S )' 
HO sin HKO cos (0-/3) 
sin HOK 


llK 


So that 


c sin (9 - /i) 
CH = - ' 


sin (a + f3) 
and HO = 


c cos (9 - (i) 


• i /), % uiiu xx t . /J\ • 

Sill (a + (3) * sill (a + p) 

Thus, we have 

c sin ( 9 - (3)cos(9 + a) + c cos (9 - (3) sin {9 + a) = a cos 9 sin (a + fi). 

i.e. c sin.(2 9 + a - /?) = a cos 0 sin (a + / 3 ). 

This is an equation to determine the angle 9. 




ART. 77 


EXAMPLES 


93 


* EXAMPLES XI 


1. A small ring C rests upon a fixed smooth horizontal rod AD , 
whose length is 13 feet. To the ring arc attached two strings, one of 
which is 7 feet long and has its other extremity fixed at A, while the 
other passes over a smooth hook, situated S feet below D , and supports 
a mass of 20 pounds. Find the tension of the string AC. 

2 . A small ring C rests upon a fixed smooth horizontal rod All, 

whose length is 7 feet. To the ring are attached two strings, one of 
which is 5 feet long and has its other extremity fixed at I), situated 
4 feet vertically below A ; the other passes over a small smooth hook, 
situated 3 feet vertically below 11, and supports a mass of 30 pounds. 
Find the tension of the string Cl). B ^ 

3. A smooth straight rod AD is fixed in a position inclined at an^( 
angle a to the vertical with 11 uppermost. A small smooth ring C of 
weight w, canable of sliding freely along the rod, is connected with 11 

by a fine light string; a second string is attached to the ring, and 
passes over a small smooth peg 1) fixed vertically below A, supporting 
at its free end a mass of weight /K. If AC=AD, determine tlioT-- 
tension of 2?6'nnd the pressure between the ring and the rod. _ ■*" 

4 . A smooth straight rod AD is fixed in a position inclined at an***' 1 ' 
angle a to the vertical with A uppermost. A fine light string of length 
/.one end of which is fixed at A, passes through a small smooth rin ,r 

D, and is attached at its other extremity to another small smooth riii” 

C capable of sliding freely along the rod. If a mass of weight II' is 
suspended from A determine the magnitude of the augle A1)C &\i<\ 
the tension of the string in the position of equilibrium, supposing that 

ofCbdow D arC n ° ai>I ’ rccial,le ' vci b ,llt - Find also the distance 


6 A small ring, of weight w, is capable of sliding freely on a smooth 
f l' a<hUS ? Xed , in a vcrtiial ^ is supported 

l f V f A 5, 0f W 1 a<2r ' attac,lin g it to the highest 
point of the hoop. A second string is attached to the ring and misses 

over a small smooth peg situated at the lowest point of the hoop 

%£&£&*&*** a ,,, “ s ° f "**" •«*> 

6 . AD is the horizontal diameter of a smooth circular hoop, of radius 

VCr ! Cal plane - A s,ua11 of "eight capable Of 
f d IJu 6 /- 011 tl,eu PPcr part of the hoop, is connected with A by a 
fine light string of length «<2r. A second string is attached to the 

8. A uniform rod AD, of weight W and length 2a, rests with its ' 
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lower end A in contact with a smooth vertical wall, being inclined to 
the wall at an angle a. It is supported by a fine light string connect¬ 
ing the point C of the rod with a point D in the wall, situated vertic¬ 
ally above A. Find the length of the string and its tension, AC being 
of length b. 

9. A uniform straight rod OA, of weight IF, can turn freely about 
its lower end 0, which is fixed, and rests with its extremity A against 
a smooth vertical wall. If 0 is at a distance 2n from the wall, and A 
at a height h above O, determine the pressure on the wall and the 
reaction of the hinge. 

10. A uniforin rod, of weight IF, is supported by a fine string fastened 
to its ends, of double its own length, which passes over a smooth 
horizontal rail, l'irnl the tension of the string, first, when the rod is 
hanging at rest in a vertical position, and secondly, when the rod is 
at rest in a horizontal position. 

11. A triangular lamina ADC, of no appreciable weight, rests in a 
vertical plane with the middle points of the sides Ali and AC in con¬ 
tact with two smooth pegs, the line joining them being horizontal. 
Determine the point in DC where a mass of weight IF may be placed 
without disturbing the equilibrium ; also, if yf 11, AC, DC are of lengths 
f, 5, 0 feet respectively, find the pressure on the pegs in terms of IF. 

' 12. AHC is a rigid framework, of no appreciable weight, in the 

form of an equilateral triangle. It is supported in a vertical plane 
with CA and CD resting against two small smooth pegs II and K 
respectively, and with a mass of weight IF suspended from D, the 
middle point of CD. If // is the middle point of AC, which is vertic¬ 
ally downwards, determine the position of A in DC, and find the 

pressures on the pegs H and K. . , . 

13. A uniform beam AD, of weight IF and length 2a, is capable of 
turning freely about a fixed point A . To tlie lower eml L is attaclieil 
a line light string, which passes over a small smooth peg C y situated 
at a distance b in a horizontal line from A, and supports at its free 
extremity a mass of weight -V. Kind the value of A in order that, ni 
the position of equilibrium, the beam and tl.e string may be equally 

inclined to the horizontal. . , 

14. A smooth rod DC is passed through a small ring and placed 
upon a horizontal plane, with its ends attached to a fixed point A in 
the plane by two line strings, AD ami AC, winch arc tight. A hoii- 
zontal force being applied to the ring, find its direction, and also the 
position of the ring on the rod, in order that equilibrium may not be 
disturbed, tl.e lengths of DC, CA, AD being 25, 20, and la mel.es 

""l 5 .Thnc smooth wire DPC, in the form of a semicircle of ra.lins 
5 inches, is placed upon a smooth horizontal talde with its extrcm.t es 

attached to a fixed point Don the table by two fine 
()C, which are tight. A horizontal force is applied to a small rnu 
which can slide freely along the wire ; find its direction, and also the 
r" position of tl.e ring on the wire, in order that the whole may rest » 
equilibrium, the lengths of /Wand OC being 8 and 6 
1 16 A straight smooth rod AD, of no appreciable weight and of 
length a. is capable of turning freely about the lower end A, winch i* 
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fixed, and carries a mass of weight IV suspended from the other end B. 
A small smooth ring l\ of no appreciable weight, is capable of sliding 
freely along the rod, and is connected with a point C, situated at 
a given distance b vertically by means of a line light string 

of length l<b. Find the tension of the string in the position of 
equilibrium. 

17. A straight smooth rod AB, of no appreciable weight ami of 
length 8 feet, is capable of turning freely about the lower end si, which 
is fixed, and carries a mass of 75 pounds suspended from the end B. 
A small smooth ring P, of no appreciable weight, is capable of sliding 
freely along the rod, and is attached to one extremity of a fine light 
string, which passes over a small smooth peg C, situated 5 feet verti¬ 
cally above A, and supports at its other extremity a mass of 35 pounds. 
Find the distance of P from A in the jtosition of equilibrium, and 
determine the pressure between the string and the peg. 

18. AD is a smooth straight wire fixed in a given inclined position 

with B uppermost. A small heavy ring of given weight, capable of 
sliding freely on the wire, is connected with B by a line string of 
given length, which passes through a second small smooth ring of 
given weight, hanging freely on the string. Show how to determine 
the tension of the string, and the pressure between the ring and 
the wire. b 


19. AB is a smooth straight wire fixed in a position inclined at an 
angle a to the horizontal with B uppermost. A small heavy ring of 
weight IV, capable of sliding freely on the wire, is connected with B 
by a fine string which passes through a second small smooth riim of 
equal weight, hang ing freely on the string. Show that the tension of 
the string is i JV \/l + 9 tan'-’ a. 

20 ABC is a smooth fixed wire, the portions AB and BC being 

hr AllM pnnli innliiio.1 *- n I> A .. ,.1. - f OA0 ill i • . • . _ 


nn \ ; ° I UI1 "ire, r on AB and Q on 

.A . fiue str j»g connecting P and Q passes through a small 
■*’ m 80 ° f - Jfr ' determine the magnitude of the 

tlm strf A ^ 1,1 1,0 positlon of c< indibrium, and find the tension of 


* S ? 00tl ' V11 ^ ® xcd ,n a vertical plane, the portions u • 
d ^? b,n ug straight and inclined at angles a and 0 respectively 

A e m°li ertlCa !i a " d ° 5“?* s,tuatcd at a higher level than A and B 
A small smooth ring of given weight JV lt capable of'sliding freely on =V 

AC, is connected by a fine light string with a small smooth ring of 

given weight JV 2 , capable of sliding freely on BC. Show that in^the/A 

Eg" J «■» & hid to 'ft. 

- '£z5*S£\ 

\ _ 

'i 2 :' 1 "? 0 Preceding example, if AB is horizontal, a*nd if the string w 
^ whin Smal Smooth Peg at °> sll0w that equilibrium is possible 


W x iW^ACxBC. 

7 
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23. Two small smooth rings, of weights IF, ami JF„, each capable of 
sliding freely on a smooth circular hoop fixed in a vertical plane, arc 
connected by a fine light string. Show that, in the position of equi¬ 
librium in which the string is straight, it is inclined to the horizontal 
at an angle 




~ IF, 
“tan 


+ IVo 




w\vhere a is the angle subtended by the string at the centre of the hoop. 
H; A line light string ABClJ has one extremity A fixed, and passes 

'\B\B over :l small smooth peg at C (situated in the same horizontal line as 
sT 3 B), supporting at its other extremity D a mass of weight IF. To a 
point U °f 1 * IC string between A and C is knotted another string, 
v v. supporting a mass of equal weight IF. Prove that, in the position of 
,, A' equilibrium, (i) the angle DOB is double of the angle CAB; (ii) the 
< hb>: direction of the pressure on the peg is at right angles to BA ; (iii) if 
£$ the pressure on the peg and the tension of the string BA arc of magni¬ 
tudes /’and T respectively, then /' 2 + T 2 =i IV 
i>-' 4 *h\ 25. AB is a smooth vertical rod on which a small heavy ring B of 
weight IF is capable of sliding freely. The ring B is supported by a 
line light string AOB, of length «, attached to the upper end A of 
the rod. To the middle point 0 of this string is attached a second 
fine string, which passes over a fixed smooth peg C and supports a 
mass of weight /'. AC is horizontal and, in the position of equilibrium, 

IF 

the angle AOC is right. Prove that AC=-p «, and find the tension 


of OB. 

26. A uniform straight rod AB, of weight IF, is capable of turning 
freely in a vertical plane about the extremity A which is fixed, and 
the other extremity B is attached to a mass of weight P by means of 
a fine light string which passes over a small smooth peg C, situated 
vertically above A. If AC'=AB, find the position of equilibrium and 
also the action at the hinge. 

-'b' 27. A uniform rod ACB, of weight /Fand length 4a, rests upon a 
smooth peg C, and its lower end. A is attached to a fixed point 0, 
situated in the same horizontal line with C, by means of a fine string 
OA. If OC and OA are each of length c, show that the inclination 

of the rod to the horizontal is cos -1 a + ^ and that no position 

L'O 4c 

^t>Tequilibrium is possible unless a is greater than and less t han c. 

: - TC~ ' 3l C-r->C C-o fjwi. Tffc-^c is. t gA 

’ I— f -M ’ 4^- P 

fs 6< C* td tjc *f - ,—*jf,. 



t - uc. 




... 

E-'Ur “ <1 




«r 
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RESULTANT OF TWO PARALLEL FORCES—MOMENTS 


V/ 78 . Resultant of Two Parallel Forces. — To find the 

resultant of tico given forces acting along parallel lines upon the 
same rigid body. 

Let A/f and BC represent the two parallel forces P ami Q 
respectively, which act along the two parallel lines indicated in 
the diagram on the left. 

. Draw any straight line cutting the lines of action of the 
"JJ? ^ and ? in M and N respectively. Draw BO parallel to 
, taki, ‘ s any l ,oint 0 in B0 > draw AO and CO. Draw fa 
ivr U( 1 ^ P ara ^^ e ^ to -A® a,ld OC respectively, to meet in L. T 
We shall show that AC represents the resultant, and that L 1 
is a point in its line of action. 



a"d in the same direction. Then 0 will lie in AB produced 

tf •‘i-vl fnx .f 
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the force Q can be replaced by two forces represented by BO and 
OC\ acting in the lines MX and NL respectively. Let the forces 
P and Q be replaced by these pairs of components. Then the 
two forces represented by OB and BO acting in the line MN 
form a system in equilibrium and may be removed. 

Hence the two given forces P and Q are equivalent to two 
forces represented by AO and 06', acting in the lines ML and 
XL respectively. 

Hence AC represents the resultant and L is a point in its 
line of action. 

Thus the resultant is of magnitud e P+Q and acts in the 
same direction as P and Q along a line through the point 

Let the line of action of the resultant meet MX in K. Then 

we have 


MK : KL = OB : BA 
and KL : KN=BC : OB 

MK :KN= BC : BA = Q: P. 

Thus the point K divides MX internally in the inverse ratio 

APtoQ. ' 

Also, if the perpendiculars upon the lines of action ot the 

orces P and Q from any point L arc of lengths p and q respec- 

ively, then when L is in the line of action of the resultant, 

ve have „ ' 

p\q — MK: KX =Q :P 

• pp=Qq. *— r A*«. to Aft Sir, f f+t} l* ®lj| 

And, convmdij, 'if /> = Q'l and L lies bdmen the lines of - 
iction of P and Q, then L is a point in the line ot action ot the 

•esultant of P and Q: 

(j ase a _Let the two forces P and Q be unlike, that is, 

parallel and in opposite directions. Then, taking P as greater 
ban Q, the point C will lie between A and B. 

As before, the force P. can be replaced^ two forces repre¬ 
sented by AO and OB, acting in the lines LM and Ai/ 
•espectivelyT^ndThe force Q can be replaced by twoforces 
represented by BO and OC, acting m the lines MX and A _ 

‘'“^proceeding as before, we see that the two given forces 
P and Q are equivalent to two forces represented by AO and 
OC, acting in the lines LM and XL respectively. 

Hence AC represents the resultant, and L is a po 

line of action. 
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Tlius the resultant is of ma gnitude P - 0. a nd it acts in the 
same direction as the force P along a line thr ough L. 




Let the line of action of the resultant meet NM produced in 

K. Then we have UK :KL = OB:BA 

and KL : KN = BC: OB 

• MKKN=BC: BA = Q ; P f * . rkt't, 

Thus the point K divides MN externally in the inverse ratio 
of P to Q. 

rirtft-Also, if the perpendiculars upon the lines of action of the 
forces P and Q from any point L are of lengths p and q respec¬ 
tively , then when L is in the line of action of the resultant, we 

have p:q = MK:KN=Q:P 

( k * 

\ And, conversely , if Pp = Qq and L lies not between the lines of 
] action of P and (?, then L is a point in the line of action of the 
i ,resultant of P and Q; ^ 

t-SE&lfra ^3 ,lrcd t0 fi,Kl rC8,,llant of *"'» 

-weight acting at points A and B £ 
respectively of a rigid body, where / 

AB is of length 8 inches. / 

(i) If the given forces arc like, L7 
the resultant is 10 pourfds’ weight, 
acting in the same direction as 
each of its components along a line 

AB bet "““ ^ 7 - d 3 f 8 • P* t . inches from 

SO that a= 2 - 4 . ^ 


•V 



8 -.v 


7 


Fio. 73. 
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(ii) If the given forces are unlike, the resultant is 4 pounds' 
weight, acting in the same direction as the 7 pounds’ weight along a 



Fi«. 74. 


line which meets BA produced at a point distant y inches from A, 
where 7//=3(S Ay), 

so that y = 6. 

<VJ t of A«W.7 ? TL. 

79. Couple. —We see that the construction of the preceding 
article fails if P is equal and opposite to Q. Under these 
circumstances C coincides with A, and the straight lines drawn 
through M and N, parallel to OA and OC respectively, become 
parallel, so that there is no point L at a finite distance. 



t 1 


It is, however, still true that the two given forces arc 
^equivalent to two forces represented by A0 and OC, aet jn ^ along 
lines through M and N respectively. c t P. P 1 

Thus, if AO contains l y units of length, we see that two A ,, 
equal and opposite forces P, represented by AB and BA, and 
acting at M and N respectively, are equivalent to two equal and 
opposite forces 7 y , represented by AO and OA, and acting at 
M and N respectively, where BO is parallel to MX. 

Be/. — Two equal and parallel forces, acting in opposite 
directions along different lines, are said to form a couple. 

’• 80. A couple cannot be in equilibrium with a single force .—If 

the single force acts along a line parallel to the lines of action 
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of the two forces which constitute the couple, then, by the 
preceding article , the given couple can be replaced by another Jo 
couple consisting of two equal and opposite forces acting along 
lines which are not parallel to the line of action of the single 
force. 

Now, if three forces which are not all parallel are in 
equilibrium, their lines of action meet at a point, and they are 
capable of being represented by the sides of a triangle taken 
one way round. This is impossible in the case of a couple and 
a single force. 

s/ ^ ence > a ' so ) 110 nngle force can be found to replace a couple. 

7r, 81. Equilibrium of Three Parallel Forces.—7/ three parallel 

^ arC in e V uilibrium y lhe middle force is in the opposite direction to 
i of the other two, and the three are proportional each to the per¬ 

pendicular distance between the lines of action of the other two. 

Let the two outer forces be P 
and Q. Their resultant must be 
equal to the force It, and must 
act in the opposite direction along 
the same straight line. As the 
resultant of the two forces P and 
Q acts between them, these two 
forces must be in the same direc¬ 
tion, so that their resultant is 
P+Q in the same direction. 

Hence the middle force 11 must 
act in the opposite direction to 

each of the other two forces P and Q, and must be equal to 
tlicir sum. 1 

Also, if (<?, R) denotes the perpendicular distance between the 
lines of action of Q and R, and similarly for the other pairs of 
forces, we have 1 

mr)=Q(QDt). 

. _ <3 P+Q R 

' ‘ (<?, R) (R, P) (Q, R) + (Ji , P) (J\Q) ‘ 

Thus the forces are proportional each to the perpendicular 
distance between the lines of action of the other two. 

res«^’'^ ft ~lS;l 7 f \ eprC T ts a plank > of »«> appreciable weight, 
ovtremiho, Jorocntal position upon two smooth supports at iu 
extremities, A mass of weight W is placed upon the plank at a 


nxT 
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}>omt distant a and b from its extremities. It is required to determine 
p the pressures /’and Q 

a wa ,, 


f iQ between the plank and 

J_ n (i) f, T the supports. 


n 


1 


Fici. 77. 


w 


3 Consider the equili- 
!• liriuniofthc plank and 

the mass as one sys¬ 
tem. The forces acting 


.i . ‘vin, j iiv luiwv-saciu/" 

upon this system are the pressures /’ and Q of the supports, actin'' 

veitically upwards, and the weight IF. The last-mentioned force is 

equal and opposite to and in the same straight line as the resultant of 
the other two. 

Heu ce P+Q= IF, and Pa = Qb. 

. F_Q_P+Q IF 

• • b 


a 


b + it (t + b' 


• • 


p= 


IP And Q=—. IF. 
a + b a + b 


Otherwise .—^The three forces I\ Q, ]V are proportional each to the 
perpendicular distance between the other two. 

. r = Q = w 

b a a + b 

giving the same result as before. 


EXAMPLES XII 

1. Show that the resultant of two equal forces which act along 
parallel lines in tlie same direction, is double of each and acts midway 
between them. 

2. Find the magnitude, direction, and position of the resultant of 
two parallel forces of 1) and G pounds’ weight, acting respectively at 
points A and 77, situated 30 inches apart, (i) when the forces arc like, 
and (ii) when the forces are unlike. 

3. Find the magnitude, direction, and position of the resultant of 
two parallel forces of 2 and 7 pounds' weight, acting respectively at 
points A and 7/, situated 45 inches apart, (i) when the forces are like, 
and (ii) when the forces are unlike. 

• 4. Two parallel forces 57 > and IP act respectively at points A and 
77, situated one foot apart. Find the magnitude, direction, and 
position of their resultant (i) when the forces are like, and (ii) when 
unlike. 

5. Two parallel forces, of 20 and 25 pounds* weight and of opposite 
senses, act on a rigid body, the perpendicular distance between their 
lines of action being 4 inches ; find their resultant. 

-6. A straight line OJJCA is drawn to intersect the lines of action 
of two like parallel forces of /'and Q pounds’ weight in the points A 
and 7/ respectively, and the line of action of their resultant 11 pounds 
weight in C. The distances OA , OB, OC being of lengths a, b t c inches 
respectively, prove that 77=/' + Q anti] Be = Pa 4- Qb. Also determine 
the unknown quantities in each of the following cases 

P ° rV 7 * ' T Arc. |l) 

*-.) CU7*] p«- * Q ^ C=c) 


4—c ^ 

0, PU- <A - Q ( 
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(i) Given P= 5, (?=3, cr = G, 6=4, find Ii and c. 

(ii) Given P=6 , 7f=9, « = G, 6 = 0, find Q and c. 

(iii) Given P= 9, Q=8, n = 20, <=12, find It and 6. 

(iv) Given P= 8, 7i = 14, a = 15, c=9, find Q and 6. 

(v) Given « = 10, 6 = 5, e=7, find P and 11 in terms of Q. 

(vi) Given n = 10, 6 = 2, c = 5, find P and Q in terms of It. 

7. A straight line OBAC is drawn to intersect the lines of action of 
two unlike parallel forces of P and Q pounds’ weight in the points A 
and B respectively, and the line of action of their resultant It pounds’ 
weight in C. The distances OA, OB, OC being of lengths a, 6, c inches 
respectively, prove that R=P-Q and llc = Pa - Ob. Also determine 
the unknown quantities in each of the following cases 

(i) Given P=6, Q= 5, n = 9, 6=4, find 11 and c. 

(ii) Given Q= 3, 11= 5, « = 10, 6 = 0, find P and c. 

(iii) Given P=ll, Q= 6, « = 4, c = 7, find It and 6. 

(iv) Given P= 25, 7.*=16, a = 7 , c = 9J, find Q and 6. 

(v) Given « = 8, 6=5, c=14, find Q and It in terms of P. 

(v>) Given « = 3, 6=0, c=5, find P and Q in terms of It. 

8 . A force of 20 pounds' weight acts at B and a parallel force of P 
pounds weight acts at A in the opposite direction. The line of action 
of the resultant of these two forces intersects BA produced at C If 
the force at A is diminished by 8 pounds’ weight, tho line of action of 
the resultant intersects ytP produced at C. If A is the middle point 

of CC, find the value of P. 1 n J* 

- 9. Assuming the magnitude, direction, and position of the resultant 1 * 
of two like parallel forces, deduce the magnitude, direction, and' * , 
position of the resultant of two unlike parallel forces, f £ » / 

10 ;. “ a heavy body is partly supported by a string and partly by a 
smooth horizontal plane, prove that the string must be vertical. 

11. A uniform rod, 2 feet long and weighing 3 pounds, lies on a 

. f,,ul , tl '® !east force which, applied 5 inches from one 
cn( l> "“I raise that end above the plane. 

workmen are carrying a heavy ladder on their shoulders ; 
find the portions of the weight of the ladder supported by them the 
centre of gravity of the ladder being at a distance of 3 feet from one 
workman and 6 feet from the other. 

13. A horizontal bar AB, 7 feet long, is supported at its extremities 

biVZ'tt!f7T ,ds ;.’ rei , Rl f t T gs f ™« * £ W5 

bung 1 Toot from A the other 3 feet from B. Find the pressures on 
, supports due to the weight of the man. 

Of u,: n il' cavy p0 i e ’ \ 40 1' 0UIK * S > is carried on tho shoulders 

of two men, one at each end ; the centre of gravity of the pole beine 

by tho f mc.‘ 0n0 Cnd and 5 fCCt fromtheothcr > find tho loads supported 

At 'XXX I,laci,,g eftCh “ 0110 foot 

a filtl unif0rm of niass 12 ounces. is suspended from 

ApIZTS • f , a string attached to tile rod at % 

TJteftU Z Fi " J -P«w f onl 


* 


t 
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W . P If the roil is then tilted round P into a different position in a 
f- vertical plane, will the equilibrium be disturbed ? 1 

Tb - . 1 ®- ^,' ine of 1,0 appreciable weight, is loaded with a mass of 

~ 'H " vigh t Iv, and is supported in a horizontal position upon two smooth 

n c. I ,e8S A a, . K situated at a distance c apart. If the pegs A and l: 
Sl ty} cannot withstand pressures greater than P and Q respectively, show 
that loaJ . n,ust applied at some point of the rod situated within 


—y a certain portion of length 


- L 


P+Q- IP 


- 17. In the preceding example, determine where the load must lie 
applied, in order that the pressure at A may be as much less than P 
as the pressure at B is less than Q. 

18 . A rectangular portmanteau, 3 feet in length and 2 feet in 
liei^lit, ami .weighing 56 pounds, is carried up a staircase hy two men 
supporting it along the front and back edges of its bottom face. If 
this face is held at an inclination of 30' to the horizontal, find what 
portions of the weight arc supported by the two men, supposing the 
centre of gravity of the portmanteau to be at its centre of figure. 



v 82. Effect of a Force in Producing Rotation about a 
Fixed Point. —Suppose that a body is capable of turning freely 
about a fixed point 0. The constraint at 0 will produce a self- 
adjusting f orce wliicli accommodates itself to prevent the point 
0 of the body from getting away from the point 0 of space, if 
possible. 



If a force P is applied to the body along a line which passes 

^- —^ tlirough 0, then, assuming that 

^ >v the connection at 0 is strong 

\ enough to withstand all stress 
—7 upon it, the constraint at 0 will 
"O J resist the effect of the force 1 J to 

y move the body by exerting an 
equal force P in the opposite 
.. direction, and the hotly will be 


A force , such as Q or P, whose line of action does not pass 
through 0, cannot alone be balanced by the constraint at 0, 
and would set up a rotation of the body about 0. 

In Fig. 78 the forces Q and 11 would tend to produce 
rotations in opposite directions. One direction is chosen as the 
posi tive direction of rotation, then the opposite direction is the 




negative direction of rotation. 

Now suppose that a body, capable of turning lieely about 0, 
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is acted upon by two forces P and Q in addition to the force of 
constraint at 0. Let p and q be the lengths of the perpendiculars 
from 0 upon the lines of action of the forces P and Q respec¬ 
tively. 


Fio.,70. 


Fig. SO. < 




Fio. SI. 




Fio. 82. 


Then, if. the body is in equilibrium, either the two forces 1 

and Q. must be equal and opposite and act along the same 

straight line (in which case there is no constraint at 0 and the 

body would be in equilibrium even if 0 were not fixed), or the 

two forces P and Q must be equivalent to a single force which 

acts along a line through 0 (in which case the constraint at C 

produces an equal force acting in the opposite direction alone 
the same straight line). 

In the fir* case, we have J> = Q and j> = ,, and the forces tend 
to produce rotations in opposite directions about 0, 

.In. t ’“ W “«■ ™ l»ve by W"a„d V’R, „ a. 

about 0. “ l ° Pr ° dU ' e ™ tati ° nS in °PP 03 't~direction; 

i sijscjia ? “■* “ 
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83. It appears from the above that the force P might be 
replaced by any other force P\ which tends to produce rotation 
in the same direction about 0, and which is such that the length 
of the perpendicular from 0 upon its line of action is p, where 
and the body would still be in equilibrium. 

I bus, the tendency of a force to produc e rotation about: a 
fixed point is properly measured by the product of the measure 
of the force and the measure of the perpendicular distance of its 
r Une/jf action from the fixed point. 

V y-V84. Moment of a Force about a Point.— The moment of 
a force about a point is the tendency it would have to produce 
a rotation of the body about the point, if that point were to- 
become fixed. 

I he «m_of a force w ith^respect to a point is the perpendicu¬ 
lar distance of its line of action from the point. 

I he moment of a force about a point is measured by the 
product of the measure of the force and the measure of its arm 
with respect to the point. 

'1 he siijn of the moment is + or - according as the direction 
in which it tends to produce rotation about the point is in the 
direction chosen as positive or in the opposite direction. 

Thus, in the figures of Art. 82, if the positive direction of 
rotation is chosen to be contrary to that in which the hands' of 
a clock revolve, then the moment of the force P about 0 is given 
by + Pp, and the moment of the force Q is given by - Qq. 
' Hie sum ot those two moments i.s_/.cro. and the writimj down. 
of_the equation Pp - Qg = 0 is described ns tilling moments 
about 0. ~ 


IrC.VJ 


St 


•■•A»t.ttfc.£The student should notice that the moment of a force 
vanishes only when its line of action passes through the point 
about which its moment is estimated.J 
a^ .ioj 85. Principle of Moments. —The sum of the moments of any 
tico forces l at)i)ilt any r point in their plane is equal to the moment of 
their resultant about that point. 

Case I .—Let the two forces P and Q act along lines which 
intersect at A, Let It be their resultant, which also acts along 
a line through A. 

Let 0 be the point about which moments are to be taken. 
Join OA. 

Draw AX at riglit angles to OA in such a direction, that if 
the body were to commence to rotate round 0 in the direction 
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chosen as positive, then the point A would begin Id-move 


tvnaiuo ^1. 

iMlJto. 

H . Let P v Q v 11 i 1 
'b'" resolved parts of P, 



towards X. 

be the 

Q, R 

respectively in' the direction 
AX. Then we know that 

•c S3 /> i n —i? * o r "*-* • , 

- i J + Vj — liy Ahy p.«. r JJ «*.iV 41,'. «t/ ***)• 

(l) N,w Take All to represent P, 
and draw ON and BM per- 
ih pendiculars upon AB and 
^Irrespectively. 

Let p and a be the lengths 
of ON and OA respectively. 

The angle ABM = the Q 
angle OAN. y / ' / 

AM: AB = ON: OA = p i«; m"-. 

. : .a(AM)=p(AB)= P P. ""X 

.'Now the moment of P 

*1“about 0 is +pP or - pP according as the force tends to produce 
rotation about 0 in the positive direction or in the negative 
direction, that is according as AM lies along AX or along XA 
produced. 

Therefore the moment of P about 0 is a (+ AM) or a (- A M) 
according as AM lies along AX or along XA produced.' 

But Pj is represented by AM, and is positive or negative 
according as AM lies along AX or along XA produced. 

Thus, the moment of P about 0 is given by al\ both in 
magnitude and sign.; 

Similarly, the moments of Q and R are given respectively by * 
aQj and aR 1 both in magnitude and sign. * q.or^? *»n w, nm, 
I*( e ) Therefore 

T Sum of moments of P and Q about 0 

= aPj + aQ l . 

-<#*! + «!) 

= aRj 

= moment of R about 0. 

Case II. —Let the two forces P. and Q be parallel. 

Then, with the construction and figures of Art 78, we may 
replace the force P by two forces representedljby A0_ and OJi 
acting at M, and the force ^ by_ two forc^Jrepresented by B0_ 
and OC acting at N. 


j _ 



t 
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By Case I., the moment of P about any point is equal to 
the sum ot the moments of its components about that point, and 
similarly for the force Q. 

Therefore 

Sum of moments of P and Q about any point 

= moment of force represented by AO acting at M 
+ ’* » >, „ Oli „ „ M 

+ " > » „ BO „ „ N 

+ » » >, „ OC „ „ N 

= moment of force represented by AO „ „ M 

+ » >» 5> » OC „ „ N 

= moment of resultant about the same point. 

In the case of a couple (see figures of Art. 79). 

Sum of moments of the two forces P b-* * f» r tU »-*><•** J 
= sum of moments of the two forces P'. 

The student should notice that the sum of the moments of 
two forces vanishes when the line of action of their resultant 
2'HV al *passes through the point about which the moments are estimated, 
and also when the lorces are equal and act in opposite directions 
along the same straight line, and under no other circumstances. 

Case II. may be proved in the manner suggested in questions 
0 and 7 of Examples XII. ty Art. ti/Llt*. L«K*yJ 

86. Moment of a Couple.— The sum of the moments of the 
tico forces which constitute a couple is the same about anij point in 
the plane of the couple. 



Let the couple consist of two forces each of magnitude P, and 
let p be the length of the perpendicular distance between their 
lines of action. O 

Let 0 be any point in the plane of the couple, and let the 
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straight line drawn through 0 perpendicular to the direction of 
the two forces meet their lines of action in A and B. 

Then, if 0. is i n BA produced , as at 0 V 
Sum of moments of the forces about 0 

= P(0,II)-P(U,A) -I 

= P(AB) r ' 

= Pp. 

If Q is between A and 77, as at 0.,, 

Sum of moments of the forces about 0 . 

= P(0.,A) + P(0.,B) 

= P (A 11) 

= ?!>■ 

11 ^ is i n AH produced, as at 0 V 
Sum of moments of the forces about 0 

= P(AO.J -1>(B(J.f) 

= P (A B) 

= Pp/ 

The perpendicular distance between the lines of action of 

the two forces which constitute a couple is called the arm of the 
couple. - 

The sum of the moments about any point of the two forces 
winch constitute a couple is called the moment of the couple , and 
is oi constant magnitude for all positions of the point, being 

measured by the product of the measure of one of the forces 
and the measure of the arm. 

87. Lever.—A lever consists essentially of a rmid bodv 
capable of turning freely about a fixed point called the fulcrum 
It is usually m the form of a rigid bar, which may be straight 
or bent or curved. A bent, lever, u nless the con * 

ers 
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and that it is in equilibrium, 



lie only forces acting upon it being 
the forces P and IF and the resist¬ 
ance R of the fulcrum. 

Let « and b be the lengths of 
the perpendiculars from the ful¬ 
crum upon the lines of action of 
the forces P and IF respectively. 
Then, if the connection at 0 is 
strong enough to withstand all 
stress upon it, we have seen in 
Art. 82 that it is sufficient for 
the equilibrium of the lever 
that 

Pa = IFb. 

This result is often quoted as 
Tlic Principle of the Lever , and 

the mechanical advantage , is equal 



If it is required to determine the resistance R of the fulcrum, 
we may suppose the fulcrum to be removed and the force R 
applied at the point 0 , so that the lever becomes a rigid body 
free to move and in equilibrium under the action of the three 
forces II , and R. The consideration of the equilibrium 
comes under the methods of Chapter III., and the line of 
action of the force R is the line joining 0 to the point of 
intersection of the lines of action of P and IF. 

If the forces P and IF are parallel, then the resistance R of 
the fulcrum is a third parallel force. 

88. Classification of Levers.—In the most simple form, 
the arms of a lever are in one and the same straight line, and 
the forces P and IF are parallel. 

It is usual to divide levers into classes according to the 
positions of the points of ap¬ 
plication of the “power” and 
the “weight” relatively to 
the fulcrum. 

In levers of the first class 

the “power” and the “weight” are applied on opposite sides 
of the fulcrum, as in Fig. 8G. 
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In this case the forces P ami IP are in the same direction, 
and the reaction R of the fulcrum is in the opposite direction 
and equal to P + IP. 

As examples we have a pump-handle, a poker; while a pair 
of scissors constitutes a double lever of this class. 

In levers of the second class the “power” and the “ weight” 
are applied on the same side „ ° 

of the fulcrum, the “power” f b ^ 

being applied at a greater dis- , -* 


•a applied at a grc 
tance from the fulcrum than 
the “ weight” 

In this case the forces P 


T 

w 


Fig. 87. 


and IP are in opposite directions, and the reaction It is in the 
direction of P and equal to IP - P. 

As examples we have a cork squeezer, a wlieel-barroio ; while a 
pair of nutcrackers constitutes a double lever of this class. 

In levers of the third class the “ power ” and the “ weight ” 
p a»'c applied on the same side 

0 1 _ B of t,ie fulcrum, the “ power ” 

being applied nearer to the 



f io . ss. W fulcrum than the “ weight.” 

, ... . In this case the forces P 

amt IP are in opposite directions and the reaction 11 is in the 
direction of IP and equal to P - IP. 

As examples we have the treadle of a lathe, the lone of the 
liunian forearm when bent at the elbow and supporting a load 

w‘ofTu class.'' 6 " lm,r ° S constit “ te “ 

In all three cases, we have P(OA) = n\01I), and the vuchmi. 

l J A 

cal advantage equals ^ 

89. Pulley. A pulley consists of a circular wheel, callable 
of turning in its own plane about an axis through its centre 
The axis on which the pulley turns is mounted in a separate 

1 e C nuTlev d th \ pidlc,J - block > or the block The block and 
the pulley are shown separated in Fig. 90 

The circumference of the pulley is grooved so as to receive 

a string, and is sufficiently rough to prevent the string from 
slipping over its surface. S 1 

aboKit^ Said 10 be smooth wh “ il ** My 


8 
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The term pulley is often applied to the whole arrangement 
consisting of pulley and block. 


A 


Fio. 00. 

The pulley is said to be fixed when the block is fixed, and 
is said to be movable when the block is movable. 

When in use, a string HBCK in a state of tension passes 
round a portion BC of the circumference of the pulley, and a 
string AL, also in a state of tension, is attached to the block 
at A. 

• 

We will suppose that the weight of the pulley and block is 
inappreciab le, and that the pulley is smooth; also that the 
strings are line and light, so that AL,B1I , i'K are straight, and 
lill and CK are the tangents at B and C respectively. 

Let 0 be the centre of the pulley, and, when there is equi¬ 
librium, let S, T , T be the tensions of AL } BJl, CK respectively. 

Considering the equilibrium of the system consisting of the 
string HBCK together with the pulley apart from the block, we 
see that the moments about 0 of the forces T and T are equal 
and of opposite sign; and, as the perpendiculars from 0 upon 
their lines of action are equal, it follows that T= T . 

Considering the equilibrium of the whole system shown in 
Fig. 81), we see that either the strings are all parallel or they 






ART. 90 


EXAMPLES ON MOMENTS 


115 


meet in a point, and the force S is equal and opposite to the 
resultant of the two equal forces T. 

•If the strings are all parallel, we have 

»S' =27*. 

If the strings BH and CK are inclined at an angle 0, the 
lme AL bisects that angle and 

S=2T cos \Q. 

^ ^Considering the eqnilibriu.n of the block alone without the 

the mil lev Tl paSSCS lI,rou S 1 ‘ tlie centre of 

the pulky and the pressure between the pulley and the axle 

is ol magnitude S and in the line LA 0, * 

* 9 ®; f, X ’ l 9 -~ A 7 y i(l hod 'J is ca P"Me of turning freely in one 

ft\ U t° W V°r/ “ *** voint B cf tLl; 

LeJTi r dct , e T’ le the (Ufferent ralnc *> corresponding to 
difieient directions, of X consistent icith equilibrium. 



D.- 



Fio. Ola. 

Jsy- * 

moments about™! iw ff pTthTk C ^ Ual 1 and °PP osite 

perpendicular from A upon’the fine of » r^'r i ength of tlie 
P, we have P ,ine ° f act,on of the given force 


X. c sin 6 = Pp } 
Xsind^ 1 -? = < 


I 


JL 

X 


Thus the resolved part of the force X in a direction ^ ^ 
pendicular to AB is constant and equal to 2? 


i 


* ^ J 
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Fl0m a fixed P oint 0 draw 00 in a direction perpendicular 

't to AD and of length ] -P units, and draw DOE through C 

c ° 

parallel to AD. Then the different values of A” are represented 

by the different straight lines drawn from 0 to different points 

in the line DE. 

The shortest line from 0 to DE is the perpendicular OC. 
Hence X is smallest when it is applied in a direction perpen¬ 
dicular to AD. c f * - *=■ 


v.i «| e<i^ *91. Ex. 20 .—Two light rods ADD and ACE, of lengths d and 

e respectivelg, can turn freely in 
u vertical plane about a common 
fulcrum A, and the points B und 
C, situated at distances c and b 
respectively from A, are connected 
by a fine light string of length a. 
It is required to determine the 
least force which, applied at E, 
will keep AD horizontal when a 
mass of given weight IF is sus¬ 
pended from D ; also to find the 
tension of the string. 

Taking moments about A 
for the equilibrium of__thfi. 
whole s ystem, we see that the 
force at E is least when it is 
applied in a direction perpen¬ 
dicular to AE, and its value is 
then P, where 



Art 


P = IF. 


d 


The perpendicular from A upon the string is of length 
~ _ a ^ a .—, where 2s = a + b + c. Hence, if the 


a 


tension of the string is of magnitude T, taking moments about 
A for the equilibrium of the rod AD alone, we have 

T 2 Js(s - a)(s - b){s - c) _ f 
a 
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Thus 


T= 


IV. ad 


2 J$(s - a)(s - b)(s - c) 

92. Ex. 21. A heavy rod ACDB rests in a horizontal position 
upon two smooth pegs C and D, situated in given positions. The 
greatest had which can be applied at A without disturbing the 
equilibrium is of given weight I‘, and the greatest load which can 
be applied at B without disturbing the equilibrium is of given 
weight Q. It is required to determine the weight of the rod, and 
the position of its centre of gravity. 




.V 

c-.v 

h 

A a 

v c-x A /i 

1 

P 

0 

C 

V 

G 

V 

D 

Av-,- 

C 



B 
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Let AC, CD, DB be of lengths a, e, b respectively. Let the 

weight of the rod be of magnitude IV, and let its centre of 

gravity G be at a distance a from the peg C, IV and x being at 
present unknown. ° 

When the load is applied at A, the rod is on the point of 

theT 8 a n 0Wt T? ft,,d , there 1S no P ressure between the rod and 
the peg D Hence the momenta, of P and IV about C must 
be equal and opposite. 

** irx = Pa. 

When the load is applied at B, the rod 'is on the point of 

C Hem'll there " n0 P r ure botween the rod 
^quafand o M »r " « “ d ' F — U 

“ 1V(c-x)=Qb. 

1 ,avt ddmS UliS rCSUlt 10 tl>e equatioa Previously obtained, wo 

JVc = Pa + Qb, 

> * *; C 

Hence, from the first equation, ‘ 

__ P& Pac 
ir~Pa+Qb' 
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*93. Ex. 22 .—A straight rod AB, of no appreciable weight , is 
fired in the ground at A, but can be broken of at A when a force is 
applied to it by means of a light cord. The cord being of given 
length , it is required to determine where it must be attached , in 

order that the rod 
may be overturned 
with the least exer¬ 
tion l/y a force ap¬ 
plied to that ex¬ 
tremity of the cord 
which is on the 
ground. 

Let the cord 
XY be of given 
length a, and let 
it be attached to 
the rod at a point 
A' distant x from 
A. Let the angle 
BA Y be of known 
magnitude a, and 
let* the perpendi¬ 
cular from A upon XY be of length p and make angle 0 with 
AB. Thus r, p and 6 are all unknown, but we can express x 
and p each in terms of 0. 

We have 



x a 

sin A LA = .-in XA Y' 


and 


a cos (a - 0) 
.-. x- -;— 


sin a 


= x cos 0 = 


a cos (a — 6) cos 6 


sin a 


— —r— {cos a -f cos (a - 2 6) [. 

2 sin a' 

Now the rod breaks off at A as soon as the force applied at 
Y has a moment about A sufficiently great. Hence the rod 
is overturned with the least exertion, when the value of is 
greatest . 
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Thus cos (a - 20) must be a maximum, 
a - 20 = 0, 

. 0=),a 

, (i cos l a a 

and x = —;—- - = 

sin a 2 sin £rt 

Otherwise.—As the length of AT and the magnitude of the C 
angle XA Y are both given, the segment of the circle described 
upon AT and passing through A is fixed in size though not in 
position. 

Now the greatest pe rpendicular from a point situated in the 
arc of a segment upon the base of the segment, is the perpen¬ 
dicular which bisects the base. 

Thus the perpendicular from A upon XY must bisect AT. 

. AX= AY, and we have the same result as before. 

*94. Ex. 23.—A rectangular block, of length a an<l height b, is 
bang turned over by a*crowbar of length c, applied at the middle point 
of the lower edge of one end of the block in a vertical plane through its 

centre of figure. Find what force must be applied at right angles to 
the crowbar at one 

end, so that it may 
rest inclined at an 
angle a to the hori¬ 
zontal, the lower 
face of the block 
being then inclined 
at an angle fd to 
the.horizontal. The 
block is of given 
weight IV, and its 
centre of gravity 
coincides with its 
centre of figure. 

Let A BCD 
represent the ver¬ 
tical section of the 
block through its 
centre of figure 

crewbar ntR "* 8r0Un * at A a,,d the 

Let P be the force applied to the crowbar at F, and, regarding 


^ f*rt< $ ( 

•'K . ( PiJ, II* 

« r«»aU* sf- vV * T ft 1 , to k. 
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tlie surfaces in contact at B as smooth, let B be the pressure 
between the block and the crowbar in a direction perpendicular 
to EF. 

f rrS }-) If EB is of length .r, we have 

x _ a 
sin ft sin a’ 
a sin ft 


x = 


sin a 


fWc.fv 


Taking inomcnts about E for the equilibrium of the crowbar , 
we have 

It ,x = P . c 

Pc sin a 

Pl = ^~ry 

a sin ft 

We now take moments about A for the equilibrium of the 
block. The moment of the force IV is most readily determined 
by adding together the moments of its two components, namely, 
IV cos ft perpendicular to AB and IV sin ft parallel to BA. 
In determining the moment of the force It, we notice that 
the perpendicular from A upon its line of action is of length 
a cos A BE = a cos (a - ft). 

Thus, we obtain 

IV cos ft - hvsin ft = B. a cos (« - ft) 

Pc sin a cos (a - ft) 

. sin ft ' 

p _ (a cos ft — b sin ft) sin ft 
2 c sin a cos (a - ft) 


EXAMPLES XIII 

1. A and Bare two fixed points in a given plane, situated 10 inches 
apart. A force /’acts through A, but has any direction whatever in 
t lie plane. If P has always a moment of GO inch-pounds’-weight about 
B, give a graphic representation of the various magnitudes and direc¬ 
tions of P. 

What is the least, and what the greatest, value of P ? 

2. The sides BO, CA, AB of a triangle are 3, 4, and 5 # feet resjicc- 
tiv'cly ; find the magnitude and direction of a force at C whose moments 
about A and B are 7 and 5 foot-pounds’-weight respectively. 

3. The side 7,'G’ofa triangle ABC is bisected at E and produced to 
F. Show that the sum of the moments about F of the forces which 
act along and are represented by AB and AC is equal to twice the 
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moment about F of the force which acts along ami is represented 
by AE. 

4. 7* is a fixed point on the circumference of a fixed circle ; PM and 
PN are any two chords of the circle at right angles to one another ; IJ 
is any other fixed point whatever in the plane of the circle. Show 
that if two forces act along and are represented by PM and PE, then 
the algebraic sum of their moments about Q is constant. 

5. OA and OB are chords,. 4 and 5 inches in length, of a circular 
disk OACB, whose diameter OC is 6 inches. If forces of 15 and 4 
pounds’ weight act from 0 along these chords respectively, find how 
the disk will begin to move, the point C being fixed. 

6. A BCD is a square disk lying on a smooth horizontal plane, and 
capable of turning freely about the point A, which is fixed. At E, 
the middle point of AB, a force of 16 ]K>unds’ weight acts in direction 
CE, and at D a force of 10 pounds’ weight acts in direction BD. Find 
how the disk will begin to move. 

- 7. ABCDEF is a thin board in the form of a regular hexagon, and- 
capable of turning freely on a smooth horizontal table about the point 
A, which is fixed. A force of 50 pounds’ weight is applied at B in 
direction DB, and another of 33 pounds’ weight is applied at E in 
direction CE. Determine in what direction the board moves. 

8. A straight lever AOB, of no appreciable weight, balances about 
0 when loaded at A and B. If each load is increased by the same 
amount, show that the extremity of flic longer arm descends. 

9. A straight lever AOB, of no appreciable weight, is capable of 
turning freely about a fulcrum 0, and is loaded at A and B. Determine 
the unknown quantities in each of the following cases, in order that 
there may be equilibrium— 

(i) The lever is of length one foot, and masses of 5 and 3 pounds 

are suspended from A and B respectively; find the length 
of AO. 

(ii) AO is of length 6 inches, and masses of 8 and 12 pounds are 

suspended from A and B respectively; find the length of 
the lever. 


(iii) T, \ c ,ever is of length 2$ feet, and the pressure on the fulcrun 
. is 60 pounds’ weight, the load at A being 36 pounds*: fin. 

the length of AO. 

(iv) AO is of length 10 inches, and the pressure on the fulcrum i 

48 pounds’ weight, the load at A being 28 pounds : find tie 
length of the lever. 

(v) AO and OB are of lengths 12 and 16 inches respectively ; fim 

the pressure on the fulcrum, the load at A being 20 pounds 

(vi) AO and OB are of lengths 8 and 10 inches respectively : fim 

the loads applied at A and B, the pressure on the fulcrun 
being 63 pounds’ weight. 

f ra !S ht lever of length a and of no appreciable weight 
balances about one point when masses of weight P and W arc suspeiidc. 
from its extremities If W is increased by » and P dimiSK 
the same amount, show that the fulcrum must bo moved thromdi \ 

distance^. 
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11. A straight lever, of no appreciable weight, lias its fulcrum at 
one extremity, ana the “ Weight ” is applied at a distance a from that 
extremity. Il the pressure upon the fulcrum must not exceed nJV in 
either direction, upwards or downwards, where n is a given proper 
fraction, show that the “ Power ” must act somewhere within a distance 

. 2 iia 

equal to 


12. A straight light rod, of length a . rests in a horizontal position 
between two fixed pegs, placed at a distance c apart, one of the pegs 
being at one end of the rod. Find the pressures on the pegs when a 
b inass^ weight IT is suspended from the other end. 
r*/v ^ A heavy uniform bar has centre C and one end D. It is placed 
✓ ^across two pegs A and P y which are in the same horizontal straight 
^ line, in such a manner that they divide the distance CI) symmetrically, 
v and it is kept in equilibrium bv a mass of weight P suspended from D. 
^ ‘ the largest possible value of P is X- times the smallest possible value, 

show that the distance between the pegs is —\ of the length of 

the bar. 


- a -4 K 


14. A uniform straight plank APQB, 12 feet long, rests upon two Cf.A 
supports at I’ and Q. The plank is just on the point of tilting up 
when a man of twice its weight stands at B ;—also when he stands at 
the middle point of AP. Find the positions of P and Q. 

15. In the preceding question, find where the man must stand, in 
order that the pressures on the supports may be equal to one another. 

16. A heavy uniform bar ACIJB rests in a horizontal position upon 
two fixed supports C and D, whose distance apart is 6 inches, and 
equal to the length of the projecting part AC of the bar. If an 
upward force of two pounds’ weight, applied at A, just lifts the bar 
olf the support C, and a downward force of 8 pounds’ weight at A just 
lifts it oil /), find the length and weight of the bar. 

17. A rod ABC, 1G inches long, rests in a horizontal position upon 
two supports at y/ and B, one foot apart, and it is found that the least 
upward and downward forces applied at C, which would move the rod, 
are 4 ounces’weight and 5 ounces’ weight respectively. Find the 
weight of the rod, and the position of its centre of gravity. 

18. A heavy straight rod ABB t A v of length a + I» + «i, rests in a 
horizontal position upon two smooth pegs B and B x , distant a and a x 
from A and y/, respectively. The greatest loads which can he applied 
in turn at A and y/„ without disturbing the equilibrium, arc of 

weights JFand JFj respectively. Determine the weight ol the rod and 

the position of its centre of gravity. 

19. A heavy straight rod AB, of length c, balances about a point 
at a distance a from A when a mass of weight B is suspended from A. 

It balances about a point distant b from B when a mass of weight Q is 
suspended from B. Determine the weight of the rod and the position 
of its centre of gravity. 

20. A solid cone of weight W, height h, and radius of base r, rest 
with its slant side in contact with a smooth horizontal plane. Its 
centre of gravity divides the straight line joining the vertex to tno 
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centre of the base in the ratio 3:1. Find (i) the least vertical force 
which, applied at the vertex, will move the cone; and (ii) the force 
at the vertex which will keep it at rest with its axis horizontal. 

21. Two light rods OA and OB, of lengths a and b respectively, 
are rigidly connected at 0 and inclined at an angle 2a. Masses of 
weight IV and IV are attached at A and B respectively. If the 
system can turn freely about 0, show that, in the position of equili¬ 
brium, the bisector of the angle AOB is inclined to the horizontal at 


an angle 


, / IVn + JVb 

tan " , l It'a- . COt 


IV b 


4 


22. A OB is a crooked lever, of no appreciable weight, of which 0 
is the fulcrum. When masses of weight B and Q are suspended from 
A and £ respectively, the lever rests with OB horizontal. When () is 
changed into Q\ the lever rests with OA horizontal. Determine the 
angle AOB. 

23. ^ OB A is a lever of no appreciable weight, bent at B at an angle 
of 120 , and capable of turning freely about 0. If OB and BA arc of 
engths 3 and 5 inches respectively, find what force applied at A will 
keep the lever in equilibrium with OB horizontal, when a mass or 
one hundredweight is suspended from B— 

(i) When the applied force is vertical. 

(ii) When horizontal. 

(iii) When as small as possible. 

24 Two levers OA and OB, of inappreciable weight and of lengths 
3 and 4 feet respectively, can turn freely in a vertical plane about a 
common fulcrum 0, and their middle points are connected by a fine 
string whose length is 2* feet. Find the least force which, applied at 
A, will keep OB horizontal, when a mass of 12 pounds is suspended 
Jrom B. ^ imd also the tension of the string. 

» f ' n ? slight rods AOB ami COD, of given lengths, arc 
f cdy jointed together at 0, the lengths BO and DO being given ; 
and the whole is laid on a smooth horizontal table. If A and C are 

®°"" ec ^ d . by * fme stn , n S ° f g iv cn length, and B and D arc pulled 
apait by two forces each of given magnitude P in the straight line 
BD, show how to determine the tension of the string. b 

digram showing the forces acting on the lover AOB, 
ionrrfi Two levc J s A ( )B and COD, of inappreciable weight, whoso 

oftrU f aud * 9 m i C n S r Tr l ’ eCtively ’ ave free| y jointed together at 

B ail(i P;> ^ A and U arc connected by a lino light 
stung 3 inches lqng, and B and D arc pulled apart by forces each equal 

strip°g P ° UndS WC18 * lt m th ° straight line BD > find the tension oTthe 

4 c ybndiical column of height h + k and weight IV, whoso 
centre of gravity coincides with its centre of figure, stands on a circula? 

S, f r : dlUS - n ; A 1 ght cord > Veiled to the top of the cohimn 
roaches to a point on the ground distant h - k from the base What 

force must be applied along the cord to unset the column V* » r.l 
- 28 . Ill the nrcfiMiincT mmchon it.i xi.. i 

)0 upset 
distant 




. Af 


If 
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above the firound. Show also that the force applied is 
diminished in the ratio h 2 +l*: hr-lr. 11 


29. A cubical block, of edge a, is being turned over by a crowbar 
°f length c, applied at the middle point of the lower edge of one end 
ot the block in a vertical plane through its centre of figure. Find 
what force must be applied at right angles to the crowbar"at one end, 
so that it may rest inclined at an angle 2a to the horizontal, the lower 
la«-e or the block being then inclined at an angle a to the horizontal, 
lhc block is of given weight W, and its centre of gravity coincides 
with its centre of figure. 


» 
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CHAPTER VII 



COPLANAR FORCES 

I 

*95. Reduction of any System of Coplanar Forces.— Any } 

system of coplanar forces can a heaps be reduced to a simile force or r 
to a couple, except when they are in equilibriu m. 

We can always u iind the resultant of Uv£l coplanar forces 
except when they are equal and opposite. (C) 

Now consider thrj& forces. They cannot be such that each («> 
is equal and opposite to each of the other two. Thus two of 
the three forces can be replaced by their resultant, so that three 
forces can always be reduced to two. 

Therefore four forces can always be reduced to three and 
then to two. 

Proceeding in this way we see that any number of coplanar 
forces can always be reduced to two . 

Now two forces are equivalent to a resuVtanVexccpt when ( 0 ) 
they are equal and opposite. °Hf they are equal and opposite 
and m the same straight line, they are in equilibrium. *>If they 

are equal and opposite and not in the same straight'line they 
constitute couple. 7 J 

Thus any system of coplauar forces can always be reduced 

to a single force or to a couple, except when they are in 
equilibrium. J 


In the following article we give a method for determining 
the resultant of any system of coplanar forces. It constitutes 
an independent proof of the present proposition. 

96. Resultant of Coplanar Forces.—To find the resultant , 
by ge om etrical construction, of any given system of forces acting in 
one plane upon a rigid body. J 

Let a nuniber of given forces P, Q, R, S, T act in one plane 
along known lines p, q } r, s, t respectively. 
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From any suitably point vi . and with any suitable scale, 
draw AB to represent A tlie fcrceiT. From B draw BO to repre- 



F, °- 9*. Fio. 07u. 


sent the force Q. Similarly, draw CD, DE, EF to represent the 
forces, R, S, T respectively. 

We shall prove that the straight line from A, where we 
started, to F, where we finished, represents the resultant in 
»xmagnitude and direction, and that its line of action may be 
determined. 

Take any point 0 in the force diagram, and connect it with 
the points A, B, C, D, E, F. 

From an y point in the line p draw straight lines a and b 
parallel to OA and OB respectively. From the intersection 
of b and q draw c parallel to OC. From the intersection of 
c and r draw d parallel to 01). From the intersection of d and 
s draw e parallel to OE. From the intersection of c and t draw 
/ parallel to OF. 

We shall prove that the line of action of the resultant passes 
through the intersection of a and /. 

The force may be replac ed by t wo forces, represented by 
AO and OB, acting along the lines a and b respectively ; the 
** force Q by two forces, represented by BO and OC, acting along 
the lines b and c respectively; the force It by two forces,-repre¬ 
sented by CO and OD, acting along the lines c and d respectively ; 
the force S by two forces, represented by DO and OE, acting. 
along the lines d and c respectively ; the force T by two forces, 
represented by EO and OF, acting along the lines e and / 
respectively. 
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Let the given forces be replaced, by these pairs of components. 
Then, removing the pairs of equal and opposite forces which act 
along the lines b , c, </, e, we see that the whole system is 
equivalent to two forces, represented by AO and OF, acting 
along the lines u and / respectively. 

Hence the resultant of the system is a force represented by 
AF y and acts along a straight line drawn parallel to AF through 
the intersection of a and /. 

97. The broken line AliCDEF is called a Force Polygon , and 
is said to close when the final point F coincides with the initial 
pfiint A. 

, T . he Polygon formed by the lines a, b, c, ,1, c, / is called a 
I'unicuktr Polygon , and is said to close when the lines a and / 
arc in one and the same straight line. 

98. In planning out the force diagram, the force s may be 
taken in_any order; the point 0 may be taken in any position ; 
also, in constructing the funicular polygon, we may start with 
anyjmi nt in the line of action of one of the forces. In all 
cases the same result will be obtained.' For the system cannot*-... 
admit of two resultants, different in magnitude or in direction, -' r ‘ 
or in line of action, since such resultants would have to be rf " 
equivalent to one another, which is impossible by Art. 14. 




F '°- * Fio 0$a. 

99.. Geometrical Conditions of Equilibrium. 


— For the 
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system to be in equilibrium it is necessary and sufficient that 
the two forces represented by AO and OF, acting along the 
lines a and / respectively, should be equal and opposite and 
act along the same straight line. That is, F must coincide 
with A, while / and a must be in one and the same straight 
line. 


Thus, for equilibrium, both pulyyons must close. 

Figs. 98 and 98a are the figures for a system of five forces 

Q, 11, 8’, T in equilibrium. 

If the force polygon c loses, but not t he funicular polygon, 
the lines a and / become parallel, and in~this case the system 
reduces to a couple. 

For further information on this subject, the student is 
referred to the author’s Elementary Geometrical Statics. 
w.lo 100. Principle of Resolved Parts. —Tlte sum of the resolved 


P- p r ,„ parts in any direction of any number of coplanar forces is equal to 
c.sv£) the resolved part of their resultant i)i that direction ^ ^ 

v<cfy ^ This is proved in the same way as in Art. 57 f by projectin g 
ro *j.* pr tli e sides of the force polygon upon any line drawn in the 
* ^Indirection in which the forces are to be resolved. 


v The student should notice the following particular cases :— 

? ^ c )>rcn ( i> (j) The sum of the resolved parts of the forces in the 

direction of the resultant is equal to the resultant. 
cj «,r.i-a(iP(ii) The sum of the resolved parts of the forces in a direction 

perpendicular to the resultant is zero. 
f |. A*-t.nC»T(iii) If the forces are in equilibrium, the force polygon closest 

so that the sum of the resolved parts of the forces 
in every direction is zero. A* 

(iv) If the forces reduce to a couple, the force polygon closes, 
so that again the sum of the resolved parts of the forces, 
in every direction is zero. 

*101. If the sum of the resolved parts in a certain direction of 
any number of coplanar forces is zero, then their resultant, if it 
exists, is at rnjht^aiujles to that direction. "■*. "o' ~ 

This is pro veil p m the same way as in Art. 58. .*».) 

‘1 *102. If the sums of the resolved parts in two directions of any 

* number of coplanar forces are separately zero, then the forces must 
either be equivalent to a^ouple or be in equilibrium. 

If the forces were equivalent to a resultant, it would, by the 
preceding article, be perpendicular to each of the two given 
directions, which is impossible. Hence the forces cannot reduce 
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to a resultant, and must, therefore, be equivalent to a couple or 
be in equilibrium. 

I 103. Principle of Moments .—The sum of the moments about 
any point of any number of coplanar forces is equal to the moment "* 
of their resultant about tluit point. 

Referring to the figures of Art. 96, the force P can be re¬ 
placed by two forces, represented by AO and OB, acting in the 
lines a and b respectively ; the force Q can be replaced by 
two forces, represented by BO and 00, acting in the lines b and 
c respectively ; and so on. 

In each case we know that the moment of the force about 
any point is equal to the sum of the moments of its components 
about that point. 

Therefore the sum of the moments about any point of the 
forces P, Q, Jl, 8, T 

= moment of force represented by AO acting in the line a 0 
+ » >» OB „ 6. 

+ » „ BO „ 

+ „ „ 00 


- i 


) 


+ »» >> EO „ cl 

+ » „ OF „ / 

= moment of force represented by AO acting in the line a 
+ » » OF „ / 

= m oment of resultant about the same point. . 

If the force polygon‘closes, but not the funicular polygon, c 61 
the system reduces to a coupl e, and the sum of the moments of 
the forces about any point is equal to the moment of the couple 
and therefore c onstant for all positions of the point. ’ 

If the force polygon closes, and also the funicular* poUgon, 
the system is in equilibrium, and the sum of the moments of 
the forces, being equals the sum of themoments of twT^ual 

forces which act in opposite directions along the same straight 
line, vanishes. ° 

The student should notice that 

(i) If the system is in equilibrium, the sum of the moments-^ 1 
oi the forces about every point vanishes, q. ’ ^ u _ _ _ . 

(u) If the system has a resultant, the sum of the moments 

of the forces about every point, situated in-the line of action of 
the resultant, vanishes. <f- rq 

(Ui) If the system reduces to a couple, the sum of the 

9 
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moments of the forces is a constant quantity, not zero, for all 
positions of the^wpiift about which moments are taken, qju. rt i ’ (1 ' 
V Otherwise. Let tlie system he reduced to two forces in the 
manner explained in Art. 95. The process is that of repeatedly 
choosing two forces which do not form a couple, and replacing 
them by their resuUant, until there are only two forces left 
Now, in every case, the sum of the-moments of the two forces 
is equal to the moment of the resultant which takes their place. 

lhus, at every reduction, the sum of the moments of the 
forces is not altered. 


• * t 


Hence, the sum of the moments about any point of any 
number of coplanar forces is equal to the sum of the moments 
_about the same point of two forces to which they are equivalent, 
and therefore to the moment of their resultant about that point, 
if they have a resultant. 

*104. If the sum of the moments of a system of forces about 
certain point is zero, then the forces are not equivalent to a couple , 
but either are in equilibrium or have a resultant whose line of action 
passes through that point. 




The forces cannot reduce to a couple, since in that case the 
sum of their moments would not vanish about any point, 
u f 1 If the forces are equivalent to a resultant, then the moment 
of that resultant about the point must vanish. This can 
happen only when its line of action passes through the point. 

' A*e.*105. If the sum of the moments of a system of forces about 
each of two given points vanishes, then cither the forces ure in 
equilibrium, or they arc equivalent to a resultant acting along the 
line joining the two given ]>oints. 

This follows at once from the preceding article, 
v *106. Analytical Conditions of Equilibrium .—If the sum 
of the resolved parts in each of two directions, and the sum of the 
moments about one point, of any system of coplanar forces, vanish 
separately, then the system is in equilibrium. 

A> ,t id. The first two conditions ensures that the forces do not 
reduce to a resultant; while the third condition ensures that 
,<JU they do not reduce to a couple ; hence they must be in equili¬ 
brium. 

A *107. If the sums of the moments of any system of coplanar 
forces about THREE points in their plane (not situated in the same 
straight line) vanish separately, then the system is in equilibrium. 

For, if the system were not in equilibrium, it would by Art. 


ART. 109 


CONDITIONS OF EQUILIBRIUM 


131 


104_be equivalent to a single resultant whose line of action 
passes through each of the three points, which is impossible. 

*108. If the sum of the moments about each of two points, and 
the sum of the resolved parts in one direction (not perpendicular to 
the straight line joining the tiro points) of any system of coplunar 
forces vanish separately, then the system is in equilibrium. 

The first two conditions ensure that if the system were not 
in equilibrium it would, by Art. 105. be equivalent to a result¬ 
ant acting along the line joining the two points, while the third 
condition ensures that such resultant would have to be perpen¬ 
dicular to the one direction, and these two results are incon¬ 
sistent Thus the system must be in equilibrium. 

*109. AVe see then that t hree conditi ons are necessary aVd 
^u fhq i ent jor the equilibrium of a system ofcophmar forces. In 
dealing with the equilibrium of any such system, we can write 
down three independent equations. We either resolve tw ice 

and takqniomcnts onm, or resolve once and take moments 
twice, or take moments three 
times. 

In practice, the first of 
these methods is generally 
found the most convenient, 
as the magnitude and direc¬ 
tion only of .a force enters 
into consideration in the 
process of resolving, while 
the perpendicular distance 
of its line of action from a 
point is required in the 
process of taking moments. 

Also, in resolving twice, it 
is in general found con¬ 
venient to choose the direc¬ 
tions at right angles. 

Example.— Fig. 99 repre¬ 
sents a ladder resting against 
a smooth wall at B and the 


. -- *»»• -o aim tne ^ 

smooth ground at A. The I 
bottom of the ladder is 8 feet 



from the wall and the top 15 

iSLtOdisltTta' Z t^'andXcMdt “ 
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slipping by a smooth rail Z), fixed at a point 2 feet from A. The 
ladder itself weighs 40 pounds, and its centre of gravity G is 8 feet 
from A. It is required to deter mine t he pressures at A, B, and D. 

The length of the ladder is s / 8'- +15-feet = 17 feet. 

The pressures upon the ladder at A, B, and D are vertical, horizontal, 
and perpendicular to AB respectively. Let their magnitudes he 
P, Q , and R pounds’ weight respectively, and let a he the inclination 
of the ladder to the horizontal. 

Considering the equilibrium of the ladder and the man as one 
system, we have— 

Resolving horizontally, 

R sin a = Q. 

Resolving vertically, 

/ , = 180 + 7i cos a. 

Taking moments about A, 

2R + (i0x 8 cos a) + (140 x 14 cosa) = 15<^. 

These three equations are equivalent to 

[IM-° 

I P=180 + ^7i 


2A+^2280x^=150. 


Eliminating Q between the first and third of these equations, we have— 

34 A+182 40 = 225A 
_ 18240 . 

R= 19T =95 ’ 5 - • ‘ • 


= 95’5. . . . 


And Q= j|-R=84- 3 - 

Also 180 + /? = 224*9.... 

Thus the pressures upon the ground, the wall, and the rail are 
224-9..., 84-3 ..., and 95'5... pounds' weight respectively. 

^*110. Equilibrium of a Body with one Point fixed.— 

Suppose that a rigid body is capable of turning freely about a 
fixed point, and is acted upon by a system of forces, in addition 
to the force of constraint, all situated in a plane passing through 
the fixed point. Then, for equilibrium, it is necessary and 
''sufficient*fliat the sum of .the moments 0 f the forces aboidOM 
fixed point should be zero. For, if this condition is satisfied, 
either the forces are in equilibrium among themselves, or they 
have a resultant whose line of action passes through the fixed 
point; and, in the latter case, the force of constraint will be 
equal and opposite to that resultant, and such as to balance the 

other forces. 
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If we assume a magnitude and direction for the force of 
constraint, It, and include it among the other forces, we may 
apply th e conditions of equilibrium of Art. 1 06. Thus, taking 
moments about the fixed point, the force R does not appear in 
our equation, aud we have the necessary and sufficient relation 
between the other forces; and, resolving along two directions 
(preferably at right angles), we have two equations to deter mine 
the magnitude and direction of the force R. 

Example. Fig. 100 represents a uniform straight rod AFB, of 
length 1 foot and weighing 8 pounds, cajiablc of turning freely in a 
vertical plane about the fixed point F, situated 4 inches from //. A 
mass of 10 pounds is suspended from 11, and the rod is supported in 
Qno°/ 1Z *°i ,ltl i ky a fme light string AC, inclined at an angle of 

* 7 . t° the horizontal. It is required to determine the tension of the 
string and the force of constraint at F. 



whence 2 1 .8 sin 30-+J8 x 2)=(1 0 x 4), 

vertically and horizontally, we have- * lhou * rcsolviu l 


—« vaiivutiuii matting an ar 
vertically and horizontally, we have 


so that 
and 


/ A sin 0=18 + 7*sin 30°=21, 

land Acos 6 =Tcos 3Q°=3./3 
.-.^=212 + 27 = 468, ’ 

' A* 21-63..., 

taufl = ^ N /3 = 4-04145... 


JJZrtltXnT' ■££* «d the forco 

angle tan- 4HU46. . wiU'Z h'rilontl “ * maki ”8 
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1. A uniform ladder, of weight rc, rests with one end against a 
smooth vertical wall, to which it is inclined at an angle a, and with 
the other end upon the smooth horizontal ground. A man, of weight 
IV, stands upon the ladder at a point three-quarters of the way up, 
and it is kept from slipping by means of a smooth peg at its lowest 
point. Determine the pressures upon the peg, the ground, and the 
wall. 

* 2. A ladder AB, of weight w and length 5 a, having its centre of 
gravity at a distance 2 a from the lower end A, rests at B against a 
smooth vertical wall BC, and is prevented from slipping over the 
smooth horizontal ground by means of a tine light horizontal string 
A C of length 3a. Find the tension of the string when a man of weight 
IV stands (i) halfway up the ladder, (ii) at the top of the ladder. 

3. A uniform ladder ADB, of weight w and length 6a, rests at B 
against a smooth vertical wall BC, and is prevented from slipping 
over the smooth horizontal ground by means of a fine light horizontal 
strin" DC, of length 3a, attached to the ladder at a point I), one-sixth 
of the way up, and to the wall at a point C situated vertically below 
B. Show that, as a man of weight W ascends the ladder, the tension 
of the string gradually increases from to -n S (io+21l ). 

4 . A uniform rod A OB, of length one foot and weighing 2 pounds, 
is capable of turning freely about a point 0, distant 3 inches trom A. 
It is supported in a horizontal position, with a mass of 4 pounds 
suspended from B, by means .of a fine light string, S inches long 
connecting A with a point C, fixed vertically below 0. bind the 

tension of the string and the reaction at 0. A,c <jo , , 

6 . A uniform rod A OB, of weight W is capable of turning free 7 
|B about a fixed point 0, and rests with its lower end B against a smooth 

vertical wall, to which it is inclined at an angle ton' 4. ^divides 
AB in the ratio 1 :2, and if a mass of weight suspended fio 

A, determine the pressure on the wall and the reaction at u. 

\ 6. A uniform rid ACB, of length 2a and weight W re ts aga nst 

a smooth horizontal plane at A and against a smooth fixed rail at C. 
It is prevented from slipping by means of a fine light sfnug. co nectn g 

A with a point D situated in the horizontal ]dane[vcrt,callybelo« CJ 

If AC is of length c, and if the rod rests inclined at an angle a to the 

the tension of the string, and show that ^ will 

not remain in contact with the horizontal plane unless 

c>a cos-a. 

7 A uniform rod ACB, of length 2a and weight W, rests with its 

the foot" 


up pci 


rosts on tlie otouiiu mo »w», •• ’ . . r i ,, 

r extremity B being attached by a line light string of e 0 
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to a point C situated in the wall at a distance b vertically above A. 
Determine the tension of the string and the pressure of the beam upon 
the ground at A. 

9. A square board ABCD is placed upon a smooth horizontal table, 
and a given force Pacts from E, the middle point of AJi, towards F, 
the middle point of CD. Determine the magnitudes of three forces 
X, Y, Z, which, acting along DC, CA, AD respectively, will make 
equilibrium with P. 

/ 10. A uniform square lamina ADCD, of weight JY, is supported 
with DC vertically downwards by three forces as follows:—7'acting 
along DC, Q acting along DD, D acting along CE, where E is the 
middle point of AD. Determine the values of 

— 11. A uniform square lamina ADCD, of weight JY, is constrained at J 
A and D to remain in contact with a smooth fixed vertical bar, J) being* r 
below A, and rests with the corner 6'upon a smooth plane inclined at** 
an angle a to the horizontal. Determine the reactions at A, D, C.. St 'l v 

12. A triangular lamina ADC, of no appreciable weight, whose*' 
sides DC, CA, AD arc respectively 18, 21, and 30 inches in length, 

is placed in a vertical plane with PC'and CA resting respectively upon 
two fixed smooth pegs D and E, situated 20 inches apart in the same 
horizontal line. If masses, each of weight JY, are suspended from A 
and D, and the triangle is kept with AD horizontal by means of a fine 
light string connecting C with the peg D, find the tension of the string 
and the pressures on the pegs. 

13. The sides AD, DC, CD, DA of a trapezium arc of lengths c, a, b, d 
respectively, AD being parallel to DC. Find what forces must act 
along DA,-DC, DA, so as to be in equilibrium with a given forco P 
acting along DC. 

/ 14. ADCDkF is a regular hexagon. Find what forces must act u 
'along CE, CD, FA, so as to be in equilibrium with a given force P 
acting along AE. £ 


/ % A straight bar AGB , of weight JV , having its centre of gravityB 

. distances a and b from A and B respectively, is supported in a N 
. Horizontal position by means of two fino light strings AC and BD so 
that the angles CAB and ABD arc 120° and 150°.respectively. Find 4( 
what force must be applied at E, the middl?^ih/o4^, in direction*. 
i Eff so as to preserve equilibrium, the anglo AEF being 60° and F„\ 
if below AD. Determine also the tensions of the strings AC and DD ^ 
16. A straight uniform bar AEFD, of length 1 foot and weight JY 
!s supported in a horizontal position by means of two fine light strings 
AC ami DD, so that the angles CAD and ABD are 120 r and 150" 
respectively. A mass of weight 2 JY is suspended from E, at a distance 

tb ? wel 8 llt; of a Ulas s which must be suspended 
from F, distant 4 inches from A, in order to preserve equilibrium 
Determine also the tensions of the strings A C and DD. 1 

a fine Straight bar of no appreciable weight, the 

fv- B ' A \ b , ei ? g of len S ths "i respectively. A mass 
*LnZ S ]^i 7 suspended from A, and a mass of unknown weight is 

r r ° n r Av Th ?. r 2 d 1S s,, PP orte d in a horizontal position by 
means of two forces applied at D and 7?„ in directions DC and B C 

? ^P^^oly^wthaUhcangles ABC and A X B X C 7, are each of magnitude 

: *\y*, •»X K Oj «L) * M 
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a. Determine the weight of the mass suspended from A., and the 
magnitudes of the forces applied at B and B x . 

18. A uniform beam AB, of weight ]V, is supported by two tine 
light strings A C and BI), the latter being vertical and the angles CAB 
ami AB]) being each n-a. What horizontal force must be applied 
at B in order to preserve equilibrium? Find also the tensions of AC 
and BD. 

19. A fine heavy bar, of weight IV, whose centre of gravity divides 
it into two portions in the ratio a: b, rests on two smooth inclined 
planes whose intersection is a horizontal line, the rod lying in a vertical 
plane perpendicular to their line of intersection. If the planes are 
inclined at angles a and fi respectively to the horizontal, determine 
the inclination of the rod to the horizontal in the position of equilibrium, 
and find the pressures on the planes. 

20. A uniform rectangular lamina ABCD, of weight IV, rests upon 
a smooth horizontal plane EBF and between two smooth vertical walls 
AE and OF, the plane of the lamina being perpendicular to each wall. 
If AB is inclined to the horizontal at an angle 0, and if AB and BO 
are of lengths (i and b respectively, determine the pressures at A, B, C. 

21. A straight ladder AB is inclined at an angle of 60“ to the 
horizontal, and rests upon a smooth horizontal plane ✓/Cand against 
a smooth wall BC inclined at an angle of 75° to the horizontal. The 
ladder is prevented from slipping by means of a fine string connecting 
A with C. If the tension of the string is one-fifth of the weight of the 
ladder, determine the position of the centre of gravity of the ladder. 

•• * 111 . Couples.— Two couples, of equal and opposite moment, 

acting in the same plane upon a rigid body, are in equilibrium. 

The sum of the moments of the four forces, which constitute 
the two couples, about every point / \ 

= the sum of the moments of the two couples ^ 
= zero. (•• -o'- * c «• *■ ‘ -• r ‘ *• 

Thus the sums of the moments of the four forces about tliwp 
points (not situated in the same straight line) vanish separately. 

Therefore, by Art. 107, the system is in equilibrium. 

From this proposition it follows that: 

Any couple may be replaced by any other couple whose moment 
is of the same magnitude and sense. 

For each couple could in turn be balanced by the same 
couple, namely, one of equal and opposite moment. 
f * 112 . Ann number of couples, acting in the same plane upon a 
rigid body, whose moments are such that their algebraic sum is zero, 
form a system in equilibrium. 

The sum of the'moments of the forces, which constitute the 

couples about every point 

= sum of moments of the couples 


= zero. 
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Therefore, by Art. 107, the system is in equilibrium. 

From this proposition it follows that: 

Any number of couples, acting in the same plane upon a rigid 
body, are equivalent to a single couple whose moment is equal to the 
algebraic sum of the moments of the couples. 

For such a couple could be balanced by the same couple 
which would balance all the others. 

*113. To find the resultant of a given force and a given couple. 



Let F be the given force, and P,P the given couple acting 
at an arm p. ° 

The couple P,P can be replnceS by a couple F,F, acting at an 
arm * where Fx = Pp, and the couple F,F can be arranged so that 
one of the forces F acts along the same straight line as the given 
force F, but in the opposite direction. Thus the resultant is 
the remaining force F of the couple so altered and arranged. 
Hence the resultant of the system is a force F, acting along 

a line parallel to the given force F, at a distance ^ from its 
line of action. 

J ^ a Wical Determination of Resultant.— To find 

by calmMum the r wuffoni of a givm system of coplamr forces 
Let I be one of a given system of forces acting upon n rigid 
body m one plane. Let 0 be a feed point, and OX a feed 
st,night line, ,n the plane. Let the force P act at an angle a 
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with 0X along a line which meets OX at a distance a from 0. 

Suppose that the system 
is equivalent to a re¬ 
sultant of magnitude R 
acting at an angle 6 
with OX along a line 
y which meets OX at a 

distance x from 0. 
Then, resolvin g along 

and perpendicular to OX , we have 

j R cos 9 = 22 (ft cos a) 

( R sin 0 = 1' (ft sin a). 

These two equations determine the magnitude and direction 
of the resultant, as in Art. 60. 

Again. taking moments about 0, we have 

.ft. xsin 6 = -(/'.« sin a) 



_ - (Pa sin a) _ 2 (Pa sin a) 
ft sin 0 2 (ft sin a) 

This determines the position of the line of action of ft. 

If 22 (ft cos a) and 22 (ft sin a) both vanish, ft vanishes ; and 
if, in addition, 22 (Pa sin a) does not vanish, then x is infinite. 
Thus the system appears to reduce to an infinitely small re ¬ 
sultant acting along a line at an infi nite dis tance from 0. We 
know, by Arts. 102 and 103f. w l hat in this case the system is 
equivalent to a couple of moment 22 (Pa sin a). 

Example. —Suppose that R is the resultant of the forces 2, 3, 4, 5 
indicated in Fig. 104. , 
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.'. 7P=(4 + 2V3) 3 +(5- n /3) 2 =5C + G\/3 = 66-3923. . . 
72=8148 . . : 

»„,! t,„ . . . 

Also, taking moments about 0, 

II. a 1 sin 0 = (4 x 4 sin 30') -(3x6)= - 10 
10 _ 10 1015+ v /3) • 

Jl sin 0 ~ 5 - \/ i 22 *“ 3 06 • • • 

Thus the resultant is of magnitude 8'148. . . acting at an angle 
tan 1 '4378 . . . with HA along a line which meets OH at a point 
3'06 . . . inches from O. 


* 115. Ex. 24 .—A beam A OB, of weight U r , is capable of 
taming freely about the fixed point O. It is sustained in a position 
inclined to the vertical by a fine string, which is attached to the 
lower end B and passes over a small smooth pulley O, situated 
vertically above 0 , sup¬ 
porting at its other ex¬ 
tremity a mass of weight 
w. It is required to 
determine the inclina¬ 
tion of the beam to the 
vertical in the position 
of equilibrium , and to 
find the strain upon the 
hinge. 

. Let G be the centre 
of gravity of the beam, 
and let 0(7, OB, 00 be 
of lengths a, b , c re¬ 
spectively. Let d and <f> be the inclinations of the rod and 
the string to the vertical in the position of equilibrium. 

_ , T fcUo nsi0U of the strin 8 is of magnitude w throughout. 
Taking moments about 0 for the equilibrium of the beam 
we have * 



U r a sin 6 = w c sin <f> . 
Also, from the geometry of the figure, 

c _sin O.BO _ sin (6- <fi) 
b — sin 0GB~ ~sin ’ 

. •. c sin <f> = b sin(# - <f>) 
b sin 6 cos <£ = (6 cos 6 + c) sin <f> 




whence, 
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From the equations (i) and (ii) we have 

f vbc sin <f>= U'ab sin 9 
\ tcite cos </> = (b cos 9 + c) JVa 

.•. eliminating </>, 

= U’ 2 a\b°- + c 2 ) + 2 irWhc cos 9, 
w-lrc- - + c-) 


cos 


9 = 


2 irwbc 

This determines the inclination of the beam. 

Also, 

, Jl’a , 

cos </> = —r(b cos 9 + c) 
vbc ' 

vV-c n - - /rV-y , 2 - c-) 

— 2 irmi'jc- 

Let A' and Y be the horizontal and vertical components of 
the action of the hinge upon the beam, as marked in the figure. 
Then, resolving horizonta lly and ve rtic ally , we have 

(X = v sin </> 

( Y= IV - \c cos </>. 

Thus, the strain upon the hinge 

= \/A’ 2 + Y 2 


= JII’ 2 + - - 2 II r w cos <l> 




2 (l , 2 - C 2 ) 


* EXAMPLES XV 

1 . A BCD is a parallelogram; three forces are represented in 
magnitude, direction, and position by AB, BC, DC. Determine their 

resultant completely. ., „ a t> nr 

2. Four forces act along, and are represented by, the sides AB, BC 
CD, AD of a parallelogram A BCD. Find their resultant and its line 

3 . 1 Four forces act along, and are represented by, the sides AB, BC, 
L DC A D of any quadrilateral A BCD. Findthe.r resultant and its line 

° 4.° Four forces act along, and arc represented by, the sides AB, CB, 
CD, AD of any quadrilateral A BCD. Find their resultant and its 

line of action. 


ART. 115 


EXAMPLES XV 


Ml 




6. Prove tho following construction for determining the resultant 
of four given forces P, Q, B, <S' acting along four given lines p, q, r, s 
respectively. 

Take" AB, BC, CD, DE to represent Q, /•’, S respectively. Let 
p and q intersect in II, while r ami s intersect in K. Draw UL parallel 
to AC and KL parallel to CE, meeting in L. Then the resultant is 
represented by AE and acts along a line through L. 

6. In the preceding example, show that, for tho system to he in 
equilibrium, it is necessary and sullicicut that A’should coincide with 
A and that UK should be parallel to AC. 

Four coplanar forces P, X, V, Z, in equilibrium, act along . 

,0J - four given lines p, q, r, s respectively. If the force P is known, prove 
the following construction for determining the values of A', Z. , 

Let p and q intersoct in II, while r and s intersect in K. Take ’ 
AB to represent P and draw BC parallel to «y, and AC parallel to UK, i. 
meeting in C. Draw CD parallel to r and AD parallel to s, meeting « 
in D. Then BC, CD, DA represent A', Z respectively. 

-8. In the preceding example, prove that Bl) is jiarallel to the lino *' 
joining the intersection of p and s to the intersection of«/ and r. 1 ‘ 

9. Forces P, P+Q, P-Q act along the sides BC, CA, AB respec¬ 
tively of an equilateral triangle ABC. Determine their resultant. 

10. Forces of 13, 10, 5 pounds' weight act along the sides BC, CA, 
AB respectively of on equilateral triangle ABC. Find the magnitude 
and direction of the resultant, and the point where its lino of aetion 
intersects BC or BC produced. 

11. The sides BC, CA, AB of the triangle ABC are of lengths 6, 9, 

8 inches respectively. Determine the resultant of forces 8, 12, 2'4 
pounds weight acting along BC, CA, AB respectively. 
n ri^L Forces of 1, 2, 4, 4 pounds’ weight act along the sides AB, BC, 
ID, DA respectively of a square A BCD. Find the magnitude and 
direction, and the point of application in tho lino BC, of the force 
Which would balance the system. 

13. Forces I 1 , Q , P, Q act along the sides AB, BC, CD, DE 
respectively o a regular hexagon ABCDEF. Determine their resultant. 

14. ABCD is a quadrilateral, the angles A and D being right angles 

° P 1“ g D > DA > A1J of lengths 9, 12, 14 inches respectively, 
l oints Faud .Fare taken in AB at distances of 4 and 9 inches from 
A i espcctively, and G is taken in AD at a distance of 3 inches from 




rr ° V 6 ’ 1 ,0UI1US weight along 

15. Ihree forces act along the sides of a given triangle taken one 

W*T° "7 r, jrSjStoS 

" then 11.0 liSVrTr 1 VI? =0, 'y bero l > m > M are thrco given numbers, 
then tho line of action of the resultant passes through a fixed point 

1£ m z = 0 - P rov ? that tlxoli l of ac,iou°of then, 


m. , v , n aC [ atom 
of a triangle ABC. Provo that, if 

Pcos^ + ^cosF+Fcos C= 0, 


respectively 
o] T. - ••• -- o 
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then the line of action of the resultant passes through the centre of the 
circle which circumscribes the triangle. 

17. Three forces P, Q, 11 act along the sides BC, CA, AB respec¬ 
tively of a triangle ABC. Prove that, if 

P sec A + Q sec B +11 sec (7= 0, 

then the line of action of the resultant passes through the orthocentre 
of the triangle. 

P is the orthocentre of a triangle ABC. Forces proportional 


A 

1 » 


<L -' to sin (A + 0), sin (B-i-0), sin (C'+ 0) act along A P, BP, CP respectively. 


fe 




ila^Provc that their resultant passes through the centre of the circum- , 
„c- scribed circle. - •>,* -h, zjc'-am + *_:p 

|» 0 WTiat is the value of 0 when the forces are m equilibrium ? 

19. If M x and M, are the algebraical sums of the moments of a 
system of coplanar forces about two points A and li, prove that the 
algebraical sum about a point C lying between A aud B will be 

M x .BC+ Mo. AC 
AB ; 

and hence show that, if the algebraical sums of the moments of such a 
system with respect to three points not in a straight line, are separately 
equal to zero, then the sum will be zero for any other point in the 
same plane. 

20. A uniform rod AB, of weight IP, is capable of turning freely 
in a vertical plane about a smooth hinge A. It is supported by a line 
string BC, which passes over a small smooth pulley C, situated 
vertically above yf, and supports at its other extremity a mass of 
weight w. If AC—AB, find the inclination of the rod to the vertical 
and the action of the hinge A. 

21. A uniform beam AB, of length 4 feet and mass 30 pounds, is 
capable of turning freely about a fixed point 0, situated in the beam 
at a distance of one foot from A. It is sustained in a position inclined 
to the vertical by a fine string, which is attached to the lower end L 


and passes over a small pulley C, situated two feet vertically above 0, 
supporting at its other extremity a mass of 20 pounds. Prove that in 
the position of equilibrium, the beam is inclined at an angle cos £ 


position of equilil 
with the vertical, and determine the action at 0. 


-i< - 22. A rigid framew 


r • 


i?. triangle ABC, is cap; 


:work, of no appreciable weight, in thejorm of a 
table of turning freely about a fixed j»6int A. lo 


. the point B a mass of weight iV is attached, and AB is pulled aside 
F from the vertical by a horizontal force /’applied at C. Show that, in 
the position of equilibrium, AB is inclined to the vertical at an angle 

Fb cos A \ 

T i Vc) • 


the position 

6 = 0-* A 

A) = ^ 0 


F t - f ~ > A . 


tan -1 { JV . . 

I l'b sin A 


23. The lower end B of a uniform rod AB, of length 2 a and weigh t 
IV, rests on a smooth horizontal plane BD, and the upper end A is 
supported by a fine string AC of length b, the extremity t bcingfiul 


mortea uy a su,,, 6 - a ^ :» *-v"v* , \ 

at a point whose height above the |>hincis2a. mikI (i)tl.t* homontol 

force which, applied at the lower end of the rod, will cause it to rest 

at a distance b from the point in the plane immediately below C, W 

1 react! of the plane at B, and (Hi) the tension of the stnn^G 

24. A straight rod AB, of inappreciable weight, is placed with it. 
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H3C-. = 6 


middle point C at the highest point of a fixed horizontal circular 
cylinder, the rod being at right angles to the axis. If the cylinder is 
so rough that the rod can tip up without slipping, and if masses of 
weight /rand W are suspended from A and /^respectively, prove 
that the rod in its new position of equilibrium will be inclined to the 
horizontal at an angle [f 't-. 

a ir+ir’j L —rr j 

where 21 is the length of the rod and a the rai m of tho cylinder. t., 
- 26. Three forces I\, P 2 , P 3 , act at the middlbjfpointL of the sides’"* 
a, b, c of a triangle ABC, and at right angles to those sidis. Show that aw! 
if they form a system in equilibrium with </„ Q. lt </j acting along the 
same sides, then (the forces being taken in the proper directions)<0$.^ ); 

<?,. 4 a=(/> 2 «- p x i) i - (i>, a - p t c) c r- Lt : 

and two similar equations, A being the area of the triangle. * -t.O * 
26. Four forces in equilibrium act along the sides of ^quadrilateral 
A BCD. From a point A x in BD a straight line A{B X is drawn 
parallel to AB to meet AC in B x ; B X C X is drawn luiralhd to BC to 
meet BD in C x ; C X D X is drawn j»arallel to CD to meet AD in ]\. 
Prove that D X A X is parallel to DA, and that the forces in the hitosAB, 

BC, CD, DA wo. KsncctWeh proportional to A X B,, B.C., C\D U 

< a b<" a vnr ^°r!n P)i ’ Ce . s n 'equililtfiuih l.ct'al&ig the sides of a quadrilateral p 

, P. ie P? lllts y/ i* fix* are respectively the centres of tlieT- 

r * ***& " 1,10,1 circums cnbe the triangles DAB, ABC, BCD CD A / 

- CS) e ;. hat , thc ^ cs in tho lin es AB, BC, CD, DA are respective)# 

xaA '“^ lort i onal , to A?1. c,d x , d x a x . • 

r*)>y 2 , 8 ' forces in equilibrium act along lines winch bisect at right* 4 
angles the sides of a quadrilateral. Show that they act all outwards \ 
or all inwards, and are proportional to tho sides to whjeh they arc»^ 
respectively perpendicular. $ 9 *• u. 414 

29. Forces proportional tl the sides 'of a closed 
lines which bisect at right angles those sides respectively. I f, i„ KO ing « 

Srieft shKvTni’n 10 f ? rCCS aCt aU towards t,ic ri « ht or 1,11 toward^ 

tlie left, show that they form a system in equilibrium. 

” 8 ?'°" 8 , a Riv !!‘ is in 'q»iiibrium 

Dctern ' iU “ 11,0 v “ lucs of X > r . * 

(ii! A l R l nnl A A are para !! e ! and in the direction. 

A a x d x an . d arc P arnll el and in opposite directions 

(iv AB 1 and Ya para ! 1 ,e ! a,,d iu the same direction' 

(v ABA b 1 T Para ? le , 1 *J d . in °l‘P° si to directions. 

n ctamfl'i “la So tak ° n 01,0 *V ™nd on tho 
(V,) 1'umffr^o 1 ofaSf Wt ' n ° n “ " ay r °“" d on «“ <*' 

14nd/X£““ t0 " ^ “» d M i» 

A ' B ' produC<!d bis “ te A * “<1 ffl, produced hiocotn A A,. 


(vii) 

(viii) 
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*116. Systems of Jointed Rods.—The analytical treatment 
of the equilibrium of systems of jointed rods is exhibited in 
some ol the examples placed at the end of the present chapter. 
The (jeometrical method of treatment is also exemplified, but 
requires some preliminary explanation. 

■*117. Fig. 10G represents two rods AB and BC of a frame¬ 
work, smoothly jointed together at B by means of a small 
smooth pin of no appreciable weight or size. The rods and the 
pin are drawn separated, so as to indicate clearly the forces 
acting upon the separate pieces. 

Let each rod be acted upon by forces i n addition to the 
f Li> constr aints at i ts extre mities , and let a further force F act upon 
the pin B. 






Let the rods AB and BC be denoted by the figures 1 and 2 
respectively. Let the forces that act upon the rod AB (ojjifir 
than the constraints at. its extremities) be resolve d into two 
forces A , and B v acting at A and B respectively. Similarly, let 
the forces applied to the rod BC be resolved inl»., and C„ acting 

ir . , I, A.t. in ti«. it #•« j«.vt« ■ 

at B and C respectively. 

Let P be the reaction at A upon the rod 1 , Q x the action 
between the pin B and the rod i, (}., the action between the pin 
B and the rod 2 y R the reaction at C upon the rod 2. 

H M Considering the equilibrium of the rod AB, we see that the 
forces P and A x at A balance the forces B x and Q x at B. Hence 
the result ant of the first pair must be equal and opposite to the 
resultant of the second pair, and must be in the same straight 


N.c « 

l'* ^ 


- w 


line AB. 

Thus the force diagram for the rod 1 is the figure Oalb x U , in 
which Oa, oJ, lb x , b x O represent I\ A v B v Q x respectively, and 
in which 01 must be parallel to the rod 1. 
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(l) The f orce diagram for the pin Ii is Obf.,0, in which h b 
represents F and b.,0 represents Q„. 

Tlie f orc e diagram for the rod 2 i s Oft^cO, in which b.,Q, Jr, 
fO represent B.,, C 2 , respectively, and "in which 02 must he 
parallel to the rod 2. 

The student should notice that if we suppose the forces B v s " 
F, B 2 to be collected together and applied at the point II, then 
the line 12 represents their resultant. If we do not require to 
determine the exact nature of the constraints in the neighbour¬ 
hood of the joint, we draw the straight line 12 at once, without 
indicating the points ft, ahd b.,. 

The straight lines aft, and b.,c represent the resultan t force s 
applied to the rods AB and BC respectively, excluding the con¬ 
straints^ at their extremities. 

. If there is ijO- geparate force applied to the pin Jl, then the 
points ft, an^l b 2 coincide, and may be denoted by a single letter 
. ^The action at the'joint is then given by Ob. 

j 107 represents a framework of seven equal (t .: 

].’ °‘ 110 a PP rcc wblc weighty freely jointed together at tlteir extremi¬ 
ties so as to form three equilateral triangles, hud restingjin a vertical 
plane on hoivontal supports at A and C, so 1 that ABC is horizontal. 

I is requirelfctoXetcrmine thestresses i^w-rmls AlLdhc, ED when 

theframewo* loaded, at the joints E and t) withers of weights 

\v. and. 7^ J.. - # . . i < ... J : 


Jt^i and JV ,J respectjjvciy. 







l-yi ,tu f. 

Eaclirod is in equilibrium under forces acting only at7ts~ ft 
ext—, so that each rod is in a state of dir^con^ ° 
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cr 

o 


(<0 Let R be the reaction of the support at A. Then, takin, 
momen ts ab o ut CMor the equil ibrium of the whole framework, 
we ha\e ff. yointj)) = • * 

4R=3n\ + jr.,. rc * 1 ’ ,,v * 

Now draw the straight line LMN intersecting the rods AB, 
Rh, ED in L, M, N respectively, and consider the equilibrium 
(d^tlie portion ALMNE. The actions at L, M, N upon this 
portion are along the rods intersected. Let these actions be of 
magnitudes X, F, Z respectively, as indicated. Then, reso lving 
t vertically a nd horizontally and taking moments about E f or the 
equilibrium of the portion ALMNE, we have 

t- 


/ 



1 


r/F 1+ Ycos30° = R 
- A' + Y cos 60° + Z=0 
[ R = XJ 3. 

V n 3 tr. + ir, 

Y=-L(R-, n J r *- nr ' 

l} 2 J3 


Z--X l -=- jr ' + 

2 2J3 


W. 


Thus 

( 


4l . . . 3/r, + /r 0 

the rod Al> is a tie, and its tension is— - > 

* 

the rod BE is a tic or strut according as IV„ is > or < IV j 


and the stress in it is 


JV n ~ IV 


i 


2 n /3 


jr + iv 

the rod ED is a strut, and the thrust in it is —j ■ 

2 

[For a geometrical solution of this and similar problems, sec the 
author’s Elementary Geometrical Statics .] 


* 119. Ex. 26 .—Tuo rods AB and AC, of given lengths and of 
no appreciable weight, arc freely jointed together at A, and rest in 
a vertical plane upon a smooth horizontal plane at B and C , the 
points B and C being connected by a fine light string of given length. 
From a given point D of the rod AC is suspended a mass of given 
weight IV. It is required to determine the tension of the string and 
the action at A. 
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Let T be the tension of the string and Q the action between 
the rods at A. \ 





f 


L 


i/ 




As the rod A B_ is in equilibrium under forces acting at A 
< £<} B only , the Action Q between the rods at A is in thelh^ 

Thus the forces which act externally upon the. rod A C are 
j At Ay a force Q in direction BA, 

At D, a force W vertically downwards, 

At C, a force T in direction CB, 

At C, a pressure vertically upwards. A 

4® tb n SidCS i ° f the trian S le ABC are all known, we inly 
onsider the angles of this triangle as known angles Let BC 

and CD be of lengths a and d respectively. Then' revivin' 

, a t i,,g for ft. eqmliWh^f 

T= Q cos B 

Q • a sin B = IV . d cos q 

Q=W. imC 


{ 

( 

1 


a sin B 

T- cos C 

a tan 2? 


mcnlary Geometrical coustn »ction seo the Authors Ele- 

“ "SIS C/"’ It js 
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points aflft and C. If the rods arc each inclined at an angle a to 
the vertical, while BO is inclined at an /y 

angle (3 to the vertical, show that the action 
at the hinge A is also inclined to the 
vertical at an angle (3, and is of magnitude 
| II' tan a cosec (3, where IF is the total 
weight of the two rods. 

Geometrical solution .—Let the vertical 
through A meet 130 in D, and let the 

s 


W. 


« S 1 


AB 


.t Si. HOtr 
< j*' AB '•* 0. 

Oc.U.0 

in 



X 



rods BA and AG he denoted by the 
figures 1 and 2 respectively. 

Draw ha and ac both vertically down¬ 
wards, to represent the weights of the 
rods BA and AO respectively, and bisect 
,ac 6o and ac in the points 1 and 2 respec¬ 
tively. Draw 10 and 20 parallel to the 

rods 1 and 2 respectively, to meet in 0. ioi tu fl.i A d * 

Then aO represents the action R at the hinge A. c f A ’ c "' > el oj 
Draw le parallel to 02 or CA, to meet Oa produced in e , and 
let the angle 0a2 = 6. 

Then, as the lines el and 01 are equally inclined to the 
vertical, we have 

el : W = ea:aO 
=la:a2 
= ha : ac 

= BA:AC. 


Also, the angle elO = the angle BAG. 
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Hence, the triangles elO and BAG are similar, a* so also 
are the triangles ela and BAD. 

Thus 6 = ft 

Now 


(L , p. ut ) IV be 2 12 

B] (£~Ar ir) -f X, os * a o 1 rtO 0/ 

=-J ~2Y) «-*< -4-Xo, rf ^ O 2 01 7^ 

, Y , ^ l,i lla 

I. a. y 4 <t: to* p 


1 


^ 1 c*. 


X 

T 


I.A. V 4 <v: to- pc*' = — —- t __ 

• of- *. t«ir 6^ K« h i') 2 sin 0 2 cos <t 


= - tan a cosec ft 
4 


5J - <-•£*<_ 

! ' r ^ 6,1 l- iv>- J? = I//'tan a cosec 

s A e- * \ 4 

* c 

* 121. Ex. 28.—four vnt/orm rorfs, each of weight 1V } are freely 
jointed together at their extremities to form a rhombus A BCD. A 
light string connects the hinge C with a point E in AD, and the 
whole system is stag,ended from A. If each side of the rhombus is 
inclined to the vertical at an angle a, and if the angle DOE is of 

magyilude 6 , show that the tension of the string is of magnitude 
2 IP sin a cosec 6 . 



0< 


Bowl KtfC* C*. I A- I < 




F **CAl A>t $ t T *A‘ B fpllQap c jf+fc k (u.Ah) 2 


*r*—»» i* 03dAZ0. 

Fio. no. 



Fio. 110n. 


(i) Geometrically .-Let the rods AB, BC, CD be denoted ll 
the figures /, 2, 8, respectively. 4y 

nn / a ^ e Q . nd ^2 vertically downwards, each of length IV * 
and bisect y and in the. points 2 and « respectively/ 
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Draw 10 anil SO parallel to the rods 1 and 2 respectively, to 
meet in 0. , . •. „ . , „ r 

suppose that A C./ 3 is drawn to represent T the tension of the 
string, and let c 3 d be drawn vertically downwards and of length 
3 IV. Then, if c. 6 d is bisected in the point 3, the line 03 must 
** parallel to the rod 3. Thus 013 is a straight line and 
.c parallel to (i^fand bd) 

Now 

T CjCg sin a 
2 IK rtjC., sin 6 
T= 2IV sin a cosec 6. 

(ii) Analytically .—Let the vertical and horizontal com¬ 



ponents ot the action at B be Y and X respectively, as indicated 
in Fig. 111. 

Taking moments about A for the equilibrium of the rod AB, 
we have 

Y. 2 sin a + X . 2 Cos a = IV . sin a. 

Taking moments about C. for the equilibrium of the rod BC, 
we have 

Y. 2 sin a + IV. sin a = A'. 2 cos a. 

Thus, to find X and F, we have the two equations 

f Y tan a + X=£fV tan a 
■ \ - Y tan a + X=\IV tan a. 

Whence X=\IV tan a and Y= 6. 
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Taking moments about D for the equilibrium of the system 
BCD, and remembering that T=0, we have 

T. 2 sin 9 = Jr.sin a + W. 3 sin a. 

T= 2 IT sin a cosec 0. 


‘EXAMPLES XVI 

}■ Four fine light rods, each of length a, are freely jointed at their * 
extremities to form a rhombus A BCD, which is placed between two 
parallel wa Is situated at a distance 2e apart. The framework is in 
contact with the walls at A and C, and the straight line AC is perpen- zP 
d.cular to each wall. If the joints B and D are pressed towards one- 

another with forces each of magnitude J\ find the pressure produced ’ 
upon each wall. 1 1 

2. Two fine light rods AB and AC, each of length n, are freely 

loHit ? fie » Cr 1,1 a Plane upon a smooth 

""ft a . t ^ f and f A mass of weight ]V is suspended from 
A, and a fine light string, of length 2/, connects B with C. Deter¬ 
mine the tension of the string and the thrust in each rod. 

3 . Three light rods are freely jointed together at their extremities 
to form a triangular framework ABC, the angle A being right and 
the rods AB and AC of lengths b and c respectively. 8 A mass of 

smooJf suspended from A, and the whole rests vertically upon a 
smooth horizontal plane, with which it is in contact at / and C 
Determine the pressures at B and C and the stresses in the rods. 

4. A light rod BC is suspended from a fixed point A by means of 
two light strings AB and AC. If masses of weights /F, and are 
supported at B and C respectively, show that, in the position of 
equilibrium, the rod is inclined to the vertical at an aiHo 


cot-i f I^i cot B - U r „ cot C 1 

l /• 



5. A light rod BC, of length a, is suspended from a fixed noint A 
|7™ a,1S Tf of fc ™ brings AB and AC, of lengths c and ^spec- 

thatfin &«« c ; c i‘r“ f q s^ z 1 

ssar 1 to tbeir icngths ' a " d th “‘ «■» thr'K 

a 3,3 . ^ 6* 

— —-:- T,’ ^ T, AC 

\Z2fc 2 + 2c 2 - a 1 '1 , 

6 . A light rod BC is suspended from a fixed noint'hv n\%)r r 

‘7J 1 M ; P «nd AC, each iS.S at an IT“e a t°o 

respectively, shmv^that' tlm^'n^on^ of^be'strhigs 0 /^^ and^C* are 
fSStlr 1 ^ 1^2 respectively, and fi 

, _20T TF 3 cos a 

V( + /r 2 j2 * 
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7. Three fine light rods BC, CA, AB are freely jointed together 
at their extremities to form a triangular framework ABC. A mass of 
weight 77 is suspended from A, and the whole is supported with BC 
horizontal by means of two forces applied at B and C in directions 
perpendicular to CA and AB respectively. Show that the tension in 
the rod BC is of magnitude JV cot A. 

8 . In the preceding example, if the system is supported by means 
of vertiea 1 forces applied at B and C, show that the thrust in the rod 

is of magnitude JV cos B cos C cosec A. 

9. tour line light rods are freely jointed together at their ex¬ 
tremities to form a quadrilateral framework A BCD, which rests in 
equilibrium, with AB parallel to DC, under the influence of four 
forces applied at the joints. If the forces at A and 1) act along 
parallel lines, show that they are equal and in opposite directions, 
and that the forces at B and C are also equal and opposite. 

10. A line light rod BC, of length a , can turn freely about.one 

.. __- 1 __ T> i i . ... ■ . » 


t>Et 


extremity B. A mass of weight IK is suspended from C, and a line 
light string, of length 2b, connects C with a point A situated at a 
distance b vertically above B. What vertical force must he applied 
to D, the middle point of the string, in order that the system may 
rest with AD parallel to BC? Determine also the thrust in the rod 
and the tensions of AD and DC. 


11. In the preceding example, what force applied at D, in direction 
r to AC, will support the system in the same position of 




perpendicular 
equilibrium as before ? 

*• -12. A fine light string ABB X A X has its extremities fixed at A and 

........ 1. ... ... r • « a 11 r 1 fir • i rt ■ • i 




^ -— — — ^) — — — - 1 | | ww- - W m w-v » # ■ • « v W 0 w | 

./y*. i supports masses of weight IK and IK, at B and /?, respectively. 

c ratio of IK to 7K„ in order that BB, may he horizontal, m+d 

at>t> />/.» i i_ ... i ..i* *;#* • 


wk<*A 


' ^ ^ I ^ 111(1 the ------ . . • • “ *• , * i • v« v v | a • •«»j mv II vi ibvn i , mi> 

the angles ABB X and /?/7i// lA oT , imgnitude ir- a and ir - a, respectively.^, 
13. A fine light string ABB X A X , of length e + ft + c,, is attached atf* 
its extremities to two points A and A x , situated in a horizontal line 
at a distance a apart. Masses of weight IK and IK, are suspended 
from B and B x respectively. If BB X is horizontal in the position of 
equilibrium, and if AB and A X B X are of lengths c and c, respectively, 
prove that 

IK: IK = (ft-7') 2 + c' 2 -C i 2 . (o - b)-+ c x -- <r 


C* C, 

14. Four line light rods arc freely jointed together at their ex- 


— —W ^ V ■ I V I ■ r J v» M » O % V 

tremities to form a parallelogram OBAC, which is suspended from 0. 
A mass of weight IK is suspended from A, and horizontal forces 
applied at B and C keep BC horizontal and BOC a right angle. If 
OB and OC are of lengths b and c respectively, prove that the tensions 
of OB and OC are in the ratio b 3 :c 3 , and that the action at 0 is of 


magnitude 


IK 


n'6 4 - b-c- + c* 


* 


be 


I . uv 

m f 09 > 4 * b< . . . 

y k — x5. Four line light rods are freely jointed together at their extremi- 
1/^ ties to form a parallelogram ABA\B } , which is in equilibrium under 
%^the action of forces P, Q, 1\, Q x applied at the joints A, B, A x ,B x 
£ respectively. Prove that if the forces P and P x are equal and opposite, 


Ml 


D 

5 *. 

V.K 


4 

*. ex. . 1 


peetivel) 

or at 




B.B, ow 

A.H 


(C- H 


A,», 

I. 
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then also Q ami Q } are equal and opposite ; and if the lines of action 

of . /> aiJ d Q intersect A x li x in 11 ami K respectively, then the middle 

point of HK coincides with the middle point of ✓/.//.; also prove 
that. />• n- Air- irn 1 11 1 


that P : Q=AIf: KB. ? 

16. A light rod BC, of length a, is capable of turning freely abou ^ 
one extremity B, which is fixed. A line light string, of length « + r, 'I 
connects with a point A, situated at a distance c vertically above A. £ 
the whole is supported, with BC horizontal and a mass of weight /l\i 
suspended from C , by means of a vertical force applied at />, a point 
of the string situated at a distance c from A. Show that the force 
applied at 1) is of magnitude 

-m- 

J 7 ;,/" I 1 '® PJ. ccedi ng example, if the force applied at D is in direc¬ 
tion BI), show that it must be of magnitude 


W 


.(« 2 + c 2 ) 1 


2 ac 


and that the tension of AD is increased in the ratio a 2 - c 1 : 2« 2 . 

to form arnS \ ^ *niw? ,y j oi,,tcd to S ,,ther their extremities 

b T ?Hih t K L AC ' * ,c hi,, ” CS 0 a,1<1 A '^"g connected 

// and r a„ ti.. masses, each of weight ir, arc suspended from 
. a - r IV t ! c . " 1,ole system is supported at 0, determine the 

"«■*« 

Salter length «^ CS {}masses 

to fJm F i riiombu?'fl/zVt? ; teller at their extremities 

, l W\ - w. L , 

44,1 j »' 1 +fF 2 * ta,la }. 

and that the tension of the string is of magnitude 


2 /r, ;r 2 c OS a 


n/ ( ]v \ ~ " r 2 )-+4 /r, ;r 2 cos 2 a' 

* ana oS ??. “ re ^ *■« •» 

nects the hinges y/ and C If /n ?V^ U a, ! ot l ,cr ^g 1 * 1 rod con- 
i/C below yf/)f and if ACD hi* riJu* ^ ^ b ? th I,ori ®>ntal, and 
-40C are each of magnitude a a,, S lc «' vhllc the angles DAB and 

when masses of weS fr and fr"" 0 ‘° Str ^*f, in «» d CB 
respectively. ® 1 nc * ^ ai ° suspended from 2 / and C 
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22 . Four light roils are freely jointed together at their extremities 
to form a quadrilateral framework ABCD, the hinges A and C bein- 
^connected by another light rod. The rods AD and BC are parallel 
and ACD is a right angle, and the angles DAB and ADC are each 
o magnitude a If the whole rests vertically upon a smooth horizontal 
plane at A and D determine the pressures ai A and D when masses 
of weight Jf , and JF 2 are suspended from B and C respectively. 

23. hour light rods are freely jointed together at their extremities 
to I or m a parallelogram OBAC, the hinges 0 and A being connected 
by another light rod. A body oi weight JF is suspended from 0, and 
the whole system is supported with AO vertically downwards by means 
of vertical forces applied at B and C. Determine the values of these 
forces and the stresses in the rods, supposing that OA, OB, OC arc 
of lengths a, b, c respectively. 

24. In the preceding example, the whole system is supported, with 
0 vertically below the middle point of AC, by means of vertical forces 
applied at B and C. Determine the values of these forces and the 
stresses in the roils. 


25. OBAC is a quadrilateral framework of four light rods freely 
jointed together at their extremities, the hinges A and 0 being 
connected by another light rod. A mass of weight JF is suspended 
from 0, and the whole is supported with AO vertically downwards by 
means of vertical forces applied at B and C. Prove that if the tension 
of AO is of magnitude T, and if BC intersects AO in the point D, then 


T : JF =AD : AO. 


26. OBAC is a quadrilateral framework of four light rods freely 
jointed together at their extremities, the hinges A and 0 being 
connected by aiiQther light rod, which passes through D the middle 
point of BC. A mass of weight JF is suspended from 0, and the 
whole is supported with AO vertically downwards by means of forces 
applied at B and C in directions parallel to CA and BA respectively. 
Prove that if the tension of AO is of magnitude T, then 

JF- T :2JF= AD: AO. 

27. OABB x A x is a framework of seven light rods freely jointed 
together at their extremities. The rods OB and OB x are equal; the 
rods AB and 0B X are parallel, and so are A X B X and OB] the angles 
A and A x arc right, and the angle BOB x is of magnitude a. If masses 
each of weight IF are suspended from A and A x , and if the whole 
system is supported at 0, determine the thrust in the rod BB V 

28. In the preceding example, if masses of weight IF and JF , aro 
suspended from A and A x respectively, show that the thrust in BB X is 
of magnitude 

2 JFJF X sin a sin ^ 

N / //'-+ IF?-2 JF JF i cos a ' 

v - 29. Two light rods AB and AC, each of length a, are freely jointed 
together at A, and rest in a vertical plane upon a smooth horizontal 
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plane at B and C, the points B and C being connected by a fine li<dit 
string of length 21. From a point 1) of the rod AC is suspended a 
mass of weight IV. If Cl) is of length d, prove that the tension of 
the string is of magnitude 


w 


« s 'd- - p • 

a ,T'V 0 b ght rod* AB and CAT) arc freely jointed together at A. 
A hne light string connects B and C, and the whole rests in a vertical 
pbno upon a smooth horizontal plane at B and t', a mass of weight 
IV being suspended from I). If BC and Cl) arc of lengths a and d 
respectively prove that d must be less than « sec C, and that the 
tension of BC and the thrust in AB arc respectively of magnitude 

JV~ cos C cot B and JV*- cos C cosec B. 
u a 

i a)T wo.cQual rods All and AC, of no appreciable weight, are freely 
jointed together at A, and rest in a vertical plane upon a smooth 

tZTodAlFl^ at *• Vi ?’ a , H « ,1 5 st * i »g co,inc cting a point K ill 

a no hit Y • 1 a ,10,nt F t 111 • t, ' c rod Ac - T, .o rod AC is loaded at 
a point A with a mass of weight IV. Prove that, whatever he the 

direcUon° aifl H H th ° aCti ° n behvcen thc r °ds at A is in a fixed 
ti 1 ’ V l } h i thc P rcssure llt Ji > the tension of the strin" ami 

d w . Zn nf a Vary as ^f , Show a,so that if AM and AT arc 

^ ir “• ««*» 

T:\1V=CY:AM. 

and 3 L/Vk e ( Cn ding CXa r l|> ! e ’ if thc ro,ls arc »ot of equal length, 
anu u A A is diawn perpendicular upon BC, then b 

T: 1V=BX. C Y: AM. BC. 

pendkukr^rS^nnl’ •*/tf ‘ S th ,° , “ i<1 . dle f oint of AC EF per- 

as .1 “lf^tdic i<i6 AB y S: 

to th„ horizon*,, prove SS 

SJJTx+JV* \ ' 

4\tau .fl-f-tan Cy 

Show also that the action at ^ is inclined to the horizontal at an ancle 

' V fFi tan C- IV n tan B 


tan 


/ *v x tan C- IV n tan B\ \ 

i3\ JvyriK, )}• 


to ZIzSL at tMr 
frMly j— *«-»-S X of Tli KiS 
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is suspended from A, and the whole framework is supported at 0. 

1 rove that it each side of the rhombus is inclined to the vertical at an 
angle a, then the thrust in the cross rod is of magnitude 

2 IV tan a. 

36. Four light rods are freely jointed together at their extremities 
to form a rhombus OB AC, which is stiffened by another light rod 
connecting B with the middle point of AC. A mass of weight IV is 
suspended from A, and the whole framework is supported at 0 Prove 
that it each side of the rhombus is inclined to the vertical at an angle 
a, then the thrust in the cross rod is of magnitude 

_f h tf\/l + 9 tail'd. 

* v' l .-37. Two uniform rods AB and BC, of weight 11', and 1F 2 rcspcc- 
i % •- *' tive ly> are freely jointed together at B, and the former rod can turn ^ 


38. Four uniform rods, each of weight IV, are freely jointed together 
**») at their extremities to form a rhombus A BOB'. A light string connects 
the hinges A and C, and the whole system is suspended from A, the 
rods being inclined to the vertical each at an angle a. Show that the 
tension of the string is 2 IV, and that the actions at B and B' arc each 
\ IV tan a in a horizontal direction. 

39 Four uniform beams, each of weight IV, are freely jointed 
together at their extremities to form a rhombus ABCIf. A light rod 
connects the hinges B and B', and the whole system is suspended from 
A, the beams being inclined to the horizontal each at an angle a. 
Show that the thrust in BB' is of magnitude 2/Fcota, and that the 
action at Cis hIV cot a in a horizontal direction. 

40. Three uniform rods AB, BB', If A', of weight IV, w, IV respec¬ 
tively, the two AB and A'If being equal in length, are freely jointed 
together at B and If and laid in a vertical plane upon a smooth 
horizontal table, a light string connecting a point C in the rod AB 
with a point C in the rod A'Jf. Prove that, if BC and lfC are each 

^ th of AB, and if AB and A'Jf are each inclined to the horizontal at 


an angle a, then the tension of the string is of magnitude 

bi( JV+ i/;) cot a. 

41. Three uniform rods AB, Iilf, If A', of weight IV, to, irrespec¬ 
tively, are freely jointed together at B and If, and suspended from a 
lixed point 0 by means of four light strings OA, OB, OB', OA' respec¬ 
tively. The system rests with OB and O/f each inclined at an angle 
a to the vertical, OA and OA' each inclined at an angle a to the 
horizontal, Blf horizontal, and the angles A and A' right angles, the 


whole being symmetrical about the vertical through 0. Show that 
(i) The tensions of OA and OA' are each A f/'sin a ; 


o 


(ii) The tensions of OB and O/f are each IV + w) sec a + i IV cos a. 
42. Three uniform rods AB, Blf, If A', of weight IV, w, irrespec¬ 


tively, are freely jointed together at II and If, and suspended from a T 


(JO X - 1W-* - IT ““ <• 


»(!• J«) + ~ 


- 

t- 
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and OA' each inclined at an angle a to OC, the whole being sym¬ 
metrical about OC. Show that 

(i) 'I he tensions of OA and OA' arc each i JV cos a ; 

(ii) The tension of OCis JV{1 + sin-a) + w ; 

(iii) The actions at B and B 1 are each * 1V^Jl + 3 sin-a at an angle 
tan " *(2 tan a -f cot a) with the horizontal. 

43. Two uniform roils AB and AC, of the same material and thick- 
ness are freely jointed together at A, and to fixed points at B and C. 
the bisector of the angle BAC meets BC in D, and through 1) two 
straight lines arc drawn, one parallel to CA to meet the vertical 
tlirough B _in B , the other parallel to BA to meet the vertical through 

v/l C \ • 0 ” l ,asses through A, and is the line of action 

ol the strain upon the lunge A ; also, the lines of action of tho strains 
upon the hinges B and C bisect AH’ and AC respectively. 

44. In the preceding question, if BC is vertical, prove that the 
action at A is along the bisector of the anglo BAC. 

46 Two uniform rods AB and AC are freely jointed together at A, 

fJnJ. f ! x , e(1 g® 1 "* 8 B and ■ C'situaWd in a vertical line. Prove that, 

if BC - of the wci R ,lts of BA and AC, and if E 

F I FR d rn 1)0,,lt .? f i D > tl ! c actions a t A B, C are in tho lines 
tlif'iwf'i \ res I KJCtlve Jy* Also these actions and the total weight of 
tne two rods arc respectively proportional to EA, EB. EC BC 

, c< l ual T i{ ° r ? ™ ds < iB and AC » each of weight’ JV, are 

S^£. J n?rt d t0g r tl , lc , r &tA > and suspended from a fixed point 0 by 

tSX? I tT lT 0A ’ 0B ’ 0C - When the strings are 

Se the Slf nnf/ 0 ar V H a St . rai § ht lino and B0C ia a right 
angle, the angle OBA being of magnitude a. If BAC is horizontal 

when a mass of weight X is suspended from C, show that 

X—JV (cot’a-1), 

and that the tensions of the strings OA, OB, OC are respectively 
JV cosec 2a, * JV coscc a, \JV sec a (2 cot 2 a -1). 

47. Four uniform rods, each of weight JV, arc freelv iointed 

ssjassts: ;;;i 

2 JV cos a sec $a. 

si'Was: imtinsn&z, 

«. In Ex. 28, Art. 121, if E is the middle point of AD, sho* that 

IctionTtTL I'f m^itad 0 / T d “ 

vertical at an anglo ten- 1 (f tan a). +l ^ °* and 18 incl,ned to tho ' 
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5°. Two equal uniform beams AB and AB', each of weight JV, are 

n.ean rT/ T’ ^ 1 sus P cnded from » fixed point 0 by 

means of two light strings OB and OR of equal length. A light roil 

is freely jointed to the beams at C and C, which divide AB and AB 1 

respectively each u, the ratio 2 :1. Show that, if the strings are each 

inclined at an angle a to the vertical, and the beams at an angle B, 

then the thrust in the rod is of magnitude//'(2 tan a + tan/3), and 

the action at A is horizontal and equal to ] ll r (2 tan a + 3 tan /3). 

51. Six uniform rods, each of weight IV, arc freely jointed together 
at their extremities to form a regular hexagon ABCCB'A'. The whole 
rests in a vertical position with A A' on a smooth horizontal plane, the 
shape being preserved by means of a light string connecting the middle 
points ol 7,6 and B C . Show that (i) the tension of the string is 
2JV n / 3, (ii) the actions at B and B' are each J7FVT29, (iii) the 
actions at C and C are each J JV\ f 2 01. 

52. Two uniform rods AB and AC, each of weight JV, are freely 
jointed together at A, and suspended from a fixed point 0 by means 
of three light strings OA, OB, OC, so that the figure OBAC is a 
rhombus with the angles B and C each of magnitude a. U AC is 
horizontal when a mass of weight A' is suspended from C, show that 
A'= A JV(sec a - 1), and that the tensions of OA, OB, OC, are respec¬ 
tively 5 JV sec Aa, A JV cot a, //'(3 cosec 2a - cosec a). 

53. Four equal uniform rods, each of weight IV, arc freely jointed 
together at their extremities to form a rhombus ABCD. A fine light 
string is attached to the rods AD ami CD at points which divide 
AD and CD each in the ratio m : n. The whole system is supported 
at A, and each rod is inclined to the vertical at an angle a. Show 

that the tension of the string is of magnitude —. 2 IV, and that 

11 

the actions at B, C, D are respectively of magnitude IV tan a, 

A JV\ f i + tan 2 a, A IFi/16™, + taira. 

\ M- 


54. Three equal uniform rods AB, BC, CD, each of weight «•, arc 
freely jointed together at B and C, and rest in a vertical plane upon a 
smooth horizontal plane at A and D. Two equal light strings AC 
and BD help to support the framework, so that AB and CD are each 
inclined at an angle a to the horizontal. Show that if a mass of 
weight JV is placed on BC at its middle point, then the tension of 
each string is of magnitude 

{ic + lJV) cos a cosec Ja. 

55 . In the preceding example, if the mass is moved along the rod 

BC through a distance equal to -tli of BC, show that the tension of 

11 - 

one string is increased by an amount 

JV 

7 i sin ^(2 +sec a) 
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and that the tension of the other is diminished by (lie same 
amount. 

66 Two equal uniform rods CIS and CJT, each of length a and 
weight JF, are freely jointed together at C, and connected with a fixed 
point A by means of three light strings AH, AC, AH', of lengths r, 
u, c respectively. Prove that, in the position of crjuilihriiiui, the 

tensions of AB and Al? are each of magnitude .W/’|, and that the 
tension of AC is of magnitude 

57. Two equal uniform rods All and AC, each of weight w, are 
ficely jointed together at A, and suspended from a fixed point O by 
neans of three light strings OA, OB, OC Masses each of'weight 1C 
arc suspended from B and C and the strings arc of such length that 
J AC is a straight line and BOO a right angle, the angle OBC being 
magnitude a. I rove that, in the position of equilibrium, the 

(J 1 +2/n°sina. Stri, ‘ 8S ° A ' ° B ' ^ rcs I* ctivel y «> (w+2 HO cos a, 

68 . Four uniform beams are freely jointed together at their ex- 

TJ'J , t0 . for, “ a quadrilateral framework A BOB’, the beams AB 

S lg f ° e<1U , al \ len 8 th a]ld each of weight w, and the beams 
CD and Off of equal length and each of weight V A kd.t rod 

=? mms'-s art rsiSS 

IC cot a + i (to cot a + W cot p). 

*(3/r+w) + *l ~f(JV+w). 

a, * a,T»v- 

fixed points A and A' situate in « 1 ®; . V*S suspended from two 

light strings AB AC A'R AT' '^, lzonta llue > by means of four 

each of length c\ fhe stri u^Ac’.Jat'^ AB and A '* ™ 
length b ; the rods BO and m arc ™ rt,cal end each of 

i T teusio - yo mta g " Show that tho 

yZl»u, iTce*. i (3 Jr + 2w+IV), 

/jiY /it=w- 2 y * 

«*■—, -/ x c t,^ A ) x 

* *' "HY* WAJ" Y?t ~ A 

^ s] 
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61. Four uniform rods, of the same material and thickness, are 
freely jointed together at their extremities' to form a parallelogram 
A BOB', the rods AB and BC being of lengths c and a respectively. 
A light string of length b connects the hinges A and C, and the whole 
system, which is of weight JF, is suspended from A. Show that, in 
the position of equilibrium, the tension of the string is A IF, and that 
the action at B bisects the angle ABC and is of magnitude 



CHAPTER VIII 



PARALLEL FORCES—CENTRE OF GRAVITY 

'122. Resultant of Parallel Forces.—To find the resultant o 

hody! H " J ° f PamUd Mca adi '" J ”* one l ,lanc *f»» « HgU 

Let 0 be a fixed point in the plane of the forces, and 0 Vs 
straight line drawn from ’ 1 ' 

0 perpendicular to the 

lines of action of the forces. 

Let P be the measure of 

one of the forces of the 

system, and p the distance 

from 0 of the point where 

its line of action meets 

OX, so that p is negative 

if the line of action of P 

meets XO produced. * 

tt„J°££!^P 2 lpon evidently reduces to a straight lin 
few, regarding forces which act in one direction as pdsith 

t ut r Wh n h aCt in tlie other diction as negatWe^ 

•^i.^S“eiTii , ° the algebraic sura of th * forc « 

the measure of ^ ^ if * 1 

P = 2(P). 

^ %ir i w t the iiae ■ 

components about* 0,^we £? * * “ ™« 

l?x=S(Pp), 

2(Pp) 

m • 

n 


Fio. 112. 


JO* = 

X = 
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IHlie force poly gon closes, we have 2(P) = 0. In this case 
the forces are equivalent to a couple of moment -(Pp), unless 
2(P]>) also vanishes, in which case, as we shall see in the next 
article, the forces are in equilibrium. 

Example. —If 11 is the resultant of the four parallel forces 2, 3, 4, 5 
indicated in Fig. 113, we have 

7i=34-5-4-2 = 2 

aI *d Ex sin a = 5 x 4 sin a - 4 x 7 sin a 4- 2 x 3 sin a, 

2x= -2, 
x= -1. 



X 

Flo. 113. 


Tims the resultant is of magnitude 2 and acts through the point A 
in the direction of the forces 3 and 5. 


'*123. Conditions of Equilibrium. — In considering the 
general case of a system of parallel forces as in the preceding 
article, we notice that one of the conditions of equilibrium of 
Art. 106 is identically satisfied; namely, the sum of the resolved 
parts of the forces in the direction OX is identically zero. We 
are thus left with only two conditions of equili brium ; namely, , 
the sum of the resolved parts of the forces in one direction (not 
perpendicular to their lines of action) must be zero, and the sum 
of the moments of the forces about one point must be zero. 


Thus, for equilibrium, it is necessary and sufficient that 

/ 2 (/>) = 0 1 
\and 2(Pp) = 0. ' 

' *124. Again, let O' be another fixed point in the plane of 
, the forces, such that 00' is not 

/ parallel to the lines of a ction of 
^ the forces , and let O'X' be drawn 
perpendicular to their lines of 
/ '~'x' action. Let p be the distance 

/ from O' of the point where the 

^ line of action of P meets O' A'. 

/ Then, as the sum of the resolved 

parts of the forces in the direction 


Fio. m. 
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OX, which is not perpendicular to Of/, is identically zero, it 
follows by Art. 108 that it is necessary and sufficient for equi¬ 
librium that the sums of the moments of the forces about 0 
and O' should be separately zero. 

Thus, for equilibrium, it is necessary and sufficient that 


/ 20W = o 

land 2(P/) = 0 . 

*125. We see then that two conditions are necessary and 
sufficient for the equilibrium of a system of parallel forces in 
one plane. In dealing with the equilibrium of any such system, 
we can write down two inde pendent equations. We either 
resolve in the direction of tiieTSSensaTaKlironients once, 
or we take moments twice. 


w X * 29 *T f S ' mi,jht lever AB > °f w, balances 

about a fulcrumF when masses of weight Wand W are sumended 

(Z i Ttl t ?***' U W 01,(1 ir are ^changed, 

show tliaUhe fulcrum must be moved through a distance equal to 
JV + IV + w °f the lever. 



Resolving vertically upwards, we see tlmt the pressure of tin 
fulcrum upon the lever is JF+ W + w. 1 U 

Let the fulcrum be at a distance x from A nml w n 

the “ - 

- Then > Ming moments about A, we have 

(ir +1V + w)x = wa+ W\a + b), 


. *«* + JV(a + b) 

iv+jr+w : 

Now let X become y when IF and W are interchanged 

Then - - v _ w+lV(a + b) 

JV’ + W -f w 
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The distance through which the fulcrum must be moved 
is y — x 

IV - JV' 

(« + b). 

iv -t- n + w 

4 


iv + Jr + w 

* 127. Ex. 30 .—A mass of weight JV is placed on a heavy beam of (j.u 
weight w, which is supported in a horizontal position by two vertical 
strings attached to its extremities. If each siring can uithsland a 
tension not greater than a given value P , show that the mass must be 

2 p - JV -w 

placed on a certain part of the beam of length equal to 


JV 


of the length of the 1mm. 


Tr 


a 


s r 


x 


Ac 


t 


.Q 


I 


nT 

4 


B 




.u 


AN 
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Let AB be the beam, and let its centre of gravity be at 

distances a and b from A and B respectively. 

Let T and T' be the tensions of the strings at A and B re¬ 
spectively when the mass of weight JV is placed at a distance 

x from A. • J 

Then, taking moments about A, we have T(a + b)=JJ x + wa. 

Now 7'^must not be greater than P. 

. •. JVx + wa must not be greater than P(a + b). 

. •. x » „ + ~ fy rt * 

Thus the mass must not be placed at a distance from A 


w 


greater than —(a + b) - — 

Similarly it must not be placed at a distance from B greater 


P W 1 

than — (a + b)~--b. 


The part of the beam on which the mass may be placed is 
of length 




O 

2 




(a + b) 
2 P -JV-w 


JV 


(a + b). 
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1. Two uulike parallel forces /'ami 4/'act on a rigid body ; and, 
midway between them, and in the same direction as the greater force, 

, a third force 7 P acts. Find the magnitude and line of action of 
the resultant of the three forces. 

2 . ABO is a straight line, AB and BC being of lengths 2 and 4 
inches respectively. Three parallel forces of 4, 3, 5 pounds’ weight 
act at the points A, B, 0 respectively, the first force being in the 
opposite direction to each of the other two. Determine the resultant. 

3. A uniform rod AC'B, of weight w, is supported, in a horizontal 

position, by a vertical string fastened to its middle point C. From 
the end B a mass of weight w is suspended ; and from a point D in 
LA a mass of weight Q is suspended. Find Q, and the position of 
the point D, when the tension of the string at the middle point 
is 4 w. 1 


4. The extremities A and B of a uniform rod rest on two supports 
while a mass of 30 pounds is attached at a point 6', such that AC is 

twme LB. Find the pressure at A, (i) when the rod is light, (ii) 
when it weighs 10 pounds. b > \ > 

6. A uniform beam AB, of length 16 feet and mass 25 pounds, 
icsts in a horizontal position upon two smooth supports at its ex- 

lt ls , loaded at P oints distant 5, 9, 12 feet from A with 
100, 40, 61 pounds respectively. Find the pressures on the supports. 
A ^okshelf supported at its extremities, is just filled by two 

he i Looks of , eac 1 set bein S l ,lacud together. Ono set 
consists of 14 volumes, each 14 inches thick, and each weighing 24 

pounds ; the other consists of 12 volumes, each 1* inches thick,"and 

tl,c tnmam thQ si,i,poris ' 11,0 

7. A uniform rod AB, of length 1 foot and mass 42 pounds rests 

rod HoJ’mn£ dl f tan f a Pf rt is C( l l,al t0 the length of the 
lod. How must it be placed so that the pressure on the pe-^s may bo 

equal when a mass of 14 pounds is suspended from B. * b ^ 

r „ \ m .. l [ orm lever AB balances about a fulcrum F. when masses 
of 15 and 14 pounds are suspended from A and B respectively Tho 

9. A bent lever, of weight w, consists of two uniform straight rods 
of the same material and thickness, and whoso lengths are as 3 to 4 
“ e ™ cruu j h ™8 at the junction of the rods. Find Uo weM^ of 
tlie mass which must be attached to the end of the shorter rod in 

d l 0 A « Ifo'rfr- w kC , aH ° lcs with the horizontal. ^ 

mmmmm 

ifi-i rSSKLfs:» SLftsssj » 
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extremities. If neither support can sustain a pressure greater than 
40 pounds’ weight, how far from the centre of the beam must a mass 
of 20 pounds be placed, so that one support may just give way ? 

12. A uniform rod, of length 1 foot and mass 10 pounds, rests in 
a horizontal position upon two smooth supports at its extremities. If 
neither support can sustain a pressure greater than 26 pounds’ weight, 
how far from the centre of the rod must a mass of 28 pounds be 
placed, so that one support may just give way ? 

13. A beam AB, of mass 45 pounds, rests in a horizontal position 
upon two smooth supports at its extremities. If the centre of gravity 
of the beam is 5 feet from A and 4 feet from II, find the pressures 
on the supports when a mass of 33 pounds is placed on the beam at 
a point 3 feet from A. 

14. In the preceding question, where must the mass be placed in 
order that the tensions of the strings may be equal to one another 1 

16. If, in question 13, it is desirable that neither support should 
have to sustain a pressure greater than 50 pounds’ weight, show that 
there is a portion of the beam of length 6 feet on which the mass may 
be placed. » 

16. A straight lever AB, of weight w, balances about a fulcrum I' 
when masses of weight /rand IP'arc suspended from A and B re¬ 
spectively. If /r is increased by P and IP' diminished by the same 
amount, show that the fulcrum must be moved through a distance 

p 

equal to of tl,e kngth of the lever. 

17. Misses of weight \V and W arc suspended from the extremities 
A and B of a uniform rod AB. If the rod balances about a point 
distant a and b from A and B respectively, show that its weight is ( 

2 ( I Pa - IP'b) 
b - a 


18. A straight rod AB, of length 1 foot, balances about a point 
5 inches from A when masses o/ 9 and 6 pounds are suspended from 
A and B respectively ; it balances about a point 3A inches Irom 1 
when the mass of 6 pounds is replaced by one of 23 pounds, r 111,1 
the mass of the rod and the position of its centre of gravity. 

19. A bent lever, of weight w, consists of two uniform straight 

rods, of lengths a and b and of the same material and thickness, tic 
fulcrum being at the junction of the rods. Find the weight ol tlie 
mass which must be attached to the end of the shorter rod b, in older 
that the rods may make equal angles with the horizontal. . , . 

20. A bent lever, of weight w, consists of two uniform stiai 
rods, of lengths a and b and of the same material and thickness, in¬ 
clined to one another at an angle 2 a the fukn.m 

junction of the rods. If masses of weight IP - jdJT - susjjendeil 

Irom the ends ol the 


of the angle between 


: arms a and b respectively, show that the bisector 
i the arms is inclined to the vertical at an Tingle 



2( JPa - IP’b) + (ft - b)w 


1 


or + Ir tan a - . 

2 (/r«+/rft)+- a - T w/ ] 
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' 128. Centre of Parallel Forces. —Suppose that a number 
of parallel forces P v P.„ ... act itijfhe same direction at points 

A v A 2 , A 3 , ... of a rigid body. 

The two forces I\ and I\, 
have a resultant P, + act¬ 
ing in the same direction as 
each of its components along 
a line which intersects A X A<, 
at the point B, where 
A x P,:BA 2 = P. 2 :P y 

Replacing the forces />, and P., by their resultant, and 
combining this with the next force P v we see that the forces P v 
P- 2 > P i can be replaced by a single force l\ + P., + 7'.,, acting in 
the same direction as before along a line which intersects BA., 
at the point G, where 11C : CA 3 = P 3 : P { + P.„ 

Proceeding in this way, we see that tlie whole system is 
efjinv alent to a single force 2 (P), acting in the same dire ction as 
each of its components through a point' G, whose 'p osition 
depends only upon the positions of the points A v A.„ A v . . . 
and th e_relative magnitudes of the forces. ('» The dir ections'oft 
the forces may be allied, provided that they remain parallel! 
and in tlie same direction^ amf the magnitudes of the forces may} 
be altered, provided they are all increased or diminished ini 

the same ratio, and the resultant still passes through the same 
point g. . . -* 

W The order in which the forces arc taken is of no importance 
for we have seen in Art. 98 that in no instance can two different 
resultants be obtained to the same system of forces. 

fori!™ P ° mt ° * 9 011116(1 the centre the *y stem °f Parallel 

'129. Centre of Mass.—In considering any assemblage of 
particles, here exists a point called the Centre of Mass of the 
system, which possesses the property that if each particle were 
^ctcd_upo n by a force propor tional to its mass, a ll the forces 
being parallel to one another and in the same direction, then 
the resultant of the system of forces would always pass through 
that point, whatever be their common direction 

rJJ ; ° f Gr , avity ' “ W e have referred in the first 

hX \° / thc f0rces const ituting the weight of a 

with th. r 10 mC °/ a small size in comparison 

with the distances of its different parts from the centre 1 of the 
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earth, these forces may be regarded as a system of parallel forces 
acting on the different particles of which the body is composed, 
and respectively proportional to the masses of those particles. 
If the body is turned about in any way, the directions of the 
forces remain the same as before relatively to the earth, but 
assume different directions relatively to the body, always re¬ 
maining parallel. Hence, by Art. 128, the resultant weight of 
the body acts along a line' which, in all positions of the body, 
passes through a point fixed relatively to the body. This point 
may thus be regarded as the point of application of the resultant 
weight of the body, and is called its Centre of Gravity. 

The Centre of Gravity of a rigid body is that point through 
which the line of action of its resultant weight passes in whatever 
position the body is jdaccd. 

The distinction between the terms Centre of Muss and Centre 
of Gravity is important. Every body possesses a Centre of Mass, 

I which is not necessarily a Centre of Gravity. The attraction of 
the earth upon a body of large si/e in comparison with the 
distances of its parts from the centre of the earth, is not 
1,4 nec essar ily equivalent to a single resultant force acting through 
tro’ ft special j.oint of the body. In this case the body possesses a 
© centre of mass, which has important properties, but which is not 
a centre of gravity. In the present volume, however, we lose 
sight of the distinction between the two terms, because every 
body under consideration is of such a character that it possesses 
a centre of gravity coinciding with its centre of mass. 

131. We shall confine our attention to the centre of gravity 
of an assemblage of particles i n one plane. *• 

A continuous body, whose thickness is inappreciable, so that.*, 
it may be regarded as an aggregation of particles in one plane, is 
. called a lamina. 

132. Analytical Determination of Centre of Gravity. 

“j 4 -To find the position of the Centre of Gravity of a system of 
J particles of known masses, fixed relatively to one another in known 

positions in one plane. . 

Let AU be a straight line fixed relatively to the particles in 

the plane in which they lie, and suppose that the perpendicular 
distances of the particles from AB are known, distances on one 
side of AB being reckoned positive, and on the other side 

" e8 Lctm he the mass of one of the particles, situated at a 




«.Uj 

5 ' 
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distato.ee x from AB, and let x be the distance of the centre of 
gravity G from AB. A 

Let the plane containing the particles 

be placed in a vertical position with the -^ 

line AB vertical. Then the weights of // 

the different particles are all parallel to / S 

AB, and are proportional respectively v 

to the masses of the particles. Their 1 T 

,Ll resultant is equal to their sum, and acts I 

through G in a direction parallel to AB. T 

10 ^ Hence, taking moments about any point 
in AB, we have 

{2(m)}i = 2(ni4 

_ _ 'Z{mx) B' 

In the same way we can find the distance of G from any 
other line, and the knowledge of its distances from two fixed 
lines determines its position. s 

Example. Supposo that particles of masses 3, 4, 5, 18 arc situated 
at the angular points of a square, as indicated in Fig. 119, and that 



iU»oh,fe“ th0 diatm “ ° f U '“ «"*» t eravi* from 
Let 2a be the length of a side of tie square/ 


170 


CENTRE OF GRAVITY 


CII. VIII 


Then 


__ 3(a) + 4(-«)+ 5(-a) + 18(a) 12 
3 + 4 + 5 + 18 “30 


= 30 rt = 5 W ’ 


and 


_ 3(a) + 4(a)-5(a)-18(a) • 16 8 

V ~ 30 “ 30 rt_ 15 rt ‘ 


Thus the centre of gravity is in the position marked G in the figure. 
The distance of the centre of gravity from 0 

= six 1 + T 


-VGW 


2 

\ ~* 1 

= one-third of a side of the square. 

• ^ 

'y 133. Centre of Gravity of Three Equal Particles.— Let 

thtee equal particles, each of mass m, be situated at the angular 
points of a triangle ABC. 

The resultant weight of the particles at B and C is a force 

A equal to the weight of a 

# mass 2m situated at D. 

The resultant weight 
of 2 hi at D and m at A i3 
a force equal to the weight 
of a mass 3m situated at 
G, where G divides DA in 
the ratio 1 : 2. 

Thus the centre of 
gravity of the system is 
at G in DA, where 
DG=\DA. 

We have shown that 
the centre of gravity G 
lies in the median AD. 
Fi j )0 In the same way we can 

1<: ‘ " ' show that it lies in each 

of the other two medians of the triangle. This constitutes an 
independent proof, of the geometrical theorem that the median^ 
of a triangle are concurrent, and that their point of concurrence 
is situated at a distance of two-thirds of any median from nn 
angular point. 

If the perpendicular distances of A, B, C from any line in 


Fic. 1J0. 
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the plane of the triangle are p, 7 , r respectively, then, by the 
preceding article, the perpendicular distance of G from the same 
line is y(p + q + r). 

-134. Centre of Gravity of a line Uniform Rod —Let AH 
be a fine uniform straight rod, and G its middle point. 

As the rod is uniform, it may he regarded as a serie s of 
par ties of equal mass arranged at equal indefinitely small 
distances apart in a straight line. These particles may he taken 
in pairs, G being midway between the two particles of every 
pair. • The resultant weight of each pair acts through G, and 
therefore the resultant weight of the whole rod acts through G. 
Thus G is the centre of gravity. 


•B 


We notice that if m is the mass A 
of the rod, its resultant weight is G 

the same as that of two masses, Fm. 121. . 

each of magnitude situated at A and Ii. 

Hence, also, if p and q are the perpendicular distances of 
A and B from any line in the plane of the rod, then the 
perpendicular distance of G from the same line is l(p + q). 

135 - Centre of Gravity of a Fine Uniform Rod bent 
into the shape of the Perimeter of a Triangle.— Let A BO 

be the triangle, and let the 
lengths of its sides be denoted 
by a, b, c ns in the usual Trigo¬ 
nometrical notation. 

Let D, E, F be the middle 
points of the sides, as in the 
figure. 

The masses of the rods arc 

proportional to a, b, c, and their 

ceutres of gravity are at 1), 

E, F respectively. Hence the 

resultant weight is the same 

as_ that of three -particles, 

, , . t , , whose masses are proportional 

tO- fl, 6 ? c, situated at_the points l), E, F respectively. 

, - t,,e |rarticlcs E ""d through 

L in EF where EL:LF= c -.b. Hence the centre of gravity of 
the whole system is some point G in DL. ' 8 * 

Now the sides of the triangle DEF are respectively half as 
long as the sides of the triangle ABO. y 


f t. 

^ . Uj. I V*l 

* * i 

CF/._ 1 
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EL :LF= ED: DF. 

•• DL is the bisector of the angle FDE. 

Thus the centre of gravity G lies in the bisector of the angle 1) 
of the triangle DEL. Similarly it lies in the bisector of each 
of the other angles of the triangle DEF. Hence G coincides 
with the centre of the circle inscribed in the triangle DEF. 

. ^ Let p , q, r be the perpendicular distances of A, B, C respec- 
n tivel y from any line in the plane of the triangle. Then the 
perpendicular distances of D, E, F from the same line are ±(q + r), 
-»-(** + p), ?{p + q) respectively. 

Hence the perpendicular distance of G from the same line is 
a . \(q + r) + b . + p) + c, -j(p + g) 

a + b + c 

_ p(b + c) + q(c + a ) + r(a + b) 

~ l^Tb + 7) * 

Example .—The distance of G from BC is 

p(b + c) 

2 (a + b + c)’ 

where p is the length of the perpendicular from A upon BC. 


EXAMPLES XVIII 

1. Particles of masses proportional to 4, 5, 8, 7 arc placed in order 
at equal intervals along a straight line. Find the position of the 
centre of gravity of the system. 

2. A uniform rod, of length 18 inches and mass 10 pounds, has 
particles of masses 11 and 6 pounds attached to its extremities. Find 
the centre of mass of the system. 

3. A straight rod consists of two uniform parts of equal length, 
whose masses are as 5 to 7. Find the position of its centre of gravity. 

4. A uniform rod AB , of length 20 inches and mass G pounds, has 
particles of 2, 4, 3, 5 pounds attached to it at points distant 3, 7, 12, 
18 inches respectively from A. Find the position of the centre ol 
gravity of the system. 

6. In the preceding question, determine the mass of the particle 
which must be attached at A , in order that the centre of gravity of 
the whole system may be at the middle point of the rod. 

6. A straight stick, of length 35 inches and mass lj pounds, 
balances about a point distant 20 inches from one end. II a ferrule 
of mass one ounce is now iixed on to that end, determine the new 
position of the centre of gravity. 

7. A straight rod ABCD, of uniform thickness, consists of three 
parts, AB, BC, CD, made of different materials and of lengths 8, 7, 5 
inches respectively. If AB and BC weigh 4 and G pounds respectively, 



ART. 135 


EXAMPLES XVIII 


173 


find the weight of CD, in order that the centre of gravity of the whole 
may be at its middle point. 

8. A small ring, of mass in, is capable of sliding on a rigid endless 
wire, of mass M, whose centre of mass is in a given position. Show 
how to determine the position of the centre* of mass of the whole 
system for any given position of the ring. Investigate, also, the locus 
of the centre of mass, as the ring is made to slide along the wire. 

9. Particles of masses 4, 3, 3 arc placed at the angular points A, B, C 
respectively of a triangle ABC. Find the position of the centre of 
gravity of the system. 

10. Three particles are placed at the angular points of a triangle 
ABC. Compare their masses, if the centre of gravity of the system 
divides the line joining A to the middle point of BC in the ratio 2 : 3. 

11. At each vertex of a triangle is placed a particle whose mass is 
proportional to the length of the opposite side. Show that the centre 
of gravity of the system is the centre of the inscribed circle. 

12. The masses of two particles at A and B are in and in' respec¬ 
tively. If Pis any point, prove that the resultant of two forces repre¬ 
sented by m(AP) and m'(BP) is represented by [m + in')GP, where G 
is the centre of mass of in and in'. 

Hence show that if G is the centre of mass of in, in', in" at any 
three points A, B, C respectively, then the three forces represented 
by m(AG), m'(BG), m"(CG) make equilibrium. 

, 13. G is the centre of mass of a system of particles. If one of the 
particles, of mass wi lf is moved through a distance a in any direction, 


show that G moves through a distance in the same direction. 

14. Particles of masses 6, 5, 3 are placed at the angular points of an 
equilateral triangle. Find the distance of the centre of gravity of the/ 
system from the first particle. 

15. Particles of masses 11, 7, 8 arc placed at the angular points of an 
equilateral triangle. Find the distance of tho centro of gravity of the 
system from tho first particle. 

16. Particles of masses 9,11, 6, 14 are placed at tho angular points 
of a square, taken one way round. Determine tho distance of their 
centre of gravity from tho centre of the square. 

17. Purticlcs of masses 3, 5,10, 6 are placed at the angular points of 
a square, taken one way round. Determine tho distance of their centre 
of gravity from the centre of the square. 

18 * OAB is a triangle and BC perpendicular upon OA. If OA, OC, 
BC are of lengths a, h, £ respectively, find the distance from 0 of the 
centro of gravity of particles of masses in, nu, in~, placed at 0, A, B 
respectively. ’ 

19. Particles of masses p, r+m, q, p+m, r, q+m arc placed at the 

angular points of a regular hexagon, taken one way round. Show 

that the centre of gravity of the system coincides with the centre of 
the hexagon. 

20. Particles of masses p, q+m, r-m, Sp + 4q, r+m, q-m are 
Placed at the angular points A, B, C, D, E, F respectively of a regular 
hexagon, taken one way round. Find the position of the centre of 
gravity of the system. - 
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21. OA, OB, oc arc three diverging bars of the same material 
and same section ; prove that if their centre of gravity is at 0, then 
the sines of the angles they make arc as the squares of their lengths. 

• ^ , u V'^°. r,n "* re * s ^eut hito the shape of the perimeter of a 

right-angled triangle, the two sides that include the right angle being 
ol length 30 and 40 inches. Find the perpendicular distances of the 
centre of gravity of the wire from the sides of the triangle. 

23. A uniform wire is bent into the shape of the perimeter of an 
isosceles triangle, each of the equal sides being of length a and inclined 
at an angle a to the base. Find the distance of the centre of gravity 
ol the wire from the base. 

24. In the preceding example, if the wire is of mass M, find the 
mass of a particle which must be placed at the vertex, in order that 
the centre of gravity of the whole system may be midway between the 
vertex and the base. 

25. A uniform wire is bent into the shape of the perimeter of a 
triangle, with its sides of length 5, 12, 13 inches. Find the distances 
of its centre of gravity from the two shorter sides. 

136. Centre of Gravity of a Uniform Body possessing a 
Cen t re of Figure. —Whenever a rigid body of uniform density 
possesses a centre of figure, that centre is also the centre of 
gravity. For, the body may be regarded as an assemblage of 

c - 1 ** particles of equal mass, which may be taken in pairs, the centre 
of figure lying midway between the two particles of every pair. 
Thus the centre of gravity of each pair is at the centre of figure, 
and therefore the centre of gravity of the whole body coincides 
with its centre of figure. 

137. Centre of Gravity of a Uniform Body possessing an 
Axis of Symmetry. —Whenever a rigid body of uniform density 
possesses an axis of symmetry, its centre of gravity is situated 
somewh ere in that axis o f symmetry . For, the body may be 
regarded as an assemblage of particles of equal mass, which may 
be taken in pairs, the axis of symmetry bisecting at right angles 
the line joining the two particles of every pair. Thus the centre 
of gravity of each pair is in the axis of symmetry, and therefore the 
centre of gravity of the whole body is in the axis of symmetry. 

138. Body consisting of two Portions.— Given the mitres 
of gravity of the two portions of a body, to find the cetitre of gravity 
of the whole body. 

Let a rigid body consist of two portions of masses »», and w 2 , 
and let (?, and G 2 be their centres of gravity respectively. 

Then the centre of gravity of the whole body will be at G 
in the line G X G V such that 

GfG: GG . 2 = m 2 : m Y 
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If Xj and x 2 arc the distances of G l and G., respectively from 
any line, and x the 
distance of G from the 
same line, we have, 

?» 1 + 7 > 1 2 

^In the case of a 
body of uniform den¬ 
sity, the masses of the 
two parts will be as 
their volumes ^in the 
case of a uniform la¬ 
mina, as their areas; 

mthe case of a uniform rod, as their lengths. 

K13fc Given the centres of gravity of the whole of a body and of 
a 'portion of the body, to find the centre of gravity of the remainder. 

In the figure of the preceding article, we are given the 
positions of G and G v and it is required to determine the 
position of G r 

Let to be the mass of the whole body and m l that of the 
portion. Then m - 7«j is the mass of the remainder. 

The line G X G must be produced to G v such that 

G 2 G: GG 1 = TOj: to -m v 

If x l and £ are the distances of G } and G respectively from 
any lme and x 2 the distance of G 2 from the same line, we can 
find x 2 from the equation 


+(to-to, )x„ 


which gives 


x 2 - 


vi 


VIX — 711.X 


TO-m 


1*1 


We can express this result as followsv. k, c. ns 

The point G 2 is in the position of the centre of gravity of 
particles of masses to and (- 7?q) situated at G and G 1 respec- 

12SS^r^ F 41iicWr ep f S0n ^ B uni . fonn S( l uaro lamina of side 
hasten 5 rcmwedLLot “f- b ? ? inches 

at distances x inches and v inches from the remainder bo 

indicated. V h from two Sldea of the square, as 
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The area of the whole square is 144 square inches. 
The area of the part removed is 48 square inches. 
These are as 3:1. 


4 8 



12 
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Thus we have to determine the position of the centre of gravity of 
particles of masses 3 and - 1 situated at the centre of the square and 
the centre of the rectangle respectively. 


Hence 


_(3 x 6) + ( — 1 )8 

X - 3~1 =5 ’ 


(3 x 6) + ( - 1)9 ,, 

J ~~ 3^nr 


140. Centre of Gravity of a Unif 9 rm Triangular Lamina. 

—Let ABC be a uniform triangular lamina, and D the middle 



point of BO. 

We may regard the lamina 
as consisting of a large number 
of fine rods , such as B'C, all 
parallel to BO. As the lamina 
is uniform, the centre of gravity 
of each rod will be at its middle 
point. Now, by elementary geo- 
metry, the middle point D' of 
any such line as B'C, parallel 
to BO, lies in the median AD. 
Thus the centre of gravity of3_ A ' 
each rod lies in AD. Therefore 
the centre of gravity of the whole 


lamina lies in the median AD. 

In the same way it can be shown that the centre of gravity 
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lies in each of the other medians of the triangle. Hence the 
three medians must he concurrrent, and the centre of gravity 
is at their point of concurrence. 

(We have seen, in Art. 133, that the point of concurrence of 
the medians is at G in Al\ such that yl6'= 267), so that the 
centre of gravity is at a distance of two-thirds of any median 
from an angular point.] 

*5U«o, the resultant weight of the lamina is the same as that 
of three particles, each of one-third of the whole mass of the 
lamina, situated at its angular points. 

fiji... Arf.lUO'.r.iotj M® , 

[Hence arso, q, r are the perpendicular distances of 

A, B, C respectively from any line in the plane of the triangle, 
then the perpendicular distance of G from the same line is 
h(P + Q + r) 0 

141. Lx. 31.— ABC is a uniform trianyular lamina ^ and 1) 
is the middle point of BO. A . 

point X is taken in AD , and the A 

portion BXG is removed. It is Mk 

required to find the centre of 

gravity of the remainder ABX (', y#fil!pA 

and to determine the position of 

X in order that the centre of // I \ \ 

gravity of ABXG nay be at X. £/ V V \ 

Let DA and DA be of lengths . ’iA 

h and x respectively. Then the tr* 

areas of ABC and XBC are as £_ _ ft \ 

h : x. Hence we have to deter- B D C 

mine the position of the centre Fio. iso. 

of gravity of particles of masses h and - * situated in DA at 
points distant and ^x respectively from D. The centre of 
gravity will be in DA at a distance x from D , such that 

h-x 3 3 ^^’ 

where Y is the middle point of XA. 

If the centre of gravity is at X, we must have 

h + x 


K F. 

Pe « 


m 


/© 

© 


Fio. 12(3. 


£ = 


=-,m, 


x = 


2 x = h 


A- must be the middle point of DA 
■ 12 


4 -y 

/S'2 
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EXAMPLES XIX 

1. Show that the resultant weight of a uniform lamina in the shape 
of a parallelogram is the same as that of four particles placed at the 
angular points, the mass of each particle being one-quarter of that of 
the lamina. 

2 . 1) is any point in the base BC of a uniform triangular lamina 
ABC. Show that the distance between the centres of gravity of ABB 

' and A CD is 4 BC. 

3. The sides BC, CA, AB of a uniform triangular lamina ABC are 
of lengths 13, 14, 15 inches respectively. Find the perpendicular 
distances of its centre of gravity from the sides. 

4. A uniform triangular lamina ABC of weight IF, lying on a 
smooth horizontal table, is just raised by a vertical force applied at 
A ; find the magnitude of this force and that of the resultant pressure 
between the base BC and the table. 

Show that if the applied force is not vertical, the base BC will not 
remain at rest. 

5. ABC is a uniform triangular lamina of mass M, and D is the 
middle point of BC. Find the mass of the particle which must he 
attached at A, in order that the centre of gravity of the whole may be 
at the middle point of AD. 

6. Show that the resultant weight of a uniform triangular lamina 
of mass M is the same as that of two particles, one of mass jj M situated 
at its eircumcentrc, the other of mass 4 M situated at its orthocentre. 

7. A straight line BOC is bisected at right angles by a straight 
line AOD, the lengths of AO and OD being 5 and 7 inches respectively. 
Find the distance of the centre of gravity of the figure ABDC from 0. 

8. From a thin uniform circular plate, of radius 13 inches, is cut 
out a circular plate of radius 5 inches, the centre of the latter being 
4 inches distant from that of the former. Find the position of the 
centre of gravity of the remainder. 

9. From a uniform circular lamina, of radius 2 feet, is cut out a 
circular hole of radius 8 inches, the centre of the hole being at the 
middle point of a radius of the lamina. Find the distance of the 
centre of gravity of the remainder from the centre of the lamina. 

10. In the preceding question, where must the hole be made, m 

order that the centre of gravity of the remainder may be on the 
circumference of the hole ? . 

11. In a uniform rectangular lamina, of length 1 foot and breadth 
4 inches, a circular hole of radius 1 inch is made, its centre being 
distant 2 inches from each of three edges of the lamina. I'mu the 
distance of the centre of gravity of the remainder from the remaining 

12. Two solid spheres, of radii 2 and 3 inches, and of the same 
material, are connected by a light rod of length 30 inches. I'ina t io 

position of the centre of gravity of the whole. 

13. ABCD is a uniform lamina in the form of a parallelogram, 

whose diagonals intersect at 0. If the portion AOB is removed, find 
the position of the centre of gravity of the remainder. _ , 

14. ABCD is a uniform lamina in the form of a parallelogram, A anu 
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F being the middle points of CB and CD respectively. If'the portion 
CEF is removed, find the position of the centre of gravity of the • 
remainder. /. c°— 




16. ABODE is a lamina of uniform thickness and density, and of . 
such shape that BODE is a square, and AB=AE. If the centre of 
gravity of the lamina is in BE, find the ratio of AB to BCJiA^A^rK^ 7 \ 

16. Four equilateral triangular lamina, each of side a, but of 
different weights ZW 5 IE, 5 )V, 7 IK, are placed with their sides in 
contact and with the heaviest triangle in the middle, so as to form 

gravity^ r,au ^ e s ^ e 2ff - Find position of its centre of 

_ 2 

17. A uniform wire, 20 inches long, is bent . 
into the shape indicated in Fig. 127. Find the A “ 
distance of its centre of gravity’from A. 


Fio. 127. 



18. A uniform wire, 20 inches long, is 
hcnt into the shape indicated in Fig. 128. 
bind the distanco of its centre of gravity 
from A. 3 



19. Show that the centre of gravity of a uniform 

129 1 dhidM ° f e ! C n V -" T al s, l uarcs «w Fig- 
129, divides the line AB m the ratio 41:25. 
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20 . Show that the centre of gravity of a 
uniform lamina, consisting of twonty equal 
squares as in Fig. 130, divides the line AB 
m the ratio 13 :11. 


21 . Find the centre of gravity of the 
uniform lamina represented in Fig. 131 
the lengths of the different lines being 
given in inches. b 


AlOl. 
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23. In the sides AB and AC of a triangle ABC, points F and E 

are taken, such that AF is -tli of AB, and AE is -th of AC. If D 

n n 

is the middle point of BC, and if G and 11 are the centres of gravity 
of ABC and of the quadrilateral BFEC respectively, find the ratio of 
JIG to AIK 

24. A BCD and ABII are a parallelogram and a triangle on opposite 
sides of the same base, such that, E being the middle point of AB, 
HE is parallel to BC. Find the distance from E of the centre of 
gravity of a uniform lamina in the form ADCB1I, the straight lines 
BC and HE being of lengths a and li respectively. 

Find, also, the value of h, in order that the centre of gravity may 
he at E. 

25. A BCD is a uniform lamina in the form of a parallelogram, E 
and F being the middle points of AB and CD respectively. A point 
II is taken in EF, and the portion AIIB is cut away. Find the 
distance from A'of the centre of gravity of the remainder, the straight 
lines EF and E1I being of lengths a and h respectively. 

Find, also, the value of It, in order that the centre of gravity may 
be at II. 

26. A figure is formed by taking away from a square the triangle 
whose angular points are the middle points of three of the sides. 
Find the position of its centre of gravity. 

27. In the sides AB and AD of a uniform square lamina ABCD, 
points E and F are taken, such that BE = 1)F- one-quarter of a side 
of the square. If the portion AEF is removed, find the position of 
the centre of gravity of the remainder. 

28. G is the centre of gravity of a uniform triangular lamina ABC ; 

II and K are the middle points of BG and CG respectively. If the 
portion GHK is removed, find the position of the centre of gravity 
of the remainder of the lamina. ^ 

29. ABC is a uniform triangular lamina. Two triangles, each 

of the whole lamina, are removed from the corners B and C by straight 
lines parallel to the opposite sides. Find the position of the centre ol 
gravity of the remainder. 

30 ABCD is a uniform square lamina of sole a. From the corner 
C a square portion CI1XK of side * is removed. Find the value of *, 
in order that the centre of gravity of the remainder may bo at A. 

31. A BCD is a square sheet of paper. 1 he corner at// is loldca 
over, so that A takes up the position A' in AC. Show that the centre 
of gravity of the sheet is moved through a distance 



* 142. Centre of Gravity of a Uniform Quadrilateral 
Xamina.— Let A BCD be any uniform plane quadrilateral 
rt.u.o .lamina. Let H and K be the centres of gravity of the triangles 
ABD and CBD respectively, and let UK meet BD in F. 
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Then the centre of gravity G of the lamina lies in 1IK in 
such position that 


HG: KG = mass of CBD : mass of A HD 
= arca of CBD ; area of ABD 
= perpendicular from K on BD 

: perpendicular from 11 on BD 
= FK : HF. 


•. componcndo, 


UK : KG = UK : HF 
• KG = HF. 


This gives the position of G. 

.* 143. Three times the distance of the centre of gravity of-any 
uniform plane quadrilateral lamina from any straight line in % 

ST? " ' V* “* “? f <!“ *<— »/ four cornel ££ 
that of the intersection of the diagonals from the same straight line. 

Ill the figure of the preceding nrticlc, let x i x n. 

he distances of A, B, 0, D respectively from »njT fillin' in 

he plane of the paper. Then the distances of H and /from 

L /i C "V? 2+ S and «*»+ *. + *«> respectively. 

- ,n n-V the , d ‘ stan “ of 0, the intersection of diagomds and 
* the distance of G from the same fixed line. 8 ’ d 

Let h and k be the lengths of AO and 00 respectively 
Then, mass of ABD : mass of CBD = h:k. P 1 V ly ' 

- a +k. Kx^ + x^t \ 

h+k * » 
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• 32 = rr^ 1 + X 2 + X 3 + X i - x J + J^ k ( X l + *2 + X 3 + X 4~ x l) 

hr... + kx. 

= x. + x 9 + x~ + x, -—— 1 . 

1 - 3 4 h + k 

Now h : k = A 0 : OC= £ - x x : x 3 - £ 

. •. hr., — h£ = k£ - kx, 

. f 1lX 3 + h l 

• h+k • 

Thus 3x = Xj+ar 2 + * 3 + .r 4 - |. 

This result may be expressed as follows :— 

If M is the mass of the quadrilateral, its resultant weight is the 
same as that of five particles of masses fyM, 
placed at A, B, C, D, 0 respectively. 

* 144. To find the centre of gravity of a uniform quadrilateral 
lamina having two parallel sides. 

This is a parti cular case of the preceding, but we may find 

of gravity by the following alternative 

method :— 

Let A BCD be the 
lamina, having AB 
parallel to CD and of 
lengths a and b respec¬ 
tively. Take E and F, 
the middle points olAB 


tria ngles A ED, BEG, 
DEC. These have the same altitude and stand on bases of 
lengths U, \a, b respectively, so that their masses are pro¬ 
portional to 3a, 3«, Gb respectively. 

Each triangle may be replaced Jjy three particle s, each of 
one-third of its mass, situated at its angular points; the equal 
particles at A and B may be replaced by one at E, and those 
at D and C by one at F. Thu s the whole lamina may be 
replaced by two particles at E and F, whose masses are propor¬ 
tional to 

4a + 2b and 2« + 4b respectively. 

Hence the centre of gravity G lies in EF such that 

EG:GF = a + 2b:2a + b. 


and DC respectively. . 
t) The lamina can be 
divided into the three 
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145. Equilibrium of a Heavy Body Supported at One Si • 
Point .—If a heavy body is capable of tummy freely about a fixed ** 
point, no forces acting upon it other than its wight and the constraint ^ 



. ' F,G - 134 - Fio. 135. 

at the fixed point, then its position of equilibrium is such that its 
centre of gravity lies in the vertical line through the fixed point 

Let a body, of weight IV, be capable of 
turning freely about the fixed point 0, and 
let G be its centre of gravity. 

The force of constraint at 0 is a self: 
adjusting force of such magnitude and in 
such direction as to keep the body, if pos¬ 
sible, in equilibrium. 

Ar<- The forces which constitute the weight 
of the body are equivalent to a si^ iTf^g 
W acting vertically downwards through g. 

These two forces must be equal and 
. opposite and in the same straight line. 

Therefore the points 0 and G lie in the 
same vertical line. 

146. This apparently gives two posj. 
tio ns of equilibrium : that in which G lies 
vertically below 0 , and that in which G 
lies vertically above 0. 

In the first position of equilibrium, with F, °- 
G below 0 t if the body is slightly displaced, the weight of the 
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body lias a moment about 0 tending to restore it to its position 
of equilibrium. In this case the body is said to be in Stable 
Equilibrium. 

In the second position of equilibrium, with G above 0 , if the 
body is slightly displaced, the weight of the body has a moment 
about 0 tending to move it still farther from its position of 
equilibrium. In this case the body is said to be in Unstable 
Equilibrium. 

J G>i<. If the body is supported by a fine string connecting the fixed 
point 0 with a point A of the body, then the only position of 
stable equilibrium is that in which A lies vertically below 0 
and G vertically below A (see Fig. 136). B “ c - 
147. Stable, Unstable, and Neutral Equilibrium, 
r*.!.,,* Dcf .—A body is said to be Jn ^aWc^equilibrium when, if it 
; « t *-is slightly displaced, the forced acting ^upon it tend to restore 
it to its position of equilibrium ; it is said to be in unstable 
equilibrium when, if it is slightly displaced, the forces acting 
upon it tend to move it still farther from its position of cqui- 
librium ; it is said to be in neutral equilibrium when, if it is 
pl '"“'slightly displaced, the forces acting upon it are still in equi¬ 


librium. 

148. Equilibrium of One Body Resting on Another.— 

The general consideration of the equilibrium of one body resting 
upon another is beyond the scope of the present work. We 
shall consider only the equilibrium of a lamina resting in a 
vertical position upon a smoo th h orizontal plane, and acted 
upon only by its weight and the pressure of the plane. We 
confine our attention to the following two cases: — 

1. Let the lamina rest with a straight edge AB in contact 
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with the plane. Let G be the centre of gravity of the lamina 
and W its weight. 
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The forces which act upon the lamina are its weight, 
equivalent to a single force W acting vertically downwards 
through G, and the pressure of the plane upon the body, 
consisting of a number of forces acting vertically upwards at 
different points of AB. These latter forces are self-adjusting, 
and will, if possible, produce a resultant to balance IF. The 
resultant pressure of the plane upon the body will be some 
force acting vertically upwards through some point between 
A and B. 

Now, for equilibrium, the resultant pressure of the plane 
must be equal to IF and act vertically upwards through G. 

Hence, if the vertical through G meets AB between A and B, 
the lamina is in equilibrium ; and if the vertical through G 
meets AB produced or BA produced, the lamina topples over. 

2 . Suppose that part of the boundary of the lamina is in the 
form of an a™ of a circle, and that the lamina rests with this 
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PIf G coinci des with 0, the body will evidently he in 
equilibrium in any position, so long as the arc of the circle 
remains in contact with the plane. 

Thus the body is in stable, unstable, or neutral equilibrium 
according as G lies between A and 0, in AO produced, or at 0. 
t * 149. Lamina Resting Horizontally on Three Supports. 
—A lamina , of weight IV and centre of gravity G, rests in a 
horizontal position on three smooth supports at A, B, C. It is 
required to determine the pressures on the supports. 

~ : ^et P, Q, R be the forces with which the supports at A, B, C 
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respectively press vertically upwards upon the lamina. Then 
the resultant of P, Q, R must be equal and opposite to IV and 
act along the same straight line. 

Thus P + Q + R = IV . . • (Oi 

and the centre of the parallel forces P, Q, R must coincide with 
G ; so that if p, q, r are the perpendicular distances of A, R, C 
respectively from any line L in the plane of the lamina, and 
if x is the distance of G from the same line, we must have 

Pp + Qq + Rr Pp + Qq + Rr 
* = P+Q + R ~ IV 

, Pp + Qq + Rr=lVx . . (>>)• ■ 

We will describe this equation as the result of taking moments^ 

about the line L. ... 

w If we take moments about- a second line, we obtain another 

equation similar to (ii). 
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Thus we have three simple simultaneo us equations to 
determine the unknown quantities P, Q, R. 

* 150. Ex. 32.— A uniform lamina ABC\ of tcciyht IT, is 
suspended from A. Find what vertical force must be applied at B, 
in order that the lamina may rest with BC horizontal 

Suppose that the lamina rests witli BG horizontal when a 
force P is applied vertically downwards at B. 



Hence, taking moments about A, we have 

(P + ^TP)c cos B = ^JF,b cos C ; 
. p_[^ /&cos(7 \ 

3 \ccosP ) 

_ W /2 ab cos C \ 

3 ' \2accosP~ 


3 V + 

2(62 - c 2 ) 

3(a 2 + c 2 - b 2 ) 

lamina ABM ««*■» rat ™ 

^ a and . 
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find (he greatest weight which can he applied at A, in order that, 
when the lamina is placed in a vertical position with EC on a 
horizontal plane, it mag not topple over. 
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Lot G be the centre of gravity of AECB, and x its distance 
from AD. 

We have 

area of A DE: area of A BCD = h : 2a. 

Thus, the weight of ADE is --: IV, and its centre of 

’ ° 2rr - b 

gravity is at a distance \b from AD; also, the weight of ABCD 
2 a 

is ——^ IV, and its centre of gravity is at a distance \a from AD. 

Hence IVx = Jvj^ + ( - ^ ^ 

3a 2 — h- 
— 3(2a - 6) 

Let A’ be the weight required. Then the resultant of A at A 
and IV at G must pass through E. 

.-.(JV + X)b = X(0)+ JVx 

.Ifzliv 

~ 3(2 a - b) * 


/ r r 3 rt 2 - v 2 • 3« 2 -G^+2 / i 2 

( X ~\_3b(2a-b) 3b[2a-b) 

) *152. Ex. 34 .—The lengths of tiro parallel sides A B and CD of 

a uniform quadrilateral lamina ABCD are a and b respectively, and 
the weight is IV. If the lamina is supported in a horizontal position 
at the points B, C, D, determine the pressures on the supports.. 
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a 


The weights of the two triangles AHD and CUD are-- IT 

a 4 ft 

anJ a + b W ros P ective, y- Also the weight of each triangle is 



equivalent to one-third of its weight applied at each of its 
angular points. Thus the weight of the lamina is the resultant 
.( a \1 V ]V ( b \W ir 

\a + b) 3 at A • ? at (iTi) 3 nt c > -3 T). 

Let P, Q, R he the pressures at 7i, C, 1) respectively 
T1 ‘en # P + Q + R=1F. 

Taking moments about t he line CD (sec Art. 149), we have 

p = ( a \ + W 

\a + bj' 3 + 3 \ a + b) m 3 * 

Taking fome nts about the line BC^ since the perpendiculars 

wThave and D UP ° n BG arC 1,EOportional to a and b respectively, 

K . hJ -^ yL .„ A ~ 

\a + ft/ 3 3 6 V a + b ) 3 ‘ 

• ^ = a 2 + a6 + 62 jy 


b(a + b) 3 ' 


JZL 2« + ft 

3 1 3 7T&“ 


Q= 1 V- 1 >-R 

2a -f ft 

6 

W ft 2 - q2 

3 ft(a + ft) 

/& - a\JF 

\ 6 /T* 


a 2 + aft 4 - ft ! 
% + ft) 


} 


Also, 
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• Thus the pressures at B , 0, D are 
2 a + b IV b-a IV a- + ab + b- 
a + b ' 3 ’ ~b~ ' T’ b{a + b) ' 



— respectively. 


* EXAMPLES XX 


0 

1. A uniform wire is bent into the form of an equilateral triangle. 
How must it be suspended in order that it may hang with one side 
vertical ? 


2. A uniform triangular lamina is suspended from a point of 
trisection of one of its sides. Show that it rests with another side 
vertical. 

3. Why does a bicycle rider, when on the point of falling over to 
one side, steer his machine to that side ? 

4. A lamina hangs freely in a vertical plane with a point A fixed, 
and in this position a horizontal line BC is drawn upon it; it next 
hangs with IS fixed ami a horizontal line through A is drawn cutting 
ISC in C; show that, if C is then fixed, the lamina will rest with the 
line joining A and IS horizontal. 

5. In a lamina of any form a line AB of length c is taken, and it 
is observed that when the lamina is suspended from A, the line 
AB dips 30 3 below the horizontal, and 45" when suspended from B. 
Find the distance of the centre of mass of the lamina from AB. 

6. The length of a side of a square lamina A BCD is 5 inches, but 
the position of its centre of gravity is unknown. It is (i) placed 
vertically in a smooth horizontal ring with B downwards, and with 
the sides BA and BC in contact with the ring; ami it is observed 
that in the position of equilibrium (unstable) the distances of A and C 
from the ring are 1 and 2 inches respectively. It is then (ii) freely 
suspended from a point E in AD, whose distance from A is 1 inch, 
and it is noticed that it hangs with the diagonal BD horizontal. From 
these data construct geometrically the position of the centre of gravity 
of the lamina. 

7. Two small rings A and IS, of masses in and m' respectively, are 

fixed on a smooth circular boo]), of radius a and of no appreciable 
weight. If the arc AB subtends an angle 2a at the centre of the 
hoop, find the inclination of the straight line AB to the vertical, 
when the hoop is hung over a small smooth peg. • 

8. Two small rings A and B, of masses 6 and 16 ounces respectively, 
are fixed on a smooth circular hoop, of radius 7 inches and of no 
appreciable weight. If the straight line AB is 11 inches in length, 
find the inclination of AB to the vertical, when the hoop is hung over 


a small smooth peg. . , , . , , „ 

9. A uniform wire AOB is bent at 0 into two straight portions 

inclined at an angle a, OA and OB being of lengths a and b respectively. 
If the portion OB is horizontal when the whole is supported at A, 

P^e that cos a 

10. A uniform wire AOB is bent at 0 into two straight portions 
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inclined at angle a, OA and OB being of lengths a and b respectively. 
Find the inclination of OB to the horizontal, when the whole is 
supported at A, 

11. A uniform lamina, in the shape of an isosceles triangle of 
vertical angle 2a, is suspended from one extremity of the base. 
Show that, in the position of equilibrium, the base makes an angle 
cot “ '(J cot a) with the horizontal. 

12. A uniform wire is bent into the shape of an isosceles triangle, each 
of whose base angles is of magnitude a. If it is suspended from an ex¬ 
tremity of the base, show that, in the position of equilibrium, the base 

is inclined at an angle tan - ‘^2 cos a cot with the horizontal. 

13. Three wires, of no appreciable weight, form a triangle ABC, 
which is suspended from A. Particles of masses 2 pounds and 1 pound 
are lixed to the middle points of AB and AC respectively, and one of 
3 pounds to the corner C. What must be the mass of a particle placed 
at B, so that in equilibrium the point of trisection of BC next B 
may be vertically under A ? 

14. A uniform lamina, in the form of a right-angled triangle ABC, is 
suspended from the right angle C. If CA = 2 feet and t'B = 3 feet 
hnd what mass must be suspended from A, in order that AB may be 
horizontal m the position of equilibrium the mass of the lamina being „ 

16. A uniform triangular lamina ABC, weighing 9 pounds, is sus-'' 
pended from A. Pmd what mass must be suspended from B, in order 
that BC may remain horizontal, given BC=6, CA=5 AB=A 

16 A uniform triangular lamina ABC, of mass 18 pounds, is 
capabJe of turning freely in a vertical plane about the point A, 
which is fixed. 11 AB= C inches, BC= 7 inches, CA - 5 inches, find 

th “ ““"‘r 

17. A uniform triangular lamina ABC, of weight is ramhlo of 
tu™„, freely i„ a vertical plane about tire *&%£££ 

is' mmSS mmt be “ pp,icd at *"“■* thc - V 

nJ l8, n» UU i f0rm , tria | , ^ lar lamina A0B > of mass 12 pounds, having 
OA = OB and angle AOB=m\ rests in a vertical position with O / 

attAoS°nr Ub * lc -‘ Find the 6 rcatest >»ass which can be 

attacheq at B without upsetting the lamina. 


irngthAf^Z 3^ 7 "&l£ anrthftria^ftuc’ f „£ 

‘, h f e Sr i of 1 * ^ 1. 

following relation between the sides of the triangle.' 0 ' I>r ° V8 tl10 

2i» 5 =(o-c) ( a + c-b ). 
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Conversely, if this relation exists between the sides of the triangle, 
then, when it is suspended from A , the side AC remains horizontal. 
a 22. A uniform wire, of length 2 (« + 6) and mass M, is bent into the 
shape of an isosceles triangle ABC, AB and AC being the equal sides 
and each of length a. A particle of mass m is placed at C, and when 
- t< the whole is supported at B, it rests with AC horizontal. Prove that 
= f4776- (- - <'•*-•«-) 4 bhn = (a - 2b) (a + b) M. 

23. A board of no appreciable weight, in the shape of a triangle 
ABC, is supported horizontally by three vertical strings attached to its 
corners. Find where a heavy particle must be placed on the board so 
that the tensions of the strings at A, B, C, may be proportional to 1, 
2, 3 respectively. 

24. A lamina is supported horizontally by three vertical strings. 
Show how to determine the tensions of the strings when a heavy 
sphere is placed at a given point of the lamina. 

25. A uniform lamina A BCD has its sides AB and DC parallel. 
Find the ratio of AB to DC, in order that the centre of gravity of the 

l7 b lamina may be in the straight line drawn through B parallel to AD. 

26. The sides AB, BC, CD, DA of a uniform quadrilateral lamina 
ar 


"A 


are of lengths 54, 36, 27, 45 respectively, and AB is parallel to CD. ? 
Find the distance of its centre ot gravity lrom AB. A ' ’ ' a +l - 

i 3 c 27. The portion ADli of a uniform square lamina ABCD is removed, 
DE being one-quarter of DC. If IE is the weight of the remainder, 
find the greatest weight which can be applied at A, in order that, 
when the lamina is placed in a vertical position with EC on a smooth 
horizontal plane, it may not topple over. . 

28. The sides AB and CD of a uniform quadrilateral lamina ABCD 
are parallel and at a distance h apart. II AB=<t and CD = b, find the 
distance of the centre of mass of the lamina from the straight line 
bisecting the opposite sides AD and BC. 

29 The lengths of two parallel sides AB and CD of a unilorm 
quadrilateral lamina ABCD are a and 2 a respectively, ami the weight 
is IE. If the lamina is supported in a horizontal position at the points 
B, C, D, find the pressures on the supports in terms of IE. 

30. A uniform plane quadrilateral ABCD, right-angled at A am 
obtuse-angled at B, is bisected by the diagonal AC. II it is placed 
with its plane vertical and the side AB on a horizontal plane, prove 
that the condition of equilibrium is 2{BM)<3{AB), where M is the foot 

n of the vertical from Con AB produced. 

31. Prove that the centre of mass of any uniform quadrilateial 
lamina may be found by the following construction : Let h and /' be 
the middle points of the diagona s of the quadribteml. and 0 the 
point of intersection. Along OE and OF measure OM= \Oh a 
Otf=lOF, and complete the parallelogram CMC A, having OM an 1 
OiV as adjacent^sides. Then G will be the centre ol gravity of the 

uniform quadrilateral lamina ABCD is suspended from one 

32. Anmrorm^ ^ ^ - nt of the diag0 „al j lD , and 0 « the 

tion of the diagonals. Prove that in equilibrium the vertical 

in V, so that 

ME : EO=CO:2(OA). 




.m* 

MO 


corner 
intersection 
through A divides MO in so that 
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33. A uniform rectangular lamina A BCD is bisected by a straight 
line cutting AB in E and CD in F. Show that the locus of the centre 
of mass G of cither part is a parabola, and that the tangent at G to 
the locus is parallel to the corresponding line EF, 

34. How many like coins, having diameters 20 limes the thickness, 
can be ruled on a table so that their centres may be in a straight line 
inclined at an angle of 45° to the horizontal ? 

35. A number of cubical blocks are piled one on the other so as to! 

form a staircase, the breadth of each step being 2 inches, and the 
side of each block being one foot. How many may bo idled up before 
the whole begins to topple ? 1 

WvZm. A lamina rests in a vertical plane with a straight edge upon 
a vertical circle in the same plane, the circular rim being rough cnoimh 
to prevent sliding. Prove that, if h is the distance of the centre of 
gravity of the lamina from the straight edge, and >• the radius of the 

less than r° ^ Stab C c ! ui,lbnum jt is necessary that h should he< 

7 S1 i°i v , an . an S lc of 0 radians can he found such that- 

( if 'jnf r'n- thcn thc la,,lilia ca " be turncd through an angle 20 
uitho.it falling. Ifc.su, ° b . 




/* 
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WORK fwi, ? v <f UV»K 

153. Work. —When the point of application of a force is in 
motion (in any direction not perpendicular to the direction in 
which the force is acting), the force is said to he doing work. 

(’■' rt.u We have seen in the prin ciple ...of transmissibil ity of force 
that a force may be supposed to act at any point in its line 
of action, so that its actual p oint of application may be replaced 
by some other point situated in the line of action of the force, 
the body itself remaining at rest. This is not the sort of 
displacement of the point of application considered in the 
definition of wort given above, where we deal only with the 
actual po int of application, and suppose the body on which 
the force acts to be in mo tion. The motion considered may 
be one which actuall y takes place or an imagined motion. An 
imagined displacement of a point is called a virtual displacement, 
and the work done by a force during an imagined displacement 
of its point of application is called virtual work. 

•S.A'MsT.For the present we shall consider only the case in which the 
force remains unaltered in direction and intensity while motion 
is taking place. 

154. Let a force whose measure is P act at a point A in 
tH " ^direction AX, and let the body upon which the force acts be 
displaced, so that the point A travels by any path into the 
position A', the force remaining all the time unaltered in direc¬ 
tion and intensity. 

Draw A M perpendicular upon AX, produced if necessary. 
Then AM is the projection of the displacement upon AX, and 
is positive or negative according as AM lies along A A or A A 

1 Suppose AM contains x units of length. Then the work 
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done_by the force is measured by P x. and is positive or negative 
according as AM is positive or negative. 


A' 

! 


A' 


M P 

Fio. 145. 




M A P 

Fia. 140. 


. Thus, the work done by the force is given by + Px or - Pc 
according as AM lies along AX or XA produced. 

When the work done by a force is negative, work is said to 

be done against the force. Thus, in the second figure, the work 

done hj -the force is given by - Px, that is, the work done 
against the force is given by + Px. 

A' iav 1 3 h V' lCtUal f path . of t l ie h° int of application from A to 
i : ff may^ of for the sum of the projections of the 

different portions of any such path is always the same, AM. 

The projection of a displacement AA' upon AX is often 
m" SCri ^ d " tl »e displacement e stki a ts d in the direetinn 4 V 
Thus, the work done by a force is measured by the producfof 
the measure of the force and of the^hcement of L point o 
application estimated in the direction 0 f tlm force 

Let d be the measure of the straight 1 ine~/l A and let it 
make an angle 6 with AX. Then the work done by the force 
is given in magnitude and sense by P .dcosd 

= (P cos 6 ). d. 

in Uie direction £? * —d 

be .ple asured by the product of the moasure'of Hie f ^ Ce ,“ n — 
of its point of application and that of the resoh^S^p^ 
for^esti,noted in the direction of that dSJESSt 15 *^ 
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done in an unsuccessful effort to move a body by applying a 
force to it. 


^.Suppose that a body, of weight IV, is at rest on a horizontal 
plane, and that an effort is made to move it by applying a force 
to it. If the force is applied vertically downwards, and the 
plane is strong enough to resist all tendency to penetrate it, 
no work is done, however great the force applied. If the force 
is applied vertically upwards, no work is done unless the force 
be increased to the value JV t when any further increase, however 
small, will produce motion, and then work is done by the force. 
If the plane is perfectly smooth, then the slightest horizontal 
force will produce motion, and no appreciable amount of work 
is done by the force applied. If the plane is rough, it will 
resist a tendency of the body to slide over it, and no work is 
done until the horizontal force applied is increased to a certain 
value, when any further increase, however small, will produce 
motion, and work is then done by the force. 


0 |\,t ijj 157. When a force undergoes alteration either in magnitude 
•or direction or both, the consideration of the work done during 
any finite displacement of the body on which it acts is beyond 
the scope of the present volume. We assume, however, that il 
c. o'fr the displacement of the point of application is taken very small, 
then the^at'io oT the actual work done,to'fhe^tv^rk which would 
'■ be done, if during this small displacement the force were to 
f ii,> remain unaltered in direction and intensity, becomes more and 
more nearly a ratio of equality as we diminish the displacement; 
so that, when the displacement is considered indefinitely small, 
the actual work done and the supposed, work done become^ 
ultimately equal to one another. 

158. Work Done by Gravity.— A system of ■particles is 
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displaced. It is required to prove 
that , if the dimensions of the system 
and the displacements of its members 
are small in comparison with the 
distance of the system from the centre 
of the earth, then the work done by 
gravity is given by IVh , where IV is 
the weight of the whole system and h 
the displacement estimated vertically 


downwards of the centre of mass of the system. 

Let one of the particles, of mass m, be displaced from A to 
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A' Lot x be the original height of A above some fixed 
horizontal plane ; then .c, the height of the centre of mass above 

the same plane in the first position of the system is I n 

the final position of the system Jet x and x be chang^dlnto x' 

and x respectively, so that x = . 

XT i(»l) 

°' V ’ J? the di ™ ens ions of the.system are small in coinuarison ^ 

%****?? from the centre of tbe earth, the weights of the 
liflerent particles are m all positions of the system proportional ^ 

%») -(if) IV > 

and s_ -( u ’-0 

The work done by the weight of the particle is 

w ( x - x ') - tox - ? 0 .c'; 

the total work done by gravity 

= ^(wx) - 2(u’/) 

= Wx - JVx 
= ir(x-x f ) 

-m » r rtiral 

<lone against gravity is /F/<. ^ ’ * ia ^ ls > ^ ,e work 

rigidly connected «" »* ~ily 

- «T' “ -..ported I 

“ lf ’ ’’ Cf0re a portion of length , k c „, - . > 

y 0 1 °"’ Cr , , ' ,d ’ l '“ ,ta of tta remainder is IK, £2 ” 


w --- ‘vmaum^p IS /f 

the work done against gravity in raising ,h s remainder is 

n _v /> m 


O-X «-a («-*)» 

a 2 ~ 2T - 


Fo, I*? 




19S 


WORK 


CH. IX 


159. Work Done by Any System of Forces which Act at 
the Same Point. —If a number of coplanar forces act at the same 
point, then the total work done by all the forces in any displacement 
of that point, is equal to the work which would be done by their 
resultant in the same displacement. 

* 4-3 We know that a system of forces, all acting at a point, can 
be replaced by a single resultant force acting at the same point, 
t ^except when the forces are in equilibrium. The case of equili ¬ 
brium can be regarded as that in which the resultant vanishes. • 
Now let the point of application of the forces be displaced 
from 0 to O' through a distance d. 

Let P he any one of the forces acting at 0, and let I\ be its 
resolved part estimated in the direction 00'. 

>0 Let It be the resultant force, and R x its resolved part in the 
same direction. Then we know that ll^=2(PA 
Now the work done by the force P is equal to P x d. 

Hence the total work done 


HWi d 

=lipl 

= work done by the resultant R. 

<*- U) If the forces form a system in equilibrium, the resultant It 
vanishes, and the work done is zero. 

Thus, If a number of coplanar forces acting at the same point of 
a body, are in equilibrium, no work is done in any displacement of the 
body, provided that the forces are unaltered in direction and intensity. 
If the forces depend in magnitude or direction or both qn^ 
i) the position of the body , we may, in calculating the work done, 
consider only a very slight displacement, and the smaller the 
displacement, the more nearly does the method above apply. 

Thus, If a number of coplanar forces, acting at the same point of 
a body, arc in equilibrium, no work is done in any SLIGHT displace¬ 
ment of the body. 

u 160. Displacement of a Rigid Body in One Plane. Let 

l. A and B be two points of a rigid body, and P any other point 

of the body. . 

Let the body be displaced in the plane PAP, so that A, l 
come into the positions A', If, l y respectively. Then the triangles 

A BP and A'B'P' are equal in all respects. 

Draw A'b parallel and equal to AB and in the same direction, 
and through A' and b draw A'p parallel to AP and bp paral e 
to BP, to meet in p. 
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Then the triangles A'bp and A DP arc also equal in all 
respects, so that A'p is equal and parallel to AP (and therefore 
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From the fact that A'p is equal and parallel to AP, we 
deduce that Pp is equal and parallel to A A '; and from the fact 


that bA'p = D'A'I y , we deduce that pA'P' = bA'D'. 

Let AAJ)q of length d in a direction making an angle </> 

with AB and let bA'D' = ft Then we see that the displacement 

of the 3 ? 11 '’!. t0 tW ° displace,ueuts p P a,ul PP'I the first 
with ir ^^ Cme 1 nt d i n a d ‘r«tion making an anglT? 

and N 7J l-Z ti k ° of the body, keeping A 

bodv' t o } i ? Same ’ We see tbat the displacement of the 

every point of the 1° the first of which 

1 ? 01, ;. t of the l-’ody isdisplacedTThrough the same distance 

rnmt ( l m i e , Same direCti0U * aud in the second the b dy 
lotated about one point A' through an angle ft ^ 1S ' 

f . ! ^ l en the displacements of the different points 

to one^another *Z °*^ am ° UUt aud iu di ^ctions parallel 

of * ** «■ as a 

Sh °T that dis P>™ i» o- 

«on together, tr “ nS, “- 
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162. Work Done in the Displacement of a Rigid Body. 

—Suppose that a number of forces act at different points of a 
rigid body in one plane. The system is equivalent either tlrla 
single force or t#'a couple, except when the forces ar^in 
equilibrium. The case^ of equilibrium can be regarded as 
included in either "orthe otl ler cases, namely, in the vanishing 
of the single resultant force, or in the vanishing of the moment 
of the resultant couple. 

If the system reduces to a single resultant force, let some 
one point of the rigid body situated in its line of action lie 
chosen as its point of application ; and if. the system reduces 
to a resultant couple, let that couple be regarded as consisting 
of two equal and opposite forces of definite magnitude acting at 
two definite points of the body. 

1. Let the body receive a displacement of translation, so that 
every point of it is displaced through the same distance d in the 
same direction. 

Let P be any one of the forces, and let P, be its resolved 
part estimated parallel to the direction in which each point is 
displaced. 

Then the work done by the force P is equal to P x d, and the 
work done by the whole system of forces is { ~(l\)}d. 

>0) Now if the forces reduce to a resultant 11, whose resolved 
part parallel to the direction of displacement is R v we have 

so that the total work done 

= Il x d 

= work done by the resultant 11. 

U) If, however, the forces reduce to a couple, then -(Pj) = 0, so 
that the total work done is zero. 

fc) Also, if the forces are in equilibrium, the total work done is 


zero. 

These results are true for any finite displacement o f trans¬ 
lation, provided that the forces are not altered in magnitude or 
^ direction. If the forces depend upon the position ol the body, 
we may still say that the above results are true for any slight 
displacement of translation. 

2. Let the body receive a slight displacement througk_an 

angle, of 0 radians about a point 0. f 

In the first position of the body, let A be the point of 

application of the force P, and let a be the length of OA. 
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The displacement of the point A is along an arc A A' of a 
circle of length ad. The smaller 
6 is made, the more nearly does 
A A' tend to become a straight line 
[ in a direction perpendicular to OA. 

Regarding A A' then as straight 
and perpendicular to OA, let 1\ be 
the resolved part of the force P 
estimated in the direction A A'. 

Then the work done by the force _ 

jp rio. i *i»'• 

= ?!. a0 

= 9x (?,«). 

Now, by Art. 85. P^a gives the moment of the force 7* 
about 0 estimated in the direction in which the rotation takes 
place. 

Thus, work done by the force P 

= 6 x (moment of P about 0). 

Hence, work done by the whole system of forces 
= d x ( sum of moments of the forces about 0). 

<<) If the system reduces to a single resultant fence, we see that 
in any alight displacement of rotation of 9 radians about 0, the 
work done is 



9 x (moment of resultant about 0). 

(*■) If tbe system reduces to a resultant couple, the work done is 

9 x (moment of couple). 

(3) If the system is in equilibrium, or if it reduces to a resultant 

force acting along a line through 0, the work done in any slight 

displacement of rotation round 0 vanishes, (n.*. ^ 6 =; o) 

163. Now any displacement of a rigid body in one plane 

has been shown to be equivalent to two displacements, one of 

translation and the other of rotation. Also, if a body receives*) 

two displacements, tjm work done by any force acting upon it)' 

is f qu jid by ad ding the work done in one displacement to that - 
done in the other, u j 

Hence, combining the above results, we see that A 

.i, any S,Jstcm C0 Pl anar forces acting upon a rigid body arc in *- 

Zdy] b > H0 mrk U d ° ne in any SLIGUT ^Placement of the"' 
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164. Method of Virtual Work. —We have proved the 
Principle of Work for any slight displacement of a rigid body/*,^: 
The general consideration of the work done in a displacement 
of any material system is beyond the scope of the present 
volume. Sufficient, however, has been established to enable 
us to apply the principle practically to the solution of problems 
dealing with the eq uilibrium of a sys tem of' r igid bodies 
associated, together.If any slight displacement of^the system 
is assumed , the virtual work done upon each body is zero, and 
therefore the total virtual work done upon tl/e whole system 
is zero. The f orces which act ex ter nally upon the different 
rigid bodies must all be noted, the work done by each force 
written down, and the sum equated to zero/ 1 ) In general, a 
displacement may be so chosen that many o f the terms vanish. 

For instance,'if the displacement is chosen so that the point of 
application of one force moves in a direction perpendicular to 
the direction in which the force acts, no work is done by that 
force ; if any part of the systejn moves over a smooth surface, 
no work is done by the pres^ire of the surface ;°if two bodies 
of the system are smoothlyhinged together at one point, and 
if the displacement of the system is chosen so as not to break 
the connection between the two bodies, then the work done by 
the mutual forces acting on the bodies at the hinge is zero, for 
the action at the binge consists of two equal and opposite forces, 
and the displacement of the common point of application of 
these two forces is the same for each force. 


* 165. Work Done by the Tension of a String.—Suppose - 

' that two bodies of a system are connected at the points A and 
~*' L . 

,/ T B 

A_--*-• 




\ Fig. 150. 

Ji \y a fine string of length /, and that, in the position of 
equilibrium, the tension of the string is of magnitude T. 

Let the system receive a slight virtual displace ment, 
necessitating the cutting of the string. (We may suppose the 
string removed, provided that a force T is applied at A in 
direction All, and an equal force T at B in direction BA.) 
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Let A be displaced to A' and B to B\ and let l' be the 
length of A'B' and 0 the angle between A B' and AB. 

Let the projections of A A' and BB' upon AB be a and b 
respectively. Then the work done by the two forces T is 

Ta - Tb 
= T(a-b) 

Now the sum of the projections of A A', A'B',B'B upon AB 
is l. 

i.e. a + 1' cos 0 - b = l, 

a-b = l-l' cosO. 

Now, as 0 is diminished, the ratio of cos 0 to 1 becomes L‘ 
more and more nearly a ratio of equality. ' 

Hence, ultimately, we have 

<( — b — l — l . • ' J •" A /I <* i J pi *. »— 

Thus the work done by the two forces T in any slight 
displacement becomes ultimately equal to 

T(l -l) 

= - T x (increase in length of AB). 

*166. Ex. 35.— Two rods AB and AC, each of length a and 
of no appreciable weight, arc smoothly jointed together at A, and 
rest in a vertical plane 
upon a smooth horizontal 
plane at B and C, the 
points B and C being 
connected by a Jine light 
string. From a point D 
of the rod AC, at a dis¬ 
tance b from C, there is 
suspends a mass of given 
weight IF. If the rods 
are each inclined at an 
angle a to the vertical,find 
the tcTision of the string. 

. , Lct ,5 r i 1 ; e 1 . tl,e 1 tension of the Let the string be cut 

and a slight displacement be given to the system, such that the 
jonjiremains unbroken, while a is changed inlo’a + 0. 

liicn the work done by the weight IF is v/fVkt. - i t ) 

= 1F.l {cos a - cos (a + 0)] 



= 2 JFb sin 


. / 0 \ . 0 
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and the work done by the tension of the string is 

T . 2«[siu a - sin (a + Oj] 

( 0\ 0 

iax . ilu ) = -4 Ta cos! a + - Jsin - . 

jorK) 4 \ ”/ 

Thus, we must have * wo,k - 

fF6sin^a + ^-27(icos^o + ^ = 0. 

Hence, making 0 = 0, we have 

1 b 

T= - IF- tan a. 

2 a 


* 167. Ex. 3G.— Four fine light rods arc jointed together at 
their extremities to form a parallelogram, the opposite joints being 
connected by two fine light strings in a state of tension. It is 
required to prove that the tensions of the strings are proportion al to 

t heir lengths, ff. 2 or ‘ ? 

Let x and y he the 
lengths of the strings, 
and S and T their 
tensions. 

Let the strings be 
cut, and such a slight 
virtual displacement be 
given to the system 
that the j oints remain unbrok en, while the lengths of the 
diagonals become x and g respectively. 

Then the rods still form a parallelogram, and as the sum of 
the squares on the sides of a parallelogram is equal to the sum 
of the squares on its diagonals, we have 




Jut.-., Now, by the principle of work, 

A rC. II %* 


S(r - x) + T(u - i/') = 0 N - B - 

'-*>• f)+ J oi y) u impute ,v 

V - y x + X 2x 

* • • •• I i i •>>« i <t 11* 


S 

■'r 


X- X 

■ ‘. S : T = x: y. _ 


/ = + 


, = — , ultimately. 


y+'J 2y 
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•EXAMPLES XXI 

[Many of the Examples VIII. and XVI. can he solved by the 

method of virtual \\;ork.] 

1 . A uniform chain AB, of length a and weight /F, is supported 
at one end A, from which it hangs vertically downwards. Find the 
work done against gravity in raising the lower end B through a vertical 
distance b, so that a loop of the chain hangs below B, 

2. In the preceding question, find the work done against gravity 
in coiling up a length b of the chain commencing with the lower end 
B, so that the coil hangs vertically below A. 

3. A Venetian blind consists of n bars in addition to the top fixed 
bar, and its weight, excluding the top bar, is W. When down, the 
blind is of length a, and when drawn up it is of length b. Find the 
work done against gravity in drawing the blind up to the top. 

4. In drawing up the Venetian blind of the preceding question, 

the lowest bar is raised until it presses against the one above it ; then 
the two are raised together until they press against the next; and so 
on. Find the work done against gravity in drawing the blind up to 
the position in which the rth bar from the bottom is on the point ot 
being raised. 1 

6. Three fine light strings are knotted together at C. One string 
passes round a smooth jieg A and supports a mass of weight P at its 
tree extremity ; a second string passes round a smooth peg B in tho 
same horizontal line as A, and supports a mass of weight Q ; tho third 
hanp vertically and supports a mass of weight It. Provo that tho 
work done gainst gravity in carrying C from its position of equilibrium 
to the peg A is 2 Qc sin^, where c is the lengtli of AB , a.i 0 is tlm 

iibrium. hlC l 10 makeS mth U,e horizontal in the Position of cqui- 

r'g 1 /}-angled triangle ABC turns stiffly in its own nlano 
about tho middle point of the hypotenuse AB. Forces just sufficient 

to°y<?nf th r - eS1 ? an< ;° are applied thus :—P at B at right angles 
f ’' ® a .^ ^.. m diction BC, It at A at right angles to AB all 

MsrfiStS: " oti4n 

shorter than each of tho rods, connect the *?“* BD ' 

smooth ring free to slide on AC Find til ^ another small 
the position of equilibrium * th ° tcDS10n of tbo st »ng in 

^ 8 i r,fi cly ioi " M » 

to their lengths, ™ cse s ^ nn gs are proportional 
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9. Three rhombuses ACBD, CEDF, EGFH, each formed of four 
equal light rods smoothly jointed together at their extremities, are 
freely connected at the extremities of their common diagonals CD 
and EF, the rhombuses not necessarily being in the same plane. 
Show that, if the diagonals Ali and GH are two light strings in a 
state of tension, then their tensions must be proportional to their 
lengths. 

10. Four uniform rods freely jointed together form a parallelogram 
A BCD, the weights of opposite sides being equal. If the figure is 
stiffened by a diagonal rod BD of no appreciable weight, and suspended 
freely by the corner A, then the thrust in BD is of magnitude 

B D 

IV where JV is half the weight of the system. 

11. Four uniform rods freely jointed together form a parallelogram 
A BCD, the weights of opposite sides being equal. AB is fixed hori¬ 
zontally and A is attached to the opposite joint C by a light string 
of length l. AC is the shorter diagonal and a the acute angle of the 

1 l 

parallelogram. Show that the tension of the string is -JF-cot a, 

M (l 

where JV is the total weight of the four rods and a the length of the 
side AB. 

12 . A uniform square lamina rests in equilibrium in a vertical 
^ftplane under gravity with two of its sides in contact with smooth pegs 

©situated in the same horizontal line at a distance c apart. Show that 

the angle 0 made by a side of the square with the horizontal in a non 

symmetrical position of equilibrium is given by „ «.«. 

-O* .. t <<»••- i . ... 

k tv. «•»**■(*s c(sm0 + cos0)=«, .. a>»\ 

2 a being the length of a side of the square. <l > H ' 

- 13. A system of n equal uniform rods, smoothly jointed together 

at their extremities, is placed in equilibrium between two smooth 

parallel vertical walls, so that they rest in a vertical plane all .equally 

inclined at an angle a to the horizontal and with successive joints in 

contact with different walls. Prove that, at the lowest extremity, 

the reaction on the rod will make with the horizontal an angle whose 

. 2n tan a 
tangent is y . 

14. Three equal uniform rods, AB, BC, CD, are freely jointed 
together at Z?and C, and rest symmetrically, with BC horizontal, over 
two smooth pegs situated in the same horizontal line, AB and CD 
being in contact with the pegs. Prove that the inclination of AB, or 
CD, to the horizontal is _ 

cos-' 

\ 2 a 

where a is the length of each rod, and c the distance between the pegs. 


CHAPTER X 


MACHINES 


168. Machines.—A machine is a contrivance by means of 
which a resistance can be overcome by a force of different 
intensity, or in a different direction, or along a different line 
to the resistance. 

If a body of weight IV were resting on the ground, an effort 
might be made to raise it by applying to it an upward vertical 
force. Here the resistance to be overcome is the weight of the 
body, and the force applied must be gradually increased until 
it is equal to JV, and then the slightest increase beyond that 
value will produce motion. 



Flo. 153. 


With the assistance of a machine, hotrever, the resistance c 

The'S “T/ * f0K6 P * •— other poh 

ihe resistance to be overcome is called the Wrinht * 

force applied to overcome it is called the Power. ° ’ d 


208 


MACHINES 


cn. x 


We confine our attention to the case in which the machine 
is in equilibrium. The ratio of the “Weight” to the “ Power” 
is then called the Mechanical Advantage of the machine. 

We shall assume that the adjustments o f the different parts 
of a machine are all smooth. When this is the case, and when 
the weights of the different parts of the machine a re negligible, 
so that the use of the machine does not introduce further 
resistances to be overcome, it can be proved that the following 
general principle h olds true :— 

If the “ Power" and the “ Weight ” arc adjusted so as to produce 
equilibrium, and if the parts of the machine arc slightly displaced 
in a manner consistent with their geometrical connections, then the 
I work done by the “Tower” is equal to the work done against the 
Weightr 

We shall consider only the more simple machines, such as 
the lever , the whcel-and-a.de, the pulley, the inclined plane, and 
the screw. The complex machines in practical use generally 
consist of a number of such simple parts adapted or modified to 
suit the purposes for which they are required. 

169. The Lever.—We have considered the equilibrium of 
a light lever in Art. 87. With the notation of that article, the 
relation between the “Power” and the “Weight” is 

Pa = Wb. 


. a 

Thus the mechanical advantage is ^ • 

If the lever is turned about the fulcrum through a small 
angle of 0 radians, the work done by the forces P and W 
= $ x (sum of the moments of P and IT about 0) 

= 0 . 

Thus, the work done by the “Power” is equal to that done 
against the “ Weight.” 

170 If the weight of the lever is appreciable, we must 
include the moment of its weight in taking moments about the 
fulcrum. Regarding the lever in its most general form as a 
rigid body capable of turning freely about a fixed point the 
equilibrium of a lever under any system of forces in a plane 
through the fulcrum has been fully considered in Art. im 

171 The Wheel and Asle.-Tliis apparatus is represented 
in Kg. 154. It consists of two cylindrical drums mounted on 
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the same axis. The larger drum is called the wheel and the 
smaller drum the axle. 

The “Power” is ap¬ 
plied by means of a rope 
coiled round the wheel, 
and the “Weight” by 
means of a rope coiled in 
the opposite direction 
round the axle. 

Modifications of this 
machine are seen in the 
Windlass and the Capstan. 

In these machines the 
“ Power ” is applied at the 
end of a spoke or handle. In the capstan the axis is vertical. 

As the “ Power” and the “ Weight” are applied in different 
planes, the consideration of the equilibrium of the wheel and 
axle is properly beyond the scope of the present volume. 

Fig. 155 represents a plan of the machine, the axis being 

perpendicular to the plane 
of the paper, which it in¬ 
tersects at 0. 

Let a be the radius of 
the wheel and b that of 
the axle. Then, regard¬ 
ing the apparatus as a 
lever with fulcrum 0, we 
have 

Pa = m, 

so that the mechanical 
advantage is ^ • 

If the machine is 




of 0 radians in the direction in -TO 

pmlnce total,on, a length .0 of the - Power'"-rope * ill £ 

o^’tS 1CB8th 19 ° f “» 

ag»“« £ “ P °™ ■ - * • * ^ne 


14 
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And, as Pa = JPb, we see that the work done by the “Power ” 
is equal to that done against the “ Weight” 

172. The Pulley. —A single fixed pulley is very riseful as 

a machine. If the axis of the pulley is 
smooth, the “ Power ” P is equal to the 
“Weight” JP, and the use of the pulley 
consists in enabling a resistance to be over¬ 
come by means of an equal force applied 
in a more convenient direction. The 
mechanical advantage is unity. 

If the point of application of the 
“Weight” is raised through any distance, 
an equal length of string passes over the 
pulley in the direction of the “ Power,” so 
that the work done by the “Power” is 
equal to the work done against the “ Weight.” 

173. We have considered the equilibrium of a single movable 
pulley in Art, 89. 

We will suppose that 
the string which passes 
round the pulley has 
one end fixed at the 
point A , the “ Power” 

P being applied to the 
other end, and that 
the machine is used 
to overcome a vertical 
resistance IP. Then, 
if the axis of the 
pulley is smooth, the 
string which passes 
round the pulley has 
the same tension on 
both sides of the pul¬ 
ley, and the two straight portions are equally inclined to the 
vertical. Also, if each portion of the “ Power ”-string makes 
an angle a with the vertical, and if the weight ol the pulley 

and block together is of magnitude w, then 

2 P cos a — IP + w, 

or, if the pulley is of inappreciable weight, 

2P cos a = IP. 






ART. 175 


PULLEYS 


211 



174. The most frequently occurring case is that in which 
all the straight portions of the string may he considered vertical 
without appreciable error. 

In this case 

2P=jr+w, 

or, if the pulley is of inappreciable weight, 

2 P = IP, 

so that the mechanical advantage is 2. 

Let x be the distance below the level 
of A of the point at which the “ Power ” 
is applied, and y the distance of the centre 
of the pulley below the same level; also, 
let l be the length of the string which’ 
passes round the pulley, and c the length 
of the circumference of the pulley. Then 
evidently, we have ’ 

x + l=2y + ^c, 
x=2 y + be — l. 

^ - * •«. *ao. 

Hence, if y is diminished by any amount ~ -n i 

diminished by twice that amount Thlt is iftL« iv- , 

is raised through any distance d, then the ‘‘Power” is applied 
through a distance 2d. ls a Pl )llcd 

Thus, the work done by the “Power” is P. 2d 
and the work done against the “ Weight ” is W ,1 

ft* 

string round a movable pullev is in ot w,i g ‘ lo9, ^ ie 

end to a fixed point and at the oti j 0886 attacl ‘ ed at one 
movable pulle/n^xt above it t0 tLe block of 

movable pulley being passed over a fixed tUe highest 

where the “ Power ”P isannlied l fixed P^oy to the point 
by r in , t0 Z '■ ^ * applied 

, Let the pullcya b^SeTi A "W* 

the lowest, and let the tensions of KuJ’J ‘ * * co “ me ncing with 
them be T v • •. respectively.^ ^ W . hich P 883 K>und 
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Then, considering the equilibrium of each pulley separately, 
and supposing there are n movable pulleys in addition to the 
_ fixed pulley, we have 


I 


T, 


[2T ,= 

IV 

27’.,= 

7i 

2 7' = 

T, 

• • • 

9 7' — 
- 1 n — 

• • 

T 

1 n- 

T — 
1 n — 

P 


T, 


Ha, 


i '2 

A 2 


T, 


From these equations we obtain 

IV 

7 ’i = T 
iv 

T 'i- 2 “ 

IV 

T 't = 2 3 . 

IV 

<P=T n =~. 



Fig. 10!*. 


Thus, the relation between the “Power” 
and the “'Weight” is given by the equation 
IV— 2”. P, and the mechanical advantage is 
2 a 

176. In considering the work done in any 
displacement of the system, suppose that the 
point of application of the “Weight” and the pulley A, rise a 
distance x. Then, hy Art. 174, we see that the end of the 
string which passes round this pulley rises a distance 2^ an 
therefore the pulley A 2 rises a distance 2*. Hence, similarly, 
the pulley rises a distance 2-.r, and so on. Thus, the pul y 
A n rises a distance and twice this length of s ring 

over the fixed pulley, so that the point of application of 
u Power ” descends a distance 2 n x. 

Thus, the work done by the “ Powcr^ - 2 1 -I > 

and the work done against the “ ^ eig it ” ^ 

And these are equal, since 

177. If, in Art. 175, the pulleys A v A 2 ,. : . are of weight 
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respectively, then, considering the equilibrium of 
each pulley separately, we have 

2T l = JV+w l 
2T 0 = T X + 1» 2 
2 Tl = T, + wl 


21 n — Tn-i + W? n 


The relation between the “ Power ” and the “ 
be found by eliminating T v T,„ ... T n between 
these u + 1 equations. The method of elimina¬ 
tion is shown in the examples which follow. 

If the total strain upon the supporting beam 
is required, we see that it has to support the 
weight of the whole system together with the 

Thus, downward strain upon the beam 

= P+ W +w l + w., + ... + w n . 

Example 1.—Suppose there arc three movable 
pulleys, each of weight w, and that it is required 
to determine what “Power” will „ V 1 r 

weiglit IF suspended from the lowest pulley. UaSS ° 

Referring to Fig. 159, we have * 

(2T l =JF+w 

[2P =T 2 + w 
f 27\= JF+w 
UT n _ = 2T x + 2w 
18 P = 47*0 + 4 w, 

' te ™ s - — 

8r=JF+7u>, 

•'•r=lVF+7 to). 

X r,h°o f S2s." r 
w tVTb »S?b“ flM§ 1 ’’" loy - 

nm^Ld pSnl 11 ;? Stri °s»««U» 

equilibrium of the man and A^? ( 2! t der “? f ho 

and using the same notation as befom! w^K 7> .' 


Weight” can 


P iP 
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(T+P=W 
2 T x =T+w 
2 T., = 1\ + w 
2P= T., + w 

T+r= W 

2Ti = T+w 
H,=2T) + 2w 
„ 8P=4T„+iw, 

. •. adding, and omitting the terms which arc common to both sides, 

wehave 9 />= U r +7w 

r=i(ii r + he). 

178. Second System of Pulleys.—This is a combination 

of pulleys arranged 
in two blocks, one 
fixed and the other 
movable. The 
“Power” is applied 
to a string which 
passes over one pul¬ 
ley in the fixed block, 
then under one in the 
movable block, then 
over one in the fixed 
block, and so on, and 
is attached finally to 
one of the two blocks 
—to the fixed block 
if there are the same 
number of pulleys in 
use in both blocks, 
to the movable block 
if one pulley more is 
used in the fixed 
block than in the 
movable block. The 
“Weight” is applied 
to the movable block. 

The pulleys in 
each block are usually 
arranged side by side 
as in Fig. 161, but 

they may be arranged as in Fig. 162, which is more easy to 
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dmw', and which shows clearly the same string passing round 
all the pulleys. • ° 

Regarding the pulleys as smooth, the tension of the string 
winch passes round any one pulley is the same on one side of 
the pulley as on the other, and as the same string passes round 

Y . h . e puUeys ' Y e See tbat the teusion of every straight portion 
o\ string is equal to the “ Power ” P. 1 

We will suppose that there are n pulleys in use altogether • 

blol n "V Sl 'n S '; t p0rti0,,s of slri, ‘« the two 

block . Regarding all these as vertical, and considering the 

equilibrium of the system consisting of the movable block and 

the portion of string immediately adjoining it, we see that 

)lP=fR +Wj 

where w is the weight of the movable block, 
i hen each of the n portions of string has to be shortened hv a 

*CZ£- H "“ • ^ »— Cu e S h b fho 

Thus, the work done by the « Power» = /> 

* T\ ! C Work done a S ainst the “ Weight ” = JV T ’ 

And these arc equal, since n p = J{ /‘ 

180. Third System of Pullevs. —-Tid® . . 

Of pulleys arranged in the 

topmost pulley is fixed and all flm rxfi ° * ^ ® 

movable pulley is supported^^bv L ™ Each 

the pulley next above ?tld nn! ^ passea over 

hiched to a bar to which the “ Weight “nl 1- 

(i Power v P ic i a ^ " is applied. The 

lowest pulfey StrinS wUck paSS “ 

aat Gtsxiz 

Let the pulleys be marked A A 

—ts r,“ - “f f»•-“a •“ 

a gM- m U 
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that there are n pulleys altogether, including the fixed pulley, 
we have 

'2\ = P 

2*2 = 22*1 

T = 97’ 

1 3 1 2 


v2» — 22’ n _i 

Also, considering the equilibrium of the bar, 
Pj + T.2 + + • • • + T n = W 

(T, =P 

T n = 2P 
.2*3 = 2 2 P 





and 


(.P,, = 2' ,-1 P 





7P = (1 +2 + 2 2 + . . . + 2 ,,_1 )P 

= ( 2 ” - 1 )P, 

summing the geometrical progression. 

Thus, the mechanical advantage is 2" - 1. 

181. In considering the work done in any dis¬ 
placement of the system, suppose that the bar and 
the point of application of the “Weight” rise a 
distance x. We will suppose that the strings which 
support the bar are drawn tight one after another, 
commencing with that which goes round the top¬ 
most pulley. We consider the displacements of the 
pulleys one after another, commencing this time 
with the topmost pulley and numbering them 1, 2, 3, . . . 

In tightening the first string, a length x of it passes round 
the first pulley, so that the second pulley descends a distance 
x. This alone causes the third pulley to descend a distance 
2x. In addition to this the second string has to be drawn a 
further distance x round the second pulley on account of the 
rise in the position of the bar. Thus, altogether, the third 
pulley descends a distance x + 2x. This alone causes the fourth 
pulley to descend a distance 2x + 2-x ; and also a further long ‘ 
x of string has to pass round the third pulley, so that altogether 

the fourth pulley descends a distance x + 2x + 2-V. 

Proceeding in this way, we see that the nth pulley from the 

top descends a distance .r(l + 2 + 2 2 +. . . + 2 n ')• 
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This alone causes the point of application of the “ Power ” 
to descend a distance x(2 + 2 2 + 2 :! +. . . + 2 ,,_1 ) ; and, in 
addition to this, a further length x of the “ Power ’’-string has 
to pass round the nth pulley. Thus the point of application of 
the “ Power ” descends a distance > 

x(l + 2 + 2 2 + . . . + 2' 1 " 1 ) 

= (2»-l)x. 

Thus, the work done by the “ Power = P(2 n - l)x 
and the work done against the “Weight” = Wx. 

And these are equal, since P(2" - 1) = IP. 

182. If in Art. 180 the pulleys A V A 2 ,... arc of weight 
Jo it w 2 ,... respectively, then, considering the equilibrium of each 
pulley separately, we have 

[T 1= P 
T. 2 =2T 1 + w 1 
■ T, = 2T 2 + w 2 

Tn — 2?n_i + Wji _ i. 

These equations determine in order the values of T v T 2 , T v 

... . T n in terms of P and ir,, 10 .,,_ir„_!. 

Also, if the bar is of weight w, we have 

IF+v)=T 1 + T 2 + T 2 + .. .+ T n . 

Hence, by substituting for T v T v .... } we have the relation 
between P and IP. 

re<luil : cd t0 determin , e what point of the bar the 
u eight must be applied, we take moments about one end of 

the bar. Let Oj, S.... be the distances of the points of attach¬ 
ment of the strings from that end, a the distance of the centre 
of gravity of the bar from that end, and x the distance of the 

we haw aPpllCatl ° n ° f the “ Wei 8 ht ” from that end. Then 

Wx + wa = TjOj + T 2 a 2 + P 8 a 3 +... + T n a n , 
thus determining the value of ax 


JST?ti«3T p , uUo ? s ' f • am 

support a mass ofVeiuht Jt- S *° dote ™““ “Power” wil 
to t|o bar, which is ^ mUst bo ■“«*« 

Referring to Fig. 163, ie have 8 
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T n =2P+w 
T z = 2T n +w=4P+Zw 
and ir= P+ T.:+ T., = 7P+4io ; 

p=hrr-4w). 

Let x be the distance of the point where the “ Weight ” is applied 

to the bar from the point where the “ Power ’’-string is attached to 
the bar. 

Then JVx=I/i+T 3 . 2a 

= (2 P+ w)a + (4 P+ Zw)2a 
= (\0P+hc)a 

= {-(TV-4w) + 7w}a 
= l(10JF+9w)a 

■■■4 M£)}- 

183. The Inclined Plane. —We have seen in Art. G9 that 

a particle of weight IV 
can be supported on a 
smooth plane, inclined at 
an angle a to the hori¬ 
zontal, by a force act¬ 
ing at an angle 0 with the 
plane and applied to the 
particle in a plane which 
contains the line of greatest 

slope of the inclined plane, provided 0 lies between - - and - - a 
and P cos 6 = 1V sin a. ^ ^ 

Regarding the inclined plane as a machine, the force IV 
being the “ Weight ” and the force P the “ Power,” we see that 

the mechanical advantage is t—. 

sin a 

If the particle is displaced a distance x up the plane, the 
work done by the “ Power ” is Px cos 6. and the work done 
against the weight is IVx sin a; and these are equal, since 
Pcos 0= JVsina. ^ 

184. Suppose that, instead of a particle, we have a rigid 
body of finite size, resting with a straight edge AB along a 
line of greatest slope of the inclined plane, and supported in 
this position by a force P. 

Let G be the centre of gravity of the body and IV its weight, 
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and let tlie force P be inclined to the plane at an angle 0. Let 
the normals to the plane at A and B meet the vertical through 
G in A! and B' respectively. 

Then, resolving along the plane, we see that the relation 
between P and JV must be the same as before ; also, resolving 



. Fio. 165. 


E P “w r1 / ^ P ’T,' We havc tho same limitations up< 
\ahie of e. For equilibrium, however, it is necessary th 

one other condition should he satisfiedThe resultant resiltan 
to tV P r e ‘ S i a self-ad j u3till e force which acts perpcndicuhr 

A and I "t?? 0 ” 8 ,'' UnC r hich somewhere fete, 

be balauLd b T -' th °"' for the of P at 

of ation of tfe f 7 n KSlst,mce of fto Pl atle when the ]“ 

som:^tlten7-a P ndr WtS * 0 , 

^7 we “ U8t hlve 

I C“) o between -1 and - - a; 

(iii) the line of action of P must pass between A' and S'. 
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185. The Screw. — A screw consists of a right circular 
cylinder, round which is fixed a projecting thread which cuts 
every generating line of the cylinder at' the same constant 

angle. The screw fits 
in a nut, containing a 
cylindrical hole round 
the inside of which a 
groove is cut, into which 
the thread of the screw 
exactly fits. 

We will suppose that 
the screw can turn in a 
fixed nut with its axis 
vertical, and that it is 
used to overcome a ver¬ 
tical resistance W, by 
applying a force P in a 
horizontal direction to 
the end of an arm 
placed at right angles 
to the axis of the screw. 

We will assume that 
the groove of the nut 
offers no resistance to the passage of the thread of the screw 
along it. This, in practice, is never even approximately true. 

As the forces which act upon the screw are not in one plane, 
the full consideration of the equilibrium of the screw is beyond 
the scope of the present volume. We shall find, however, the 
relation between the “ Power ” and the “ Weight ” on the 
assumption that the Principle of Work holds good. 

Let a be the length of the “ Power ’’-arm, measured from 
the axis of the screw, and h the vertical distance between two 
consecutive threads. 

Let the screw be raised through a distance //, so that it 
makes one revolution. Then the work done against the weight 
is Wh. 

The point of application of the “Power” describes a curve 
similar in shape to the thread of the screw, and the projection 
of this curve upon a horizontal plane is a circle of radius a. 
Hence, as the “ Power” always acts horizontally, the work done 
by it is P . 2-rt. Thus, we have 
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P.27ra=m, 


so that the mechanical advantage is . 

* ft 


EXAMPLES XXII 

[For examples on The Lever, sec Sets XIII. ami XVII., and for 
examples on The Inclined Plane, see Set IX.] 

1. The radii of a wheel and axle being 1 ft. 6 in. and 3 in. respec¬ 
tively, find what “Power” will support a “Weight” of CO pounds. 

2. The radius of the wheel being three times that of the axle, find 
how far the “Weight” will be lilted when the “Power" is pulled 
down through a distance of 1 foot. 

3. Show how to arrange three wheels and axles, each having radii 
A and r respectively, so that the ratio of the “Power” to tho 
“ Weight ” may bo r*: A* 3 . 

4. The axle of a capstan is 9 inches iji diameter, and it has six bars, 

each of length 5 feet measured from the axis of the capstan. With 

what force must each of six men push at the ends of the different bars, 

° r,lcr to , produce a strain necessary to raise an anchor weighing 
2000 pounds ? ° h 

6. Tho radii of a wheel and axle are a and b respectively, and two 
masses, each of weight w, arc fastened to points on the circumference 
ol the wheel, so that the arc between them subtends an angle a at tho 

??ur r ®', tho Potion of the wheel when the greatest possible 
\N eight is supported on the,axle, and find what is this greatest 
possible weight. ° 

6. A smooth pulley of weight w is suspended by a vertical loop 
of string from a wheeband-axle and supports a mass of weight ir, 
one end of the string bemc wound round tho axle and the otfter in a 
contrary direction round the wheel. Find what “Power,” acting at 
ono end of an arm of length c so as to turn the axle, will keep the 

respectively 1111 lbriUm ’ ^ ° f the wheel aud axlc bein 8 a and h 

a ' vbeel and axle are a and b respectively, and the 

rn,f K h - ,C i * ha ¥ £ rom J hem aro tied t0 the two ends of a uniform 
rod of weight w, both strings being vertical and the rod horizontal 

rtr” ' Tb 4 a r? of "V>» mpod 

the rod intotw^parts LthcS ^ miSS isi «*-“ ^mdes 

2 bJV~w(a-b) : 2 aJF+io{a-b). 

8. lomt out tlio use of a single smooth pullev (i) when fiver! (n\ 

;t c ” t 

SS&agg&SS&S 

gSiSSA 
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himself by pulling the free cncl of the string which passes over a fixed 
pulley, the straight portions of string being all vertical. What force 
must he exert ? 

10. What “ Power” is necessary to support a mass of 150 pounds, 
hanging from the lower of two movable pulleys, arranged so that the 
string which passes round the lower pulley has one extremity fixed, 
while the other is attached to the upper pulley ; the lower pulley 
weighs 8 pounds, the upper 5 pounds, and all portions of string not 
in contact with any pulley are vertical ? 

11 . There are three movable pulleys, each weighing 3 pounds, 
arranged so that the string which passes round any pulley has one 
extremity fixed and the other attached to the pulley next above it. 
A man of 12 stone hangs from the lowest pulley and supports himself 
by pulling at the “ Power "-string, which is passed to him over a 
fixed pulley. If all portions of string not in contact with any pulley 
arc vertical, find his pull on the “ Power "-string. 

12. There are four movable pulleys, each weighing 2 pounds, 
arranged so that the string which passes round any pulley has one 
extremity fixed and the other attached to the pulley next above it. 
A man of 10 stone hangs from the lowest pulley and supports himself 
by pulling at the “Power’’-string, which is passed to him over a 
fixed pulley. If all portions of string not in contact with any pulley 
aro vertical, find his pull on the “ Power’’-string. 

13. There are four movable pulleys, each of weight tv, arranged as 
in the preceding question. Find what “Power" will support a mass 

of weight /F hung from the lowest pulley. 

14. There are four movable pulleys, each of weight tv, arranged as 
in question 12. A man of weight \V hangs from the lowest pulley 
and supports himself as before. Find his pull on the “ 1 ower ' s . lr J n 8', 

15 . Find the relation between the “Power” /'and the Weight 
JF in the first system of pulleys, when there are n movable pulleys oj 
weights «>„ «'o, .... w,„ commencing with the lowest, all the straight 

portions of string being vertical. . , . .. 

16 . Find the relation between the “ Power Pond the Weight 
/Fin the first system of pulleys, when there arc n movables pulleys 
each of weight tv, all the straight portions of string being vertical. 

17. In the preceding question, if the “ Power is exerted >y a > 
of weight W standing upon the ground, find Ins pressure on the 

gl< l8 Kl in question 16, prove that the magnitude of the resultant rmll 
on the fixed horizontal beam, from which the pulleys arc supported, 

(/ IiT particular,”if" there arc five pulleys, prove that the distance of 
the line of action of this resultant pull from the string o g ^ w 

tension is " here « is the radius of each pulley. 

19 A system of pulleys, of no appreciable weight, arc arranged in 
two blocks^ one fixed and" the other movable Draw di^mms of 
a system in which masses of (i) 60 pounds, (..) <0 pounds are in 

supported by a force of 10 pounds weight. d &nd 

20. In a system of pulleys arranged m two blocks, one 
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the other movable, the same string passes round all the pulleys, and 
all straight portions of string are vertical. A “ Power ” of 22(1 pounds' 
weight will just raise a mass of \ ton, and a “Power” of 450 pounds’ 
weight will just raise a mass of 1 ton. Find tho mass of tho lower 
block and tho number of pulleys in the diifcrcnt blocks. 

21. A man of 12 stone supports a mass of £ ton by means of two 
pulley-blocks containing in all nine pulleys. The string which he 
pulls passes round all of the pulleys, and the lower pulley-block 
weighs 5 pounds. Taking the free parts of the string as all vertical, 
and neglecting the weight of the string, find the pressure of the man 
on the ground. 

22. If the man in the preceding question sits on the mass, with 

what force must he pull at tho “ Power "-string in order to support 
himself and the mass ? • 


23. Draw any system of pulleys with vertical strings by means of 
which a “Power” may balance a “ Weight” eight times as great, the 
pulleys themselves being of no appreciable weight. 

Through what distance must the point of application of the “Power” 
move in order to raise the “ Weight ” through 5 feet ( 


-- vv WllUUgU i) ICCt * 

24. Work the preceding question substituting seven for cighl. 

nil j? 5 ‘ . In .. a s J st .® m °[. tlirce P ul,e ys, each weighing 1 pound, the top 3 
pulley is taxed, the others are movable, and all the strings arc attached 

nmlk r "if 11 "W? th « .“Weight,” the bar itself weighing 0 
pounds. If all straight nortions nf sfrmrr *** 


move in raising the “Weight” through 9 incW. ‘ 

26. In a system of three pulleys the top pulley is fixed, the others 

t lie * “°Wei "h t ’’'all st i ^ to a bar "hich supports 

uio Weight, all straight portions of string being vertical Find 

- f, t C C ! g lt Cau ^ practically raised if the bar is initially 
24 ftet below the lower movable pulley. ^ 

toif m.lw a S fi C1 V f tf 0Ur A )UllcyS ’ cach 0f wci 8 ,lt w an(1 radius a, the 

,r z thc ^ 

rreigVSic S ^“ ,f " of radius « and of inappreciable 

strings are attached to a bar which .up^rUttr'wiwrt" till h” 

itself being of .no apnrcciahlA u*Airri»f ^ ir n a ^i 0 ht, the bar 

string are vertical, find the distance'bchvcJn ti!! 1 ‘? rtions of 

“Power" aud the “Weight.” " CCD * 16 blies °f action of tho 
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31. Find the relation between the “Power” P and the “Weight” 
W in the system of pulleys (known as The Spanish Barton) indicated 
in Fig. 167, the pulleys A x and A., being of weight iCj and u\, respec¬ 
tively. 

Through what distance must the “Power” be exerted in raising 
the ‘ ‘ Weight ” through a distance of 5 inches ? 




tllU lUt'U -ailing iiviiAuuM**) --° 11 1 • aao 

of the string which passes round the lowest pulley being 60 . 

33. There are three movable pulleys of no appreciable weight, each 
hanging by a separate string attached to a fixed supporting beam, an< 
all the strings betfig vertical except that passing round the highes 
pulley, the parts of which include an angle of 120 . Show the system 
in a diagram, and determine the relation between the Power 1 and 


the “Weight” W. 


34. A mass of weight P, hanging freely over a smooth fixed pulley, 
supports a mass of weight W on a smooth plane inc med to the 
horizontal at an angle a. Determine the position of equilibrium, and 

the pressure on the plane. .. 

36. Upon a smooth inclined plane there rests a uniform cube with 

four of its edges horizontal ambonc face in contact with tho• pUnc>, 

the force applied to support it acts in a line of S~tcst .low 1 bat 

face, find the least inclination of the plane to the liprizonta 

the cube will turn about its lowest edge. i ...uu 

36. A uniform square lamina ABCD rests in a vert 1 ^ 

one edge AB on a smooth plane inclined at an angle a(>j) to the 
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horizontal, the corner B being uppermost. The lamina is supported 
by a force applied at E in BC in a direction parallel to AB. Show 
that, if each side of the square is of length a, then BE is intermediate 
in value Jo A</(1 - cot a) and i«(l +cota). 

37. The step—or distance between two consecutive threads—of a 
smooth screw is 0*187 of an inch, the length of the arm (reckoned 
fro™ [ hc gentle of the screw) on which the effort acts is 25 inches, 
and the ellort is 11 ’9 pounds' weight; find the resistance, supposing 
that the screw is on the point of moving. 


[Takc7r= 2 7 2 J 


38. If a “Power" of 1 cwt, acting horizontally and at right angles 
to the extremity of an arm 8 feet 4 inches long, will raise 5 tons by 
means of a smooth screw, whose axis is vertical and diameter 2 inches 
tmd the inclination to the horizontal of the thread of the screw 
39 The coupling between two railway-carriages consists of a 
i lght-haijded and left-handed screw at opposite ends of a long bolt, 
h ' 0 ‘ k !!‘o uuts attached to the two carriages, each screw having 

m'm sTnr Vl t ,C "i 1, Fmt ' vhat forcc > ^Pl'licd to the end of an 

T t C T? e th « cama 8 es to be drawn together with 

diamlrU 'i" e, ® h o. takln o, ll »e ratio of the circumference to the 
liamctei of a circle as 3 r : 1 and supposing the screws to be smooth. 

wl . 1 ? 6 * Balances -- Jhe various kinds of weighimj-machine* 
u Inch are constructed for the purpose of determining the weights 
of substances arc of two classes,-those in which the weight of 
a substance is determined by examining its effect in dcllecting 
a spring, and those in which the weight is determined by apply” 
mg it to a lever or combination of levere. We shall confine 
our attenfon to tiro more simple examples of tlrose rvei^i,"! 
machines which are constructed on the principle of the lever 
and winch are usually called balances; weighing-machines of 
the former class are called spring-balances. 

187. The Common or Roman Steelvaxd_ 

consists of a lever shaped somewhat as in Fig. 169 (see next 
ia 0 e), possessing a long arm OD, and capable of turning freely 

t aEStteuK." “ '• •»— — 

ikSSS st: if * i~» ■' .. 

observing at rvhat point of’Z ar m oi? 1 " b * 

15 
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the horizontal distance between F and the centre of gravity of 
the movable mass, so that there may be equilibrium when a 
mass of weight IV is suspended from A. 



W * 


Fig. ICO. 

Let G be the centre of gravity of the instrument (not includ¬ 
ing the movable mass) and w its weight, and let the horizontal 
distance between F and G be b , estimated so that b is negative 
when G is situated in the shorter arm. 

Then, taking moments about F, we have 

JVa = Px + idi. 

In this formula the quantities n, P, if, b are constants, and 
it gives x when JV is known, or IV when x is known. 

Now let x become x when JV is changed into IV + 1. Then 

ll r a + a = Px + wb, 
i.e. Px + wb + a = Px' + wb, 



Thus the distance between successive graduations is always 
of constant length —, and the different values of .r, corresponding 
to successive values of II', form an arithmetic progression of 
common difference j t • 

Example .—Suppose that the lever is a yard long and that the fulcrum 
is 4 inches from the end A ; also that the movable mass is 2 pounds, 
and that it must be placed at a distance of 6 inches from the end 1) 
when weighing 12 pounds suspended from A. 

Measuring all weights in pounds' weight and all lengths in inches, 
and taking moments about the fulcrum, we have 

4 IV = 2x + wb. 

In this equation x is 26 when JV is 12 

.•. 4S = 52 + ic&, 

.*. wb— -4. 
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Sa?''® 1 ! S !‘»'VS that a lies between A and F. 
Substituting for icb, the equation connecting /F and becomes 

4ir=2..-4, 

l ' € ’ . . 2IT=x-> . (i) . 

/r 'y 1,c » J; is known or .»• when /F is known 
Let .r become when W is changed into ir+} 

• Tl,en 2/F+2=x'-2, 

l - C ‘ ( a *- 2 ) + 2 = a -'-2 

pounds? “1 S““ graduations, for weighing in 

In equation (i), the greatest possible value of .r is 32, so that the 
greatest possible value of iris ^*=15 . also, when iris sera ,is 2. 





Fio. 170. 

A(J terminated in a licavv knnlt p , 

suspended the substance to be wo.Vl \ ^ *■ * e otller end A is 
mined by observing about what lU "’ cight is tletei ‘- 

, will balance, -— at ])omt - of the arm OA the lever 

19°. To Graduate the Steelyard,—Ut G iu» *1 
gravity of the instrument and ™ «*.' • , 1 tlle centre of 

lever is horizontal, let a be the wben the 

* and (?. Let , be the horizontl ^ dlStaUCe betwe ^ 

fulcrum when a mass of weight JF is 1 b ® t ^ een A ft ud the 

In this formula the quantities w anT / ^ 

gives * when ,fr fa knoWD) „ w it 
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If x becomes x when JV is changed into IV + 1, we have 

(IV + 1 + iv)x = v:a. 

wa , 

.•. — = 1V + W+ 1 

x 

wa 

= —+1 

x 

1 1 1 

• . _ _ ___ t 

* x x wa 

Thus the different values of x corresponding to successive 
values of JV form a harmonic progression. 

Example. —Suppose that the lever balances about a point 24 inches 
from A when not in use, and about a point 6 inches from A when a 
mass of 9 pounds is suspended from A. 

Measuring all weights in pounds’ weight and all lengths in inches, 
and noting that a— 24, we have 

(JV+w)x=2iw. 

In this equation, x is 6 when IV is 9, 

(9 + tr)6 = 24w, 

. vo- 3 . 

Thus the equation connecting JV and x becomes 

( IV+3)x=72. 

This gives x when JV is known or JV when a- is known. 

For instance, 


when 

JV= 0, 

X— 24 

JV= 1, 

x -18 

>> 

IV = 2, 

x=Ui 

> > 

IV = 3, 

*=12 

) ) 

JV =4, 

*=10? 

}) 

JV= 5, 

*=9 

y y 

/F=6, 

;c=S 

y y 

etc., 


or thus, 
when 

x=3, 

.t=l, 

-4 Ift 
<M r-4 

II II 

yy 

etc. 



191 The Common Balance.—The common balance consists 
essentially of a rigid beam AFA\ capable of turning freely 
about a fixed fulcrum F. From one end A is freely suspended 
a scalepan containing the substance to be weighed, and from 
the other end A' is freely suspended another scalepan in which 
is placed a substance of known weight. If the balance is 
properly constructed, the beam rests with A A horizontal when, 
Lid only when, the weights of the substances m the two scale- 


AItT. 193 


THE COMMON HALANCE 


229 


pans are equal. The beam usually carries a long pointer nt 
right angles tc AA\ for the purpose of indicating when A A' 
is horizontal or otherwise. 
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The beam is so constructed that it rests with A A' horizontal 
when there is nothing suspended from A or from A'. This 
means that the centre of gravity G of the beam lies in the line 
drawn through F perpendicular to A A'. 

Let w be the weight of the beam, S and S' the weights of the 

sealepans suspended from A and A' respectively, IV and IV the 

weights of the substances placed in those sealepans respectively. 

, be dra ' v , n Perpendicular from F upon AA\ Then 

A JL a ' ld ^ 1 Ca W thc ftnns of tl,e balnn <*- Let FI! FG 
All, A B be of lengths b, c, a, a' respectively. ’ ’ 

rest/with^ \ ^-Whenever the balance 

en'™i ‘ „ nZOntal - ,he ' vei S 1,ts W »" must be 

,U E„ ,V mle tI ! eM “mumstauces the balance is said to be true 

abJt V. " mUSl We ’ 

^ T Sfor n11 values of IK : 

'' Tl,u • = for all values of IK 

l his is only possible when a = a and Sa - NV „ 
that a = a' and S =S'. a * Th,s re T»res 

and^the^calepans 6 ofequaT weight ^ ” n " S mUSt be e ^ ua * 

i. ( In *e two following articles we shall assume that the balance 

193. The Balance mud be Stable —Whenmm* iv i »,» 

irss 
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The determination of tlie time taken for the balance to 
return to its position of equilibrium is a dynamical question. 
We may however assume that the stability is great or small 
according as the moment about the fulcrum is great or small. 



w 
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Let the balance be placed with A A' inclined at an angle 
0 to the horizontal, and therefore FUG inclined at an angle 
0 to the vertical, A’ being uppermost and substances of weight 
]V and IV being placed in the scalepans. 

Then, the perpendicular from F upon the vertical through 
A is of length a cos 0 -b sin 0. 

The perpendicular from F upon the vertical through A' is of 
length a cos 0 + b sin 0. 

And the perpendicular from F upon the vertical through G is 
of length c sin 0. 

Thus the sum of the moments about F of the forces acting 
upon the beam, estimated in a direction tending to restore A A’ 
to the horizontal position, is 

(IV + ,S'X« cos 0 + b sin 0) + wc sin 0 - (IV + S)(a cos 0 - b sin 0) 

= ((V- IV) a cos 0 + (IV + IV + 2S)b sin 0 + nr sin 0. 

- If w = IV, the sum of the moments about F becomes 

sin 0{2(IV + S)b + wc}. 

Thus, we see that the balance is useless when b and c both 
vanish, and that the stability increases as the value ot 
{2( IV + S)b + wc } increases. 

194. The Balance must be Sensitive.—For any slight differ¬ 
ence between IV and IV, the beam must rest in equilibrium 
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with A A' inclined at an appreciable angle to the horizontal. 
Under these circumstances the balance is said to be sensitive. 

Let the balance be in equilibrium when A A' is inclined at 
an angle 6 to the horizontal. Then the sum of the moments 
about F of the forces acting upon the beam must vanish. Thus 
the expression 

{W - JF)n cos 6 + (IF' + IF + 2 S)b sin 0 + nr sin 6 , 
obtained in the preceding article, must vanish. 

.'. {(IF' + IF + 2S)b + ?rc} sin 6 = (IF- cos 0 ; 

._« _ __ tan 0 

' ‘ (IF' + IF + 2Sjb + wc ~ IF - IF' ’ 

Now tan 6 must be considerable for a slight difference 
between IF and IF'. Hence the value of 

a 


2(JF +S)b+ icc 

must be considerable. 

Thus, we see that the sensitiveness of the balance increases 
as a increases and diminishes as {2(fF + S)& + w l increases. 

195. It appears, then, that the conditions of stability and 

r are . t0 extent antagonistic. Sufficient 

sensitiveness and stability can for ordinary purposes be 

secured by constructing the beam of light material with 

able^tl 1 ?/ TVf maki, i g C n0t VCry 11 is Ar¬ 
able that b should be zero, for otherwise both the sensitiveness 

and the stability vary with the load. “ 

The relative importance of sensitiveness and stability depends 

upon the purpose for which the balance is required P For 

ordinary commercial purposes extreme sensitiveness may be 

f ° r J he of ra P idit y of action, while for chemical 
research quickness of weighing is of but slight importance and 
extreme sensitiveness desirable. Ce and 

^ a ^ 86 . Balance -—A balance may be false from nnv 

,$ It J° iut G in ra 01- FB produced. 

(li) The arms a and a may not be equal. 

(ui) The weights of the scalepans S and S' may not be equal 
L e t L f, m 08 r G * a ba , anCG Which is falsu in all three respects 

g upon‘dx :e „idtr t i ‘r cn rp mdic ' ii “ ra 

of weights W and W « pl'ced in' 
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Then, taking moments about F, we have 

(JV+S)a = wx + (JV + Sy . . (i). 



1. Suppose that the weights of the scalepans are so adjusted 
that A A' is horizontal when both pans are unloaded. 

Then Sa = wx + S'a. 

Subtracting this from (i) we have 

JVa = W'a'. 


Thus 1V= JV if a = a. Hence, if the arms are equal, the 
balance is still a true balance. 

If a and a are not equal, let the substance of weight JV be 
transferred to the other scalepan, and let JV" be the weight of 
the substance which must be placed in the scalepan left empty, 
in order that A A' may rest in a horizontal position. 

Then • W'a = JVa'. 

JV JV' 

Hence W = W 

.•. JV= sJWW\ 


Thus, if the beam is horizontal when both scalepans are unloaded, 
and if a body is weighed successively in each scalepan, then its real 
weight is the geometric mean between its apparent weights. 

Also, we have _ 

a JV JV _ / JV 

a'~ JV ~ JjVTV" \ JV'* 

... JV: JV" = a -: a" 2 . 

Thus, if the beam is horizontal when both scalepans are unloaded, 
and if a body is weighed successively in each scalepan, then the two 
apparent weights of every body are in a constant ratio, equal to the 
duplicate ratio of the aims of the balance. 
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2. Suppose that the condition 1 is not satisfied, but that 
the arms are of equal length. Then the equation (i) becomes 

(IF + tya = w:c + (IF'+ S')a. 

Also, if, as before, the substance of weight IF is weighed in 
the other scalepan, we have 

(W" + S)a = wx + (JF+S)a. 

Hence, subtracting 


(IF- JF")a = (JF' - JF)a 
lF=b(lF'+lF"). 

Thus, if the arms of a false balance are equal , and if a body is 
weighed successively in each scalepan, then its real Weight is the 
arithmetic mean between its apparent weights. 

* 197. Ex. 37. — The beam of a tradesman’s balance is horizontal 
when both scalepans are unloaded , but the arms are of unequal lengths 
a and a . Show that , if the tradesman weighs out quantities of the 
same substance which appear to be equal , using alternately each of the 
scale-pans , then he loses on his transactions , and his actual receipts 

ought to amount to ——- per cent more. 

Using the notation of Case 1 of Art. 19G, if the tradesman 
weighs out two quantities, each of which appears to be of weight 
IV, using first one scalepan and then the other, he really gives 
Ins customers a quantity of weight W + 1F\ while he charges 
. tor a quantity of weight 2 JF. 


Now W , + JF"=w(- r + -) = JF- l±iLf 

\ a «/ aa ’ 

so that iv +1 r - 2 ir= ir*— ~ a ' )2 

aa ’ 

which is a positive quantity. 

Hence he loses on his transactions. 

Also, 

money actually received : money due 
= 2 IF: IF' + JV” 

+ a'- 


I • 


= 2 : 

aa 

= 2 aa') a- + rt'2. 
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Hence his receipts ought to be increased by 
of their actual amount, 


i.c. by 


50(a - a')' 2 


tm 


per cent. 


198. Double Weighing.— The weight of a body can be 
accurately determined in the following manner : Place the body 
whose weight is to be determined in one scalepan, and in the 
other pan put sand or any other suitable material until the beam 
rests in equilibrium in some observed position. Then, removing 
the body, place masses of known weight in the first scalepan 
until the beam rests in its former position. It is clear that, 
whether the balance is true or not, the weight of the body is 
equal to the sum of the known weights of the masses which • 
replace it. 

When great accuracy is required, this method is used even 
when the balance is known to be a good instrument. 

* 199. Roberval's Balance. —In the common balance, the 
scalepans are freely suspended from the extremities of the beam, 



and, when the instrument is in use, each scalepan swings about 
its point of support, until the centre of gravity of the scalepan 
and all it contains rests vertically below one extremity of the 
beam. If the scalepan were not free to swing in this manner. 
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then the arm at which the weight of a substance would ad, 
relatively to the fulcrum, would depend upon its position in 
the scalepan. 

Kohcrval's Balance is a modification of the common balance, 
designed so that there may be no swinging of the scalepans, 
while a substance may have any position in the scalepan. 

The beam A A! is capable of turning freely about a fulcrum /•’ 
situated at the middle point of A A', and its centre of gravity (! 
lies in the straight line drawn through F perpendicular to A A’. 
A uniform bar 11HB\ equal in length to ,1,1', is capable of 
turning freely about its middle point It, which is fixed verti¬ 
cally below F. The piece BAG, holding the scalepan V, is freely 
lunged at A and B; and the piece B 1 A'G\ holding the scalepan 
C \ is f reely hinged at A' and V; the distances AB, Fit , A'11' 
being all equal in length. The pieces BAG and B'A'G' are of 
equal weight, but are not necessarily similar in shape. 

Suppose that the beam is horizontal when substances of 
weight IV and IV are placed anywhere in the scalepans C'and C 
respectively. Then we can show by the principle of virtual 

Let the instrument receive a Might virtual displacement, by 
a rotation of the beam through a small angle in a direction 
causing A to descend a vertical distance .r. 

As G is situated in the vertical line through F, its slight 
virtual displacement is in a horizontal direction, so that no 
virtual work is done by the weight of the beam. 

amnio llG -Ta' FA FA ar<5 eqUa1 ’ tl,e P oint A 

and the point A ascends through the same vertical distance .r. 

As AtHB is a parallelogram, the line AB remains vertical, 
o that every point of the piece BAG descends through the same 
xertical distance .r. Similarly, every point of the piece IfA'G' 
asiends through the same vertical distance x. 

Ji US /i if w “ th « "'eight of each of the pieces BAG and 
J>A G } the method of virtual work gives 

(/r +W ) C+ (jr+ W )(- J .) =0) 

ir=ir. 
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2. In Art. 187, if .>•„ is tlie distance of the zero graduation from F , 
show that the equation ll r u = I’x + wb may be written in the form 
IFu = V (x - x„). 

3. A common steelyard is 3 feet long 'and weighs 4 pounds, its 
centre of gravity being distant 5 inches from one end. The fulcrum 
is situated 4 inches from that end, and the mass whose weight is 
required is suspended from the same end. If the sliding-mass is 3 
pounds, find (i) the greatest mass that can be weighed, (ii) the position 
of the sliding-mass when the instrument is used to weigh 16 pounds, 
and (iii) the distance between graduations for successive pounds’ weight. 

4. A common steelyard is 4 feet long and weighs 3 pounds, its 
centre of gravity being distant 15 inches from the end to which a 
scalepan of mass one pound is attached. If the movable mass is 3 
pounds, find the position of the fulcrum, in order that it may bo 
possible to weigh a mass as great as 20 pounds. Find also the distance 
between graduations for successive pounds’ weight. 

5. In a common steelyard, the distance of the fulcrum from the 
point of suspension of the “ Weight ” is one inch and the sliding-mass 
is 2 pounds. The length of the long arm, measured from the fulcrum, 
is 18 inches ; and to weigh 15 pounds, the sliding-mass must be placed 
9 inches from the fulcrum. At what distance apart are the graduations 
marking successive pounds’ weight, and what is the weight of the 
greatest mass that can be weighed ? 

6. A common steelyard is 3 feet long and weighs YL pounds, and 
the fulcrum is distant 4 inches from the end to which the substance to 
be weighed is attached. If the instrument can weigh no more than 
48 pounds, the movable mass being 4A pounds, find (i) the position 
of the centre of gravity of the steelyard, (ii) the distance between 
successive graduations for weighing pounds, and (iii) the position ol 
the movable mass when weighing 16 pounds. 

7. A common steelyard, weighing with the scalepan 8 pounds, is 3 
feet long, and the fulcrum is situated 2 inches from the point ol 
attachment of the scalepan. The greatest mass that can be weighed 
is 66 pounds, and the movable mass has to be placed 16 inches from 
the fulcrum when 30 pounds is put into the scalepan. Find (i) the 
position of the centre of gravity of the steelyard, (ii) the magnitude 
of the movable mass, and (iii) the distance between successive gradua¬ 


tions for weighing pounds. . , . . , 

8. In a common steelyard, the substance to be weighed is supported 
at a distance a from the fulcrum, and the weight of the movable mass 
is of magnitude P. If the movable mass is placed at a distance ar 
from the fulcrum in weighing a mass of weight IF, at what ‘hstanee 
from the fulcrum must it be placed in weighing a mass of weight n . 

9. A tradesman, using a common steelyard, breaks oil a portion 
from the movable mass. Show that lie defrauds his customers. 

10. A uniform bar AF of weight to, capable of turning freely about 
a point /•’, which divides All in the ratio a : b is used as a steelyard. 
The substances to be weighed are suspended from A, and a movable 
mass of weight /' can slide along FI!. I IF, and W, are the weights 
of the greatest and least masses that can he weighed, \no\e that 

ir x - Jl r 0 :r=b:«. 
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11 . In the preceding question, if IP, ami JF„ are known, ami also 

a and b, determine the values of w and Also, show that, in weighing 
a mass of weight IF, the sliding-mass must be placed at a distance 
IF- W n • 

jy o from the fulcrum. • 

12. In the steelyard of Art. 187, the last graduation from 0 indicates 
a substance of weight IF, suspended from A. Show that, if FD is of 
length c, the steelyard can lie used to weigh substances of greater 

weight than IF,, by suspending from 1) a mass of weight - ^ 1 for 

every mass of weight IF, contained in the substanco that is being 
weighed, the remainder of the weight being indicated, as before, by 
the position of the movable mass. 

13. A weighing machine is constructed, on the principle of the 
common steelyard, so that for each mass of weight IF, placed in the 
scalepan, an additional mass of weight <) has to be suspended from 
the end of the long arm, which is of length c, whilst the weights of 
smaller masses in the weighing iian arc indicated by the position of a 
mass of weight P which can slide along the arm. Show that the 

distances between successive graduations must be 

J />w v r 0 

” ^ common steelyard loses -th of its weight through wear, the ^ * 

position of its centre of gravity remaining unaltered. Show that the W p,..* 
graduations maybe corrected by adding to each reading-an arifouYit 

n d } "* lcre x ° 1S ^ ,c distance of the zero graduation from the fulcrum ,i 

and (l is the distance between successive graduations. - 

1B - l " a Da»ish steelyard, of mass 2 pounds, the distance between ' ^ 
the graduations denoting , and 10 pounds’ weight is one inch. Find 
the distance between the latter graduation and tho zero graduation. 

16. In a Danish steelyard, tho graduations denoting 3 and 6 pounds 
in the scalepan are respectively at distances of 12 and 8 inches from 
the point of suspension of the scalepan. Find (i) the mass of the 

•'rmlnntion K" 8 SC ? lcpan) « (ii > the distance of the zero 
graduation from the point of suspension of tho scalepan, (iii) the 

,[ rom the . sa ®° P oint of tll ° graduation denoting 5 pounds, 

a l ! naSS f ,U 1\ C scale P»n"hcu thc instrument balances about 

a point 6 indies from the point of suspension of tho scalepan. 

' 1,1 a , Da f m * h steelyard, the distance between the zero graduation \ - 

and tho end of the ami is divided into n equal parts. Show that if° w 
w is the weight of thc instrument, then tho rth graduation from zero . 

denotes a weight w ' 

If the fulcrum can be placed only at a graduation,' show ^tharthe 
weight of tho greatest mass that can be weighed is (n- 1 )* o. 

which indirate tut — 
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19. If a Danish steelyard balances about a point half-way between 
the zero graduation and that which denotes a mass of weight JV } then 

the substance in the sealej.au is of weight ~ Fw n , where iv is the 

w // *)■ 2i(»' 

weight of the instrument. 

- 20. In a Danish steelyard the distance between the graduations 
denoting 4 and 5 pounds’ weight is one inch and equal to the distance 
between the graduations denoting 14 and 20 pounds’ weight. Find 
(i) the weight ol the instrument, and (ii) the value of the graduation 
which lies midway between those denoting 5 and 14 pounds’ weight. 

21. A balance consists of a perfectly uniform isosceles triangle sus- A 
pended Ironi the vertex, the scalepans being hung from the ends of 
the base. Masses ot unequal weight are placed in the pans and 
balance. They are interchanged, and to effect equilibrium one ounce 
has to be added to one ol them. Show that one scalepan is half-an- 
ouncc heavier than the other. 

,)w-* v 22. The only fault in a balance being the inequality in weight of 

>);;;the scalepans, what is the real weight of a body which appears to 
/- 'V weigh IV , when placed in one scalepan, and IV., when placed in the 
other? also, what is the difference between the weights of the scale- 
pans ? 

23. One scalepan of a common balance is loaded, so that a body 
whose true weight is JV appears to weigh IV+ to. What will be the 
apparent weight of the body if it is placed in the other scalepan ? 

24. When both scalepans of a common balance arc empty, the 
scales balance ; but a body appears to weigh 36 3 pounds when placed 
in one scalepan and 37'5 pounds when placed in the other scalepan. 
What is the matter with the balance, and what is the true weight of 
the body ? 

26. The arms of a balance arc in the ratio 15:10. When both 
scalepans arc empty the scales balance. What will he the loss to a 
tradesman who placcs'articlcs to be weighed in the scalepan which 
hangs from the end of the shorter arm, if he is asked for 8 pounds of 
goods priced at 2s. Gd. per pound ? 

26. In a false balance, a body whose real weight is IV, appears to 
weigh IV when placed in one scalepan and IV" when placed in the 
other. Show that the arms of the balance are in the ratio 

IV-IV: IV-IV". 

- 27. The beam of a tradesman’s balance is horizontal when both 
scalepans arc unloaded, but one arm is 1+a times as long as the 
other, a being a small fraction. If the tradesman weighs out what 
appear to be pounds of the same substance, (i) from the end of the 
longer arm, (ii) from the end of the shorter arm, and (iii) using 
alternately each of the scalepans, show that his account ought to be 

(i) diminished by — of the amount, (ii) increased by a of the amount, 


\ *- 


/|4 


1 + a 


(iii) increased by j of the amount, respectively. 

28. In a false balance, the weights of the scalepans arc at first so- 
adjusted that the beam is horizontal when both pans are empty ; but 
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a portion of matter of weight w is then atlaelieil to one of the 
scale pans. If a body, whose real weight is IF, appeal’s to weigh IV 
when placed in one sealepan and IV" when placed in the other? show 
tliat the arms of the balance arc in the ratio IV - IV- IV- IV" and 
that IV'IV"-IV"- 

IV- IV" • 

- 29. The fulcrum of a true balance is in the line joining the points 
of suspension of the scalcpaus. The beam rests at an inclination o\ 

^alp!?Jl 0nZ S lta m r ass , of wci 8 ht w is 1 ’laced in one of the2 

scalcpaus. Show that if a further mass of weight w sec 2 0 is placed'*' 

wilfbeXTb/ed' 1 ’ t,CU thC inc,iuatiou of the beani to the horizon UP* 

,;pi 0- ;/?/- Ol - e, T, ar r lhl ? nce ’ A,t * 199 > tlic centre of gravity of the = 
piece BAC is in the line BA, and the centre of gravity of the mass in 
the sealepan C is at a distance It from the line BA ; also, the centre 

t°l , 10 p, - ce f- A '°i is iu the li,,e and the centre of 
B'A Prove thatT ‘ ' C SCale l mi 6 is ®t a distance h' from the line 

(i) The horizontal stresses at A and B arc each ofmagnitude \lV. 

(ii) The horizontal stresses at A' and B 1 are each of magnitude 1l 'IV. 
JjjJJ J, he vcr t. ica t stress at A = the vertical stress at A'=Y (sJ) 

(v) ir+EftKvtJ-JS ,r=Z{ ™ 


CHAPTER XI 


FRICTION 

200. Pressure Between Bodies in Contact. — We have 
hitherto supposed, in general, that when two bodies are in 
contact, the pressure between them at any point of contact 
is perpendicular to both surfaces at that point. Under these 
circumstances the bodies are said to be smooth. 

When a heavy body is at rest on a horizontal plane, the 
resultant resistance of the plane is equal to the weight of the 
body, and acts vertically upwards along a line through the 
centre of gravity of the body. This resistance of the plane is 
a self-adjusting force of sufficient magnitude to prevent the 
body from penetrating the plane. If a force is applied vertically 
downwards upon the body, it still remains in equilibrium, the 
resistance of the plane being increased. If the body and the 
plane were ideally smooth, then any force, however slight, 
applied to the body in any direction not vertical, would cause 
it to slide along the plane, for the plane is incapable of resisting 
any tendency of the body to slide over it. 

We have been considering an ideal case which never actually 
occurs. Practically, the horizontal plane is always capable of 
offering a resistance inclined at an angle to the vertical, and 
it is found, as the result of experiment, that this angle cannot 
exceed a certain magnitude depending upon the nature of the 
surfaces in contact. Thus the resistance of the plane is self- 
adjusting as regards direction as well as magnitude. 

201. Friction and Normal Reaction.—Let a body rest in 
equilibrium against a rough surface at P. Then the resultant 
resistance 11 x of the surface may be inclined at an angle U with 
the normal PN drawn away from the surface, and is of such 
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{ 



magnitude and in such direction as to balance, if possible, all 
the other forces which act upon the body. 

n J'' e „ pu b( ; re ! olved int0 Uvo components, namely, 

at P whfre ^ ^ 116 d,rection of a tangent to the surface 

R = R l cos 6 
F=R j sin 6_ 

The compon¬ 
ent R is called the 
normal reaction of 
the surface, and 
tends to prevent 
the body from 
penetrating the 
surface; the com- 
ponent F is called 

the friction, and F,a * l75 - 

tend, to prevent the body from slipping ora . lhe sm| , 

tsrSHrSsi 

direction intermedinteVpx and Pi' res,stonci! must ac t •» a 

“ nd U “ 

upon a rough plane, the angle of fricL 1 r™ 8 ‘ e , dge AB 
and the plane being A. Then .n/ ‘ ? letween the body 

Plane' acts’ along a fine whfchint^ AB ° f th ‘ 

between A and B and which mn v P ? “ , at sonie P°int P 

k with the normal PN drawn away from”?) 8 ' 6 f 0t 8re “ ter than 

aad^i^» a ^? ^ Kk 

^ so that £ 

16 
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the resultant resistance of the plane may act anywhere in 
direction and position between the lines Al and Bl'. 



204. Coefficient of Friction.— The tangent of the angle of 
friction is called the coefficient of friction. 

J ^ 

With the notation of Art. 201 we have j = tan where 0 
can never be greater than A. Thus j { can never be greater 


than tan A. , 

Now tan A is a constant quantity depending only upon the 

nature of the surfaces in contact Denoting its value by /z, 
we see that j can never be greater than the coefficient of 

fl ^ThusTwhen two bodies rest in contact, the ratio of the 
friction-between them to the normal pressure is in genera 
less than the coefficient of friction for the two surfaces in 

CO11 205 Limiting Equilibrium.— When a body is just on the 
point o’f slipping over a rough surface, the equilibrium is tw 
0 b e limiting. Under these circumstances, the resultant 
resistance* of the surface a, any point of contact make, the 
extreme angle A with the normal at that point, and the 
of the friction to the normal reaction has its maximum vali /. 
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206. Equilibrium of a Heavy Particle on a Rough In¬ 
clined Plane .—A particle, of given weight is placed at 0 on 
a rough plane inclined at a given angle a to the horizontal AC, and 
U sustained by some force P applied to it in some direction OH 
which is in a vertical plane with A OB, the line of greatest slope of 

the inclined plane. It is required to examine the conditions of 
equilibrium. J 



Pio. 177. 

Let A. be the angle of friction, 
than A. 



and suppose that a is greater 


Draw OA^the normal away from the plane at 0, and mak. 

S ° that , 01 and 0V are w »thin the angle: 
NOB and NO A respectively.. Then the forro P i i 

0 JdQ ; . f ° r eqUdibriUm ' “ le «f * «<* be between 
The different lines drawn to D from points* El represent 
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forces which will just prevent the particle from slipping down 
the plane ; and the smallest of these is perpendicular to El, and 
therefore to OL, and of length JFsin (a - A). Thus the particle 
is most easily supported on the inclined plane by applying to 
it a force of magnitude W sin (a- A) in a direction inclined at 
an angle A downwards from 01>. 

The different lines drawn to D from points in El' represent 
forces which will be on the point of dragging the particle up 
the plane ; and the smallest of these is perpendicular to El', and 
therefore to OL', and of length IF sin (a + A). Thus the particle 
is most easily dragged up the plane by applying to it a force of 
magnitude JFsin (a + A) in a direction inclined at an angle A 
upwards from OB. 

The student should consider independently the case in which 
a is less than A, so that D lies within the angle IEI'. In this 
case the particle can rest in equilibrium when there is no force 
the resistance of the plane being JF vertically upwards. 

If a = A, D lies in the line El. In this case, if there is no 
force P, the particle is on the point of slipping down the plane. 
Conversely, if the particle is on the point of slipping down the 
plane when no force P is applied to it, we must have a = A. 
This suggests a practical method for determining the angle of 

friction by experiment. 

Analytically. —Let // be the 
cocllicient of friction, so that 

tan A = //.-. 

Let the impressed force be 
applied at an angle 0 with the 
plane, and let Q be its value 
when the particle is on the 
point of slipping . down the 
plane. Let the normal re¬ 
action be of magnitude 11; 
then, as the equilibrium is 
limiting, the friction is /iR up 
the plane. 

Resolving along and per¬ 
pendicular to the plane, we 

have f , l R + Q cos 0 = JFsin a 

\ Q sin 0 = JF cos «, 

.•. eliminating R, 
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Q (cos 9-n sin 6) = IF (sin a-fi cos a), 

sin a- n cos a 


. Q=W 


= IV 


= IV 


cos 9 - ft sin 9 
sin a - tan A cos a 

cos 9 - tan A sin 9 
sin (a - A) 


550 + A) * . 

Tiic value Q of the impressed force, when the particle is on 
the point of sliding up the plane, can be deduced from Q by 
changing the sign of A. 

sin (a + A) ' 


Thus 


Q'=iv 


cos (9- A) ’ 

Hence, for equilibrium, the impressed force must be in 
value between 


IV 


sin (a - A) 


and 


IV 


sin (a -f A) 


cos (0 + A) ““ "iSpTX)- 

For different values of 0, Q is least when cos (0 + A) is 
greatest, i.c when 0= - A, and then Q = Warn (a - A) ; also. O' 

Q' iTsin f™ A )’ {6 ~ X) U 8rCaU ' St ’ ' vlKn = and then 

clJed 20 pkne Uili I b f riUm 1 a r Heavy Eody on a W In¬ 
clined Plane— If, instead of a particle, we have a hodv of 

For instance, 

** ** Wrticalpknt wilh a straight 

A Voi ^ 0/ « WW plat. 

lamina slips or turns over 
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Now as long as </> is less than A there is no slipping; and 
as long as </> is less than ft, there is no turning over round B. 
Hence the body will slip or turn over round B according as ft 
is > or < A. 



(ii) Analytically .—Let a he the inclination of the plane to 
the horizontal, so that ON makes an angle a with the 
vertical. Let CII be inclined to the plane at an angle 0. 
Then, if the body is on the point of moving up the plane 
when the force applied at C is of magnitude P v we have by 

Art. 206 



sin« + /iCos« 
cos 0 + n sin 0 ’ 


where a. is the coefficient of friction. 

If the body is on the point of turning over round h when 
the force at C is of magnitude P.,, then the moment of J .j 
about B must be equal and opposite to the moment of 
about the same point. Now the perpendicular from h upon 

the line CII is of magnitude OB sin (d + - - /?) = OB cos (0 - ft), 
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and the perpendicular from B upon the vertical through G is 
of magnitude OB sin (a + /3). 

Hence 

cos (0-/3) 

If the force at C is gradually increased till motion ensues, 
the body will slide or turn over according as I\ is < or > P „; 

. sin(a + /3) . sin a + u cos a 

u-. according as - is > or < a ; 

cos (0-/3) cos 0 + /* sm 0 

i.c. according as (cos 0 + /z sin 0)(sin a cos /? + cos a sin /3) 

is > or < (sin a + /* cos a)(cos 0 cos (3 + sin 0 sin /3); 

u-.' according as sin [3 (cos a cos 0 - sin a sin 0) 

is > or < fi cos /3 (cos a cos 0 - sin a sin 0); 

t'.e. according as tan /? is > or < p. 

i.e. according as (3 is > or < A. 

208. Ex. 38. — Two particles P and Q, each of weight IV, on 
two equally rough inclined planes CA and CB of the same height 
placed hack to back, are connected by a light string which passes 
over the smooth top edge C of the planes. Show that, if the particles 
are on the point of slipping, then the difference of the inclinations 
of, the planes is double the angle of friction. 

[For a geometrical solution, see the author’s Elementary 

Geometrical Statics.] 

Let u and (3 be the inclinations of the planes CA and CB 
respectively to the horizontal. Let the normal reactions at 



P and Q be of magnitude R and R' respectively, and let T be 
f the tension of the string. 

^n UP ^ e is ai ° ut t0 take P'“ ce >“ direction 

ACB Then the frictions at P and Q are pR and ntf respec- 

coefficient o“n. 50 "’ h<!re * is t,le 
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Resolving along and perpendicular to the plane CA for the 
equilibrium of the particle P, we have 

/ T= /iR + IP sin a 
[R= IP cos a. 

eliminating R , 

T = JP( sin a + /z cos a) 

Similarly, for the equilibrium of the particle Q , we obtain 

T= lP(sm[S-,i cosft). 

Hence, eliminating 7’, 

sin a + /z cos a = sin /i - /z cos /i ; 

sin fi - sin a = /z( cos a + cos/?); 

• /? + a . B - a /? + (z /I-a 

i.c. 2 cos —-— sin —-— = 2/z cos . cos —-— . 

2 2 ' 2 2 

ft + a 

As the conditions of the problem do not admit of cos —- — 

being zero, we obtain from the equation above, 

ft - a . 

tan — = /z = tan A, 

A 

where A is the angle of friction. 

ft - a = 2\. 

* 209. Ex. 39. —A lamina rests vertically with a straight edge 
AIJ in contact with a rough horizontal plane ABD, the coefficient of 
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cord which lies on the horizontal plane. The centre of gravity 
of the lamina is at G, and GN is drawn perpendicular upon All. 
If the straight lines BN and JIC are of lengths l and h respectively, 

show that the length of ND must be less than —. 

- -- li - ph 

(i) Geometrically.— Let the lines DC and NG meet at 0, and 
let the angle CDB be of magnitude 9. 

1 hen ND = b + h cot 9, 

and ON = ND tan 9 = b tan 9 + h. 

Now, by Art. 207, in order that the lamina may tilt round B 
when a force of sufficient magnitude is applied along CD, the 
angle NOB must be less than the angle of friction, 

. tan NOB < p, 

. •. NB< p (ON), 
l ‘ e ’ b<ph + pb tan 9. 

If b<ph, this condition is satisfied for all values of 0. If 
however, b > ph, we must have 


b- ph< pb tan 9, 

•*. cot 9<~—, 
o - ph 

phh 


• ‘ • b + h cot 9 < b + 


i.c. 


ND < 




b-ph' 


b- pit 


tudfj/ln the "-eight of the lamina be of magni- 

flrro ’ ? d J SUpp f e that 11 is 0,1 point of slipping when the 
for e applied is of magnitude P y Let R be the iiormal reaction 

the plane, so that the friction is pR, as indicated in Fig. 182 
Resolving vertically and horizontally, we have 

j-PjSin 0+ 


• eliminating R, 




P 1 cos 9 = pit, 
plV 


cos ft-sill 9 ’ 

moment^about B, we have 1 rhen > taking 
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Pc . /( cos 6 = JVb , 

JVb 

. •. P.. = 


/< cos 0 ’ 



As the lamina tilts when the force is sufficiently great, we 
must have P-> < P\ > 

6 ji _ 

' h cos 0 cos d - /i sin 0 
.•. b — /Jib tail 0 < fill, 

.* .b < fib + /ib tan 6. 

Whence, we obtain the same result as before. 

EXAMPLES XXIV 

1 . A body, of weight W, is placed on a rough horizontal plane, the 

coefficient of friction being 4 . Find 

(i) The least horizontal force which will move the body. 

(ii) The least force which, acting in an upward direction at an 

angle of 30° with the horizontal, will move the body. 

(iii) The magnitude and direction of the total resistance, when a 

force of magnitude \ IV is applied in an upward direction 
making an angle of 30' with the horizontal. 

(iv) The magnitude and direction of the least force necessary to 

move the body. . 

2. A body, of weight IV, is placed on a rough plane inclined to the 

horizontal at an angle of 30', the coefficient of friction being b . 1 

(i) The least horizontal force which will move the body*/ 

(ii) The^leasUiorizontal force which will prevent the body from 

slipping down the i>lanc. . 

(iii) The magnitude and direction of the least force necessary 

move the body up the plane. 


j 
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(iv) The magnitude and direction of the least force necessary 

to prevent the body from slipping down the plane. 

3. A body, of weight IV, is placed on a rough plane inclined to the 
horizontal at an angle of 15°, the coedicient of friction being Find 

(i) The least force which will produce motion when acting up 

the plane. » 

(ii) The least force which will produce motion when acting down 

the plane. 

(iii) The magnitude and direction of the least force necessary to 

move the body up the plane. 

(iv) The magnitude and direction of the least forco necessary to 

move the body down the plane. 

•4. A body, of weight IV, rests on a rough plane inclined at nn^*.. . 
angle a to the horizontal. If a force Q, acting up and parallel to the 
plane, is just sufficient to prevent the body from slipping down, iimlw- 
the force, acting in the same direction, which will just cause the bodyf' • 
to be on the point of moving up the plane. • * 

5. 'A body is supported on a rough plane, inclined at an angle a to 
the horizontal, by means of a force acting up and parallel to the plane. 

If the greatest and least values of the supporting force consistent with 
equilibrium arc P and Q respectively, find the weight of the body and 
the coefficient of friction between the body and the plane. 

6 . A body, of weight W, is supported on a rough inclined plane 
by means of a force acting up and parallel to the plane. If the greatest 
and least values of the supporting force consistent with equilibrium 
arc /'and Q respectively, find the coefficient of friction and the inclina- 
tion of the plane to the horizontal. 

7. A body, of mass 16 pounds, rests on a rough plane inclined at 
an angle of 30 to the horizontal. If a forco of 2 pounds’ weight 
acting up and parallel to the plane, is just sufficient to prevent the 
body from slipping down, find the force, acting in the same dilection, 
winch will cause the body to be on the point of moving up the plane. 

'?•, A 5° d y> ° f weight IV, is placed on a rough plane of height 5 feet 
and length 13 feet, the coclhcient of friction being |; find the magni- 

tile plane 10 10nZ0ntal force whicb wil1 j ust s »fl>ce to drag the body up 

Find also the magnitude of the horizontal force which will iust 
prevent the body from sliding down. ^ 

9. A body, of weight W, is just on the point of slipping when ’ 
placed on a rough plane inclined to the horizontal at an angle a? Find 

°[ ^ lctl ™ bet ' vce “ tho boJ y and the plane, and deter 
mine the magnitude of the force which, acting parallel to the plane 
will just suffice to move the body up the plane. ’ 

directiou of the kMt force nMcs -. 

A bod y 13 j, ust prevented from slipping down a rough plane** 
inclined at an angle a to the horizontal, tho angle of friction boing A 

S nS H° f a ^ applied t0 * hl a directb)n ™king a riven, ^ 
angle with the vertical. Show that the same forco applied at tlm!^* 1 

Ztl?; ‘ 0n r° ? lc v , orti , cal ' vould support the same body onTT ' 
smooth plane inclined to the horizontal at an angle a - X. y ~ T . 
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11 . A body is supported on a rough plane, whose inclination to 
the vertical is equal to twice the angle of friction, by means of a 
lorco acting parallel to the plane. If this force is gradually increased, 
show that the body will begin to move up the plane as soon as the 
impressed force exceeds the weight of the body. 
x ' 12. A body is supported on a rough inclined plane by means of a 
force equal to its own weight. Show that, if the inclination of the 
plane to the vertical is greater than the angle of friction, then the 
force must be applied in some direction within an angle equal to four 
times the angle of friction. 

13. A body is placed on a rough plane. Prove that no force, how¬ 
ever great, applied towards the plane at an angle with the normal less 
than the angle of friction, can push the body up the plane. 

14. A body is supported on a rough plane by a force acting up and 
parallel to the plane. It is on the point of moving up the plane when 
the force has the value Q, and on the point of slipping down when 
the force has the value (/. Show that a force of magnitude 1{Q+Q'), 
applied in the same direction, would support the same body on a 
smooth plane of the same inclination. 

15. A heavy body is placed on a rough horizontal plane, the angle 
of friction being X, and is just on the point of moving when a force 
V is applied to it in a direction inclined at an angle X to the upward 
vertical. Show that the force which is just sufficient to move it, when 
applied at an angle 3X with the downward vertical, is also of magnitude 
P. Prove also that if the body is on the point of moving when under 
the influence of a horizontal force, then the total resistance of the 
plane is of magnitude 2 /'. 

16. A gradually increasing horizontal force is applied to a heavy body 
placed upon a rough horizontal plane, and when the body begins to move, 
the total resistance of the plane is of magnitude 11. The body is also 
on the point of moving when a force of magnitude ill is applied to it 
in a direction making an angle 0 with the downward vertical. Show 
that the coefficient of friction is equal either to tan !,0 or to tan (n- - 0 ), 
the latter result being inadmissible if 0 is acute. 

17. A is the lowest point of a rough circular hoop fixed in a vertical 
plane. A small ring, of weight II', is threaded on the hoop at 
where the arc AP subtends an angle a at the centre of the hoop. 
Find the magnitude ol the least horizontal force which will support 
the ring, the angle of friction between the ring and the hoop being X. 

18. A small ring, of weight ll r , is sustained in limiting cquilibriun 


on a rough circular hoop, fixed in a vertical plane, by means or a force 
IPs in a acting at an angle a with the horizontal and upwards. The 
angle of friction between the ring and the hoop being X, find the 
positions of limiting equilibrium. 

19. A small ring 1\ of inappreciable weight, is capable of sliding 
on a rough straight piece of wire ACB, which is fixed in a position 
inclined 'at an angle a to the vertical. A fine light string, has one 
extremity attached to the ring passes through a small smooth 
rin" 1), fixed at a distance a vertically below C, and supports at its 
free end a mass of weight IV. If m is the coefficient of friction 
between the ring and the wire, show that there is a portion of wire, 
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of length 2fia sin a, at any point of which the ring can rest in 
equilibrium, and that beyond each end of this portion equilibrium is 
impossible. 

20 . ABC is a rough wire fixed in a vertical plane, the portions AH 
and BC being straight ami inclined at the same angle a to the 
horizontal, and B being at a higher level than A and C. /'and (,> 
are two small rings which can slide on the wire, /’on AJJ and (J on 
BC. A fine light string connecting/'and Q passes through a small 
smooth ring li, to which a mass of weight IF is attached. If X is 
the angle of friction between the rings and the wire, and if /' and (J 
are each on the point of sliding down, find the tension of the string 
in terms of IF, a, and X, the weights of the rings /', Q, and Jl being 
inappreciable. 

21 . A small ring P, of no appreciable weight, can slide on a 
•rough circular hoop of centre 0. It is connected with a fixed point 

A of the hoop by means of a light elastic string in a state of tension. 
Show that AP cannot rest inclined to OA at an angle greater than 
the angle of friction. 

22 . AB is a line of greatest slope of a rough plane inclined at an 
angle a to the horizontal, B being at a higher level than A. At B 
the inclined piano adjoins an equally rough horizontal plane BC. 
dwo equal heavy particles, one on AB and the other on BC, are 
connected by a fine light string which passes over a small smooth 
pulley at B. Show that, if the particles are on the point of motion, 
then the angle of friction is ha. 

23. Two equally rough planes, inclined at angles a, and a., to the 
horizontal, and having the same altitude, are placed hack to back, 
lwo particles, of weights IF, and IF„, placed one on each plane, are 
connected by a fine light string which passes over the smooth top 
edge of the planes. Show that, if the particles are on the point of 
moving, then the coefficient of friction must be 


IF , sin a] - JP 2 sing., 

IFf cos Oj+ IF„ cos a.,' 
and the tension of the string is of magnitude 

fFj IF, sin (a | + cl,) 

IF , cos a t + IF„ cos a., ’ 

2 V n . m F CCC( \ in S example, if the tension of the string is of 
magnitude T y show that the cosine of the angle of friction is 

_ lFjJF 2 sin (a, + cL,) _ 

. . ^\/ JF ,* + IFJ + 2 IF, IF* cos (a, + Ojj’ 

26. A force I\ is just suilicient to drag a heavy body up a rough 
piano inclined to the horizontal at an angle a,; the force actiim 

Sfmn hot 0 ? e ' r 11 ®'• A f orce p 3 is just sufficient to prevent the 
same body from slipping down an equally rough plane inclined to 

the horizontal at an angle <l>, the force acting parallel to the plane. 
Show that tho coefficient of friction is 


P L sino. 2 -/ > 2 sin a, 

, ., , .. , , . ~P\ cos a., + P 2 cos a, ’ 
and that the body is of weight 

(Py cos a. 2 + p 2 COS a,) cosec (a, + a. 2 ). 
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26. In the preceding example, if the body is of weight JF, show 
that the cosine of the angle of friction is 

JF sin (aj + a.») 


\ P{- + P.? + 2P l P„ cos (a, + a.,) 

27. A lamina rests in a vertical plane with a straight edge All 
along the line of greatest slope of a rough inclined plane, D being 
at a higher level than A. The centre of gravity of the lamina is at 
G, and AG makes an angle a with the normal to the plane. If the 
inclination of the plane to the horizontal is gradually increased till 
motion takes place, show that the lamina will slide or tilt round A 
according as a is greater or less than the angle of friction. 

28. A uniform rectangular lamina, of length a and breadth b, rests 
in a vertical plane, with one of its short sides along the line of greatest 
slope of a rough inclined plane, the coefficient of friction being /x. If 
the inclination of the plane to the horizontal is gradually increased till 
motion takes place, show that the lamina will slide or topple over 
according as b is greater or less than fin. 

29. A uniform triangular lamina ADC rests vertically with the 
side DC along the line of greatest slope of a rough inclined plane, 
C being at a higher level than D. From E, the middle point of AC, 
a straight line A'ATis drawn perpendicular upon DC. If the inclination 
of the plane to the horizontal is gradually increased till motion takes 
place, show that the lamina wiil slide or tilt round D according as the 
angle DDK is greater or less than the angle of friction. 

In particular, if DA = DC, or if the angle D is right, show that the 
lamina will slide or topple over according as the angle A is greater or 
less than the angle of friction. 

30. A lamina, whose centre of gravity is at G, rests vertically with 
a straight edge AD in contact with a rough horizontal plane, the 
coeflicient of friction being g. A force applied to the lamina at C, 
in direction parallel to AD, is gradually increased until motion takes 
place. Straight lines CM and GK are drawn perpendicular upon AD, 
and the straight lines BN and CM are of lengths b and h respectively. 
Show that the lamina will slide or tilt round D according as b is 

greater or less than fJt. . 

31. A uniform triangular lamina ADC rests vertically with the 
side DC on a rough horizontal plane. E is the middle point of AC 
and F divides AD in the ratio 2 :1. From E a straight line EK is 
drawn perpendicular upon DC. A force applied to the lamina at A, 
in direction parallel to CD, is gradually increased until motion takes 
place. Show that the lamina will slide or tilt round B according as 
the angle DEK is greater or less than the angle of friction. , 

In particular, if BA = BC, or if the angle D is right, show that the 
lamina will slide or topple over according as the angle A is greater or 

less than the angle of friction. . . , . , 

32 A rectangular block A BCD, whose height is double its base 
stands with its base AD on a rough horizontal floor, the coefl.cient o 
friction beinc h If it is pulled by a horizontal force at C til motion 
S plac" “determine whether it will slip on the floor or beg,., to 
turn over round D. 
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33. A uniform square lamina ABCD rests vertically with its side 
AB upon a rough horizontal plane, the coetlicient of friction being n. 
A force is applied at D in an upward direction, making an angle a 
with DC. If this force is gradually increased until motion takes 
place, show that the lamina tilts round B or slides over the plane 
according as p (2 + tan a) - 1 is positive or negative. 

34. A uniform square lamina A BCD rests vertically with its side 
AB upon a rough horizontal plane, the coetlicient of friction being 

A fine string is attached at the corner D, passes over a small smooth 
peg P fixed at a point vertically over C, and is pulled at its other 
extremity by a gradually increasing force till motion ensues. Show 
that the lamina slides along the plane or tilts round B according as 
BC is greater or less than PC. 

35 . In the preceding question, if the lamina is of weight //', find 
the least force which will produce motion 

(i) when PC=}BC ; 

(ii) when PC= \BC. 

36. In Ex. 39, Art. 209, a force is applied to the end of the string 
for the purpose of dragging the lamina over the plane without upsetting 
it. Show that this is impossible unless b>/Ji, and that if this con¬ 
dition is satisfied, the string must be at least of length 

h . _ 

+ M-)5- - 2 fibh + M -/r. 

37. A lamina rests vertically with a straight edge AB in contact 
with a rough horizontal plane ABD, the coefficient of friction being u. 
An attempt is made to tilt the lamina round B by applying a force to 
it at a point C, such that the angle DBC is of magnitude a and the 
distance BC of length c. The vertical through the centre of gravity 
of the lamina meets AB at A r , so that KB is of length b. Show that 
i) if /ic>fr(sin a-MCosa), then, to overturn the lamina with the 
least exertion, the force should be applied in a direction perpendicular 
to BC; while ( 11 ) if \u,<b (sin a - ^ cos a), then, to overturn the 
lamina with the least exertion, the force should be applied in a direc¬ 
tion making an angle 

tan -1 4 f >KSin ° 

•fi + * cos a) 

with the horizontal. 

38. A lamina, whoso centre of gravity is at G, rests vertically with 

idfuT if i* \ ] T °f g,catcst sl< T° of a rough inclined 
plane, so that A is at a higher level than B. A force, applied to the 

lamina at C, in direction parallel to AB, is gradually increased until 

motion takes place. Straight lines CH and GK are drawn perpen! 

dicular upon AB and the straight lines Cl 7, GK, and BK are of 

lengths A, £, and 6 respectively Show that, if a is the inclination of 

the plane to the horizontal and fi the coefficient of friction, then the 

t™ tat raMid ^ 

inclined plane, so ttat B is at a higher level tlan A. It is prevented 
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from slipping clown the plane by a light string CD, attached to the 
lamina at V and to a fixed point D fixed relatively to the plane, so 
that CD is parallel to AB. Straight lines CH and GK are drawn 
perpendicular upon AB, and the straight lines CH, GK, BK are of 
lengths h, k, b respectively. Show that, if h is greater than k, and 
if fx is the coellicient of friction, then the greatest inclination of the 
[•lane to the horizontal consistent with equilibrium is 



b nh 
h-k • 


40. A lamina, whose centre of gravity is at G, rests vertically with 
a straight edge AB along the line of greatest slope of a rough inclined 
plane, so that B is at a higher level than A. The lamina is prevented 
from slipping down the plane by a line string CD attached to the 
lamina at C and to a point D fixed in the surface of the plane, the 
angle DBC being a right angle. GK is drawn perpendicular upon AB, 
and the straight lines BC, GK, KB, Bl) are of lengths h, k, b, <1 
respectively. Show that, if n is the coefficient of friction, then the 
greatest inclination of the plane to the horizontal consistent with 
equilibrium is 

(b + uh)tl + tilth 
tau " \hT-kyl-pjik ' 

210. Equilibrium of a Rigid Body resting at one Point 
against a Rough Surface.—Let a rigid body rest in equilibrium 
against a rough surface at 1\ the area in contact being so small 
that it may be treated as a point; and suppose that, in addition 
to the resistance of the surface, a given system of forces acts 
upon the body in a plane containing the point P. 

Let A be the angle of friction. Draw the normal PX away 

from the surface at P, and make NPL = A = NPL' (Fig. 17 o). 
Then the total resistance must act through P in a direction 
intermediate to PL and PL\ and may be of any magnitude. 

Hence it is necessary and sufficient for equilibrium that the 
given system of forces should reduce to a resultant acting through 

P in a direction intermediate to LP and L P. 

Analytically. —The sum of the moments of the given system # 
of forces about P must be zero. Also, if A' and Y are the sums 
of the resolved parts of the given system of forces estimated m 
direction PN and perpendicular to PX respectively, then A 
must be negative and the ratio of Y to X must be numerically 

less than the coefficient of friction p. 

*211. Ex. 40. — A heavy beam AB is supported in a given 

position inclined to the horizontal , with one end B resting on a 
rough horizontal plane , by means of a force applied at A. It is 
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required to determine the limitations upon the direction of the 
applied force. 

0 



(i) Geometrically .—Let G be the ,-tr. t 
beam and \V its weight, and let AG and GB^J ,° f ' 

P %z zzz ?£- ^ 

“ De ° f **““ ° f r “ resistance o f theh„I„“n! 
taw otjm i*ny upwardSi and makc £^ =ang]e 

Hmce”inremM ^tugh G BL ond BL 

II and * respectively a ” d L ' B Ponced i 
* and K, but must be above H or bdon- Jr"* " 0t *" bet ' ve<! 

that a.etrceappMa^mt?t 5,7?*?* ^ we * 

AH and Ak or between TLi Ar V™ either 

^ Also > ^ its directioi 
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must be sucli as to balance the weight of the rod in its tendency 
to produce rotation about B, we see that it must be in a direction 
between AH and .4/.-. 

Let AH and Ak be inclined at angles 0, and 0. 2 respectively 
to the horizontal, as indicated in the figure. Also let a be the 
given inclination of the rod to the horizontal. Then 

a _AG_AG GII 
b ~ GB ~ GH GB 


sin AIIG sin GBH 
~ sTn GA H ‘ sin GHB 


cos 0 , cos (« + A) 
sin(a + 0j) sin A 
cos 0 , cos a cos A — cos 0 , sin a sin A 
sin a cos 0 , sin A + cos a sin 0 , sin A 

1 — n tan a 
Il tan a + n tan 0, ’ 

where /* is the coefficient of friction. 

Hence 


b - u(a + b) tan u 
tan 0. =-—-- • 

1 /Ml 

Similarly, 

a _AG GK 
b " GK' GB 

sin A KG sin GBK 
sin GAK sin GKB ■ 

- cos 0., cos (A - a) 

- sin (0 2 + a) sin A 

cos 0., cos a cos A + cos 0., sin a^siii A 
= ~ sin 0., coTa sin A + cos 0., sin a sin A 

1 + n bin a 

~ ~ \l tan 0 2 + /z tan a' 


Hence 


b + n(a + b) tan a 
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(ii) Analytically. Let the force P he applied at A in a 

direction making an angle 6 with the horizontal, as indicated 



Flo. 1S4. 


in Hg. 184. Let 11 and F he the normal .reaction and the 
tnction respectively at 11. 

Then, resolving vertically and horizontally, and taking 
moments about P, wc.have K 

( P sin 6 + Ii = ]V 
j Pcosd = F 

[P(a + b) sin (a + d)=ll'b cos a, 

the second equation showing that F is positive or negative 
according as 6 is acute or obtuse. g 

l'rom the third of the above equations, we obtain 


Thus, 


Also, 


p_ I Vb cos a 

(« + b) sin (a + 6) 

F= Pnrto/J- /rflcosttcosfl 
(a + b) sin (a + 6) 

= Wh 
( a + b\ta.n a + tan (J) 

7?= JF-Psin 0 

= W - cos “ s * n ^ 
(a + b) sin (a + 0) 

6tan^ 
t (a + 6Ytnn«4- 


(a + bXt&n a + tan 0) 
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(ft + b) tan a + ft tan 6 
(ft + 6)(tan a + tan 6) 

F_ _ h 

ll (« + 6) tan a + ft tan 6' 

F 

Now, if 0 is acute, must be < // ; 

. \ h < //(« + /i) tan a + //« tan 0 ; 

b - it(a + b) tan a 
tan u > -• 


//a 


F 


And, if 0 is obtuse, - j { must be < // ; 


i.e. —— 


-----must be < //; 

- (ft + 6) tan a + «(- tan o) 

/»< - //(ft + &) tan a + fxa( — tan 0); 

. b + //(ft + &) tan a 
(- tan 6) >——---. 

Thus we see that 0 must lie between the two angles 


. / « + b b\ 

tan -1 -tan « ± — )• 

V ft" /"</ 


* 212. Equilibrium of a. Rigid Body resting at Two 
Points against Rough Surfaces. —Let a rigid body rest in 
equilibrium against two rough surfaces at A and 7>’, the area 
in contact being in each case so small that it may be treated 
as a point; and suppose that, in addition to the resistances of 
the surfaces, a given system of forces acts upon the body in a 

plane containing the points A and B. 

Let A and A' be the angles of friction, and AM and BA 
the normals, at A and B respectively. Draw AK and AIC, 
each making an angle A with AM, also BL and LB, each 
making an angle A' with BN, so that the four lines form the 

quadrilateral KLK L. 

The resultant resistance at A must act in a direction intei- 
mediate to AK and AK', and may be of any magnitude ; also, 
the resultant resistance at B must act in a direction intermediate 
to BL and BL', and may be of any magnitude. 

Thus the lines of action of the resultant resistances at A 
and B meet at some point within the quadrilateral KLK L, 
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and are together equivalent to a single resultant force acting 

through this point and intermediate in direction to AK and 
1> K. 



f'SHHSaS— 

direction is intermediate to KA and *7; ’ " ,d W ' ,0St 

vertical wall at B, the vertical nhne ml • . and a rough 

perpendicular to the wall ' taming the ladder bein K 

“S tz and f j- r» of ^ 

Draw AK and 

vertical at A, and draw BL and nr f n !i A th the u P ward 
tvith the horizontal drown awa^Ln, t .“ wau“at”i “ * 
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If the inclination of the ladder to the vertical is less than A, 

it will rest without danger of 
slipping however it is loaded 
for the resultant weight will 
act downwards along sonic ver¬ 
tical line which intersects the 
area L'BK\ and all parts of 
this area lie within each of the 
angles KA K' and LBL'. 

If the inclination of the 
ladder to the vertical is greater 
than A, the four lines AK } 
AK\ BL, BL' form a quadri¬ 
lateral KLK'U. Then, when 
the ladder is loaded in any 
manner, it is necessary and 
sufficient for equilibrium that 
the line of action of the re¬ 
sultant weight should intersect the area KLK'L'. 

Let the vertical through L meet AB in H. Then we see 
that it is necessary and 
sufficient for equili¬ 
brium that the result¬ 
ant weight should act 
between A and H. 

If the resultant 
weight acts along the 
line IJI, the equili¬ 
brium is limiting, and 
the actions at A and 
B are then along AL 
and BL respectively, 
and are determinate. 

In other cases these 
resistances cannot be 
found. 

Let 0 be the in¬ 
clination of the ladder to the horizontal, and suppose that it 
rests without slipping when there is no load upon it. Then 

it is necessary and sufficient that AG be < AH. 

Let a and b be the lengths of AG ’and BG respectively, 
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and let /i and // be the coeflicients of friction at A and B 
respectively. 

Then 

AH AH AL AH 
AG~AL AB'JG 

% 

sin ALII sin ABL a + b 

sin AHL sin ALB a 

sin A sin (6 + X!) a + b 

cos 6' cos (A - A') a 

Hence, we must have 

(a + b) sin A sin (6 + A') > a cos (A - A') cos 6 , 

.‘.(a + 6)sinAcos A'sin 6> {a cos (A'- A'; - (a + 6)sinAsin A'}cos0, 
i.e. (a + b) sin A cos A' sin d > (a cos A cos A' - b sin A sin A') cos 6 , 

(a + b)fi sin 0 > (a - tyi/t)cos 0, 

6 > 9 V where tan 6. = j 

1 1 («+ b)n 

Now let 0 be > 6 V and < | - A, i.e. let tan $ be > ^ 

ai 'd < -, so that the ladder rests without slipping when unloaded 

and H lies between ,1 and B. Then, it is clear that if any body 
of weight W is placed on the ladder at a point between A and //, 
the equilibrium will not be disturbed. If, however, the body 
is placed at a point A’ between H and B , the equilibrium will, 
or will not, be disturbed, according as the resultant of w and IV 
acts above or below H. 

Let the distance AX be of length ar. Then, for the ladder 
to be in equilibrium when loaded, we must have 

JVx + wa 

IV+w < AH > 

11 r x + ten < (/r + «,) (^^)^Asin(^A') 
v ' cos 0. cos (A - A^ » 

. l +l¥ 

Now the greatest possible value of a; is a + b. Hence, in 
order that the equilibrium, may not be disturbed for any position 
of the load, we must have 

;r (n +6) + m < ( r r +*). ( " + ><^ 
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1F(a + b) {(1 + n/i) - n (tan 6 + p )} 

< w {(a + % (tan 6 + //) - a( 1 + pp!) }, 
t.e. Il'(a + b)( 1 - //. tan < to{ pia + b ) tan 0 - « + bpp }, 

tan 0 - if-M 

fF < ,0. ^ + t) , 

— tan 6 
F 

. tan 0 - tan 0, 

i-e. IF < vk -r- zf. 

cot A - tan 0 

* 214. Ex. 41 .—Determine the inclination of the ladder to the 
horizontal when, beinrj unloaded, it is on the point of slipping. 
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(i) Geometrically.— As the ladder is in limiting equilibrium, 
the centre of gravity G lies vertically below the point L. 

Let the vertical through A meet the horizontals through L 
and B in M and N respectively, and BL produced in 0. Then, 
as MAL and AILO are the angles of friction for the ends A and 


respectively, 

we have 

§ 

ML : 

= n. MA and MO = p . AIL 

=w 

Also 

OL : LB = AG :GB = a 

: h. 

Now 

AIN : MO = LB : L0 = b 

t 

:a, 


.-. MN is of length -. pp . 

AIA. 

And 

1VII : AIL = 0B:0L = a + 

1 

b: u, 


a + h 

NB is of length ^ ./*■ 

AIA. 
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Thus, 


tan 6. = 


, " . 
MA - MN a ' l ' 1 


XII 


a + h 


a - b/x/t 

(a + h)/L ' 

by ffMmetrical l( Mnif det » ,rmill * n ® ! llC li,nitin S P 0sitio ” of the ladder 
&»£] COnstruct,0,, - scc thc Author’s Elementary Geometrical 

an/R 2i and R 1,e tl)e normal reactions at A 

Mon 7T y ? then » 38 the ^luiHbrium is limiting, the 
10118 at those Pomts are as indicated in Fig. 189. 

/PR'Ill 




PlO. 1 S 9 . 


— DE M 

■Sllll 


Rerolving vertically and h„ ril011lllly> „ lmve 

/fl+jOr-n, 

eliminating 7’, ^ ^ 

Also, taking moments atenM.wehave 

■ substituting lorf/ n + * W *' + K ' <* + *> *. 0,. 

wa cos 0. = ft ), ' n 

1 l+/m r(M cos ^1 + sill 6A 

•; “U + «0-=P(« + IXA' + ta„fl). 

■•* + *>* 

tan = a zh L J J i 

(« + %• 
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215.—Ex. 42 .—The anijlc d beiny less than 0 U the 
ladder w prevented from slipping by means of a horizontal force 
applied at A. Compare the force necessary to move the lower end 
of the ladder towards the i call with the force necessary to prevent it 
from slipping away from the wall. 



(i) Geometrically .—Let the vertical through the centre of gravity 
G meet the horizontal through A in U, and suppose that the ladder 
is at rest when a force A' is applied at A in the direction AO. 

The line of action of the resultant of A' and w passes through 
0. For equilibrium, it is necessary and sufficient that this 
line should intersect the area KLK'L'. Thus the line of 
action of the resultant of X and w must lie between the 
positions LO and L'O. If it is beyond these limiting positions, 
the ladder slips ; if it is along LO, the ladder is on the point 
of slipping away from the wall ; if along L'O, the ladder is on 
the point of slipping towards the wall. Thus, if LO and L'O 
make angles </> and </>' with the horizontal, the force A' must be 
intermediate in value between w cot «/» and w cot <f>’. 

It will be an interesting exercise for the student to prove 
from the figure that 




a - bpp.' - /i(a + b) tan 0 
(a + 6)(tan 0 + p) 
a - bpp + ida + b) tan 0 
(a + /*)(tan 0 - //) 


and 
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We proceed to the analytical solution of the question. 

(u) Analytic,lly .—Suppose that the lower end of the ladder 
is on the point of slipping aianjfrom the wall when the horizontal 
orcc applied at A has the value A’,. Then the friction at A is 
owards the wall and the friction at /,’ is upwards, so that, if 11 
and A are the normal reactions at A and /,* respectively, then 
t ie lorces acting on the ladder are as indicated in Fig. 10 ]. 



Resolving vertically and horizontally, we 

I H + n'R'=zw 
... . ) /ill + X= ]{' 

eliminating A’, 



u\i +///0= f i,r + : 

Also, taking moments about A , we have 

" •" cus e =/*'"'■(«+cos e+if. ( „+ sill 0 
substituting for if', 


ira cos 0 = K[» + b)(/i cos 0 + sin 0) 

1 +/*/*' 

«(1 +«*> = (/<«’ + A',)(« + /,)(,/ + ta,, 

A\ = ,l sJ‘J l l L [~ l l { « + l>) tan 0 

(« + b)(,i + tan 0) "' 

_ /*(tan 6/, - tan 0) 

tanyT/T' M ‘* 


* 
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Suppose that the lower end of the ladder is on the point of 
slipping towards the wall when the horizontal force applied at 
A has the value X. 2 . Then we can deduce X, from Xj by 
changing the signs of /x and //. 


Thus, 


v a - bn/i + /i(a 4 b) tan 6 

-V., — : rr- ---—- W 


(a + b)( tan 0 - / l ) 
//(tan + tan 6) 

tan V - u 


u\ 


Hence, 


A’., tan 6 , + tan 0 tan 6 + /1 

A', tan 0, - tan 0 * tan 6 - //.' 

tan 0, 4- tan 0 tan 6 4 tan A' 

tan 6 X - tan 0 ' tan 0 - tan A" 


* EXAMPLES XXV 


1 . A uniform beam AB, of length 2a and weight IV, is supported 
in a horizontal position, with its extremity A against a rough vertical 
wall, by means of a force applied to it at C in a direction inclined at 
an angle a with CA. If CA is of length b, show that the applied 


a 


force must be of magnitude ^ /Fcosec a, and that the coefficient of 


(l b 

friction at A must be greater than-tan a. 


2. A uniform beam, of weight /F, laid on a horizontal plane, can 
be just moved in its own direction by pushing it with a horizontal , 
force of magnitude /’ less than /F. Find the least force which can 
move it in its own direction, and determine the direction of this force. 

3. If the beam of the preceding question is pulled by a gradually 
increasing force applied by a line string attached at one end A, 
determine the least inclination of the string to the horizontal, in order 
that A may be raised from the ground. 

4 . A rigid uniform bar, of weight IV, rests with its lower end in 
contact with a horizontal rough plane and makes an angle of 60° with 
the horizontal, being kept in position by a fine horizontal thread 
attached to its upper end. Find the tension of the thread, and the 
magnitude and direction of the force exerted at the lower end. 

6. In the preceding question, if the coefficient of friction at the 
lower end is find the weight of the greatest mass which can be sus¬ 
pended from the upper end of the bar, without disturbing the 

equilibrium. ... 

6. A uniform beam A IS, whose length is 12A feet, rests with one 
extremity A on a rough horizontal plane AC, and is kept from falling 
forwards by a line cord -BC, 20 feet long, whose extremity is attached 
to a fixed point C in the plane, directly behind the beam. If .the 
beam is on the point of slipping when AC=AB, find the coefficient 


of friction. 
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7. A uniform beam AH, of weight H r , is .supported in a position 
inclined to the horizontal, with one end J! resting on a rough horizontal 
plane, by means of a force of magnitude l IV acting along A V, such 
that )t and Care on the same side of the vertical through A, ami AC 
is in an upward direction inclined at an angle of 30'to the horizontal. 
Find the inclination of the beam to the horizontal and the magnitude 
of the resultant resistance at Jl, and show that the coeilieicnt of 
friction is greater than j s '3. 

8. In the preceding example, if the coefficient of friction is A, show 
that the beam can be supported in the same position as before by a 
force of sufficient magnitude applied at A in any direction between the 
two directions which make angles of 15 and 105° with the horizontal. 

. 9 - A . r ‘K i(1 uniform bar is supported, with its lower extremity rest¬ 
ing against a rough plane of inclination a. by means of a force applied 
to its upper extremity in the direction of the lines of greatest slope of 
the plane. Prove that, if the rod makes an angle a + d with the 

IZh- ’ f"r angle Pl <a ) "; ith tl,e >'°nnal to the plane, then the 
coctlicient of friction cannot be less than A sec a sec £ sin (a-/ 3 ). 

n- S nif ° nn Ia , ddcr of lcu " th 1 ami "etgl't w is being gradually 
t lted oil the ground by a man who can reach up to a height h If 

J>0/f T'. l00th "' hc, l c the ,owcr e,ld touche3°it, a'.id if 

* , » P ,0 'C that the ladder cannot be raised into a vertical position 
unless its lower end is weighted, and find the least weight tl at will 

Z J f 1 « 8r, n , d iS r0 ‘, ,gh ’ S,low b >' a Jhgnm that as soon as'the 
lncl nation of the ladder to the vertical is less than the angle of friction 

vile ?'tUf m 7 be S r |,p ° rt ^ at a P° int belmv its middle point, pro’ 
tl ! L^ ta r f0rce °{ s,lltabl ® magnitude and direction is applied to 

° f - S r PP -*^’ a ! ld sbow how t0 determine this force when 
equilibrium is limiting, having given its point of application. 

11. A uniform beam AB y of weight W rest* with \ t, 

a rough horizontal plane, and has its other end A attached to a IS 

the h 8 oam HCh r SSeS °7 er a 8mooth Hty situated vertically over 
tlie beam, and supports a mass of weight P Show jr n % i 

6 - \> cos' 1 / y -sin \Y 

and the tangent of the inclination of the beam to the horizontal is 
-(7> J - tan 0 and is > A (cot X- tan 0) 

mwmmm 

™ «a a 

smooth vertical wall the »apH i i aDd * ie °V ,er end ^ against a 
iJerpendicular to tho iall. Sup^'gX 
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inction and thceodiiciem o f friction to be L determine the magnitudes 
horizontal 0110118 at 1 an< 1{ ' al,<1 tlie inclinalio » of tlie bar to the 

14. A ladder rests against a rough horizontal plane and against a 
smooth vertical wall, the vertical plane containing the ladder being 
perpendicular to the wall. The foot of the ladder is prevented from 
sUjipmg (item/from the wall by means of a horizontal force applied to 
it in a direction towards the wall. Show that, in order to move the 
ladder towards the wall, the horizontal force must be increased by an 
amount not less than 2/xlV, where IV is the weight of the ladder and 

M the coefficient of friction between the ladder and the horizontal 
plane. 

16. A heavy circular wheel rests on a rough plane inclined at an 
angle a to the horizontal, being supported by a fine string wrapped 
round its circumference and attached to a point in the plane. Find 
the inclination of the straight portions of the string to the horizontal 
when the wheel is just on the point of slipping, supposing that the 
plane of the wheel is vertical and perpendicular to the inclined plane, 
that its centre of gravity is at its centre, and that the coefficient of 
friction between the wheel and the plane is /x. Show also that there 
are two positions of limiting equilibrium. 

B • 16. A heavy circular wheel is suspended in a vertical plane from 
a point B in a rough vertical wall, by means of a smooth wire of 




inappreciable weight through its centre 0, and rests at right angles 

_ 1 1 _i . i • •. . .» ... ... . P _ P 




r *° wa ^ an( l touching it at the point A. A line string is fixed to 

.L _ •_ _ i* ii i i i 1 . . . ©_ _ 




fertile rim of the wheel and jiasses over it on the side away from A. If 


VP 


tlie inclination a of the wire OB to the horizontal is less than 2X, 
where \ is the angle of friction at A> show that no force, however 
: _«reat, applied along the string will turn the wheel unless the direction 
bf the string makes with BO produced an angle less than 


U|n ~ X) 


f 


.(*- X) > 


^ be, 


sin 1 —.—r- 

sin X 


(Positive angles are measured from OA to OB.) 

17. A rigid uniform bar AB , of weight »/•, rests in a horizontal 
position at right angles to a vertical wall AI), being supported by a 
fine string CD connecting the middle point C of the bar with a point 
D of the wall situated vertically above A. A mass of weight IV is 
suspended from a point E of the bar. Show that, if CD is inclined 

to the horizontal at an angle a greater than tan -1 "^ ,ere 

H is the coefficient of friction at A, then tlie point A’must be situated 
in a certain portion of tlie bar of length equal to 

W+w ix tail a 


IV tan-a - p.' 1 

of the length of the bar. 

18. C and D are two small rough pegs, situated one foot apart in 
a straight line inclined to the horizontal at an angle of GO 3 . A 
uniform rod ACDB , weighing 10 pounds and of length 3 feet, is placed 
in this line, under C and above D, so that AC=BD= 1 foot. Find 
the least mass which, suspended from the upper end B, will keep the 
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rod in tlic above position, the angle of friction between the rod and 
each peg being 45*. 

19. A and IS are two small rough pegs, situated at a distance r 
apart in a straight line inclined to the horizontal at an angle a, and IS 
being at a higher level than A. A heavy rod rests on It and passes 
under A, the angle of friction at each peg being of magnitude X. 
Show that (i) if a is <\, the rod will rest so long as its centre of 
gravity is anywhere above/?; (ii) if a is >X, e.|iiilibriuni will exist 
so long as the centre of gravity of the rod is at a distance above IS 

greater than ^-. 

L cos a sin X 

20. A lamina, whose centre of gravity is at O, rests vertically upon 
a rough inclined plane, which it touches at two points A and IS 
situated in a hue of greatest slope, so that IS is at a higher level 

!?" jv I K?r I*" llic |' lai ' fro"' d upon A IS, and the straight 

lines A A, MS (, \ are ot lengths a, b, h respectively. The inclination 
of the plane to the horizontal is gradually increased until the lamina 
sups, bhow that, if fx and fx arc the coellicients of friction at A and 
. rcspwttvely, then « must be greater than fxh, and the limiting 
inclination of the plane to the horizontal is g 

tan -1 - + 

n + b-h(fx-fx') 

21. A uniform ladder, of weight )V, rests against a rough 
horizontal plane and against a rough vertical wall, the vertical 
plane containing the ladder being perpendicular to the wall If 
the coefficient of friction at each end is i find 

(l> ^unloaded 8 i,,di,,ati °" of the to the horizontal when 

(ii) The limiting inclination of the ladder to the horizontal when 
a man of weight W stands at the top. 

(m) '‘e 'veight of the heaviest man who can ascend the ladder 

fivl Till «• ! l l 1 r U i n ‘ e< t0 t,lc ll0nz °ntal at an angle tan-‘2. 

1 ? Ta ““tf ° f th ° ? reate * t 1011,1 which can be placed on the 
adder three-quarters of the way up when it is inclined to 
the horizontal at an angle tan~*2 

(v) The greatest height to which a man of weight W can ascend 
whenfto M&r is incline! to the l,orifo„,„{ „t^“lo 

rs ?, ‘tl- r that the « 

S' 1 ‘I bCgin3 t0 sll P ? ^ ^ t0 g °* 

againstVrough * 
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ladder being perpendicular to the wall. It is on the point of slipping 
when inclined to the horizontal at an angle of 45°. If the coefficients 
of friction at A and B are g and i respectively, find the position of 
the centre of gravity of the ladder. 

25. A uniform ladder rests against a rough horizontal plane at A, 
and against a rough vertical wall at B, the vertical plane containing 
the ladder being perpendicular to the wall. It is just on the point 
of slipping when inclined at an angle of 4o° to the horizontal, and 
then the least horizontal force which, applied to the foot of the ladder, 
will move it towards the wall is Jtlis of the weight of the ladder. Find 
the coefficients of friction at A and B. 


26. If the inclination of a ladder to the horizontal ground is less 
than the angle of friction between the ladder and the vertical wall, 
show that no horizontal force, however great, applied to the foot of 
the ladder can move it towards the wall. 

27. A uniform ladder rests with one end against a vertical wall and 
the other on a horizontal ground, the vertical plane containing the 
ladder being perpendicular to the wall. If the inclination of the 
ladder to the wall is 45°, compare the least horizontal forces which, 
applied to the foot of the ladder, will move it towards the wall or 
prevent it from slipping away from the wall, the coefficient of friction 
being .} for each end of the ladder. 

28. A ladder is placed with one end on a rough horizontal plane, 
and the other against a rough vertical wall; show how to determine 
by geometrical construction the limiting position of equilibrium, 
having given the coefficients of friction and the centre of gravity of 

the ladder. . . . 

If an additional load is placed at any point on the ladder, in tins 

limiting position, find whether the equilibrium will be disturbed 
or not. 

29. A uniform ladder rests with one end against a vertical wall and 
the other on the horizontal ground, the vertical plane containing the 
ladder being perpendicular to the wall. If the wall and the ground 
are equally rough, show that the limiting inclination of the ladder 

to the vertical is twice the angle of friction. 

30. In Art. 213, if a<wx'b, show that the ladder will rest at any 

inclination to the wall. . . .. . . . 

31 . The ladder of Art. 213 rests in limiting equilibrium against a 

rough vertical wall and rough horizontal ground. Show that a man 
of weight ir can ascend to the top of the ladder while in this position, 

provided that a man of weight not less than - IV stands on the ladder 


at the bottom. 9f * , , . i 

, 32. A uniform lamina, in the form of an equilateral triangle, rests 

within a rough, hollow, right circular cylinder whose axis is horizontal, 

the plane of the lamina being at right angles to the axis of the c) lindu, 

and the internal radius of the cylinder being equa o a side of the 

triangle. Show that, in the limiting position of equilibrium, the base 

of the triangle is inclined to the horizontal at an angle equal to twice 

the angle of friction. 
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33. A uniform rod AB rests within a rough, hollow, right circular 
cylinder whose axis is horizontal, the vertical plane which contains 
the rod meeting the axis of the cylinder at right angles in the point 
U / L subtends an angle a at 0, and if X is the angle of friction 
at each end, show that the limiting inclination of the rod to the 


horizontal is tan -*(—] 
ft i-r< k * is<i rt/c.V 4 \cosa + cos2\/' 


34. A uniform body of weight to is in the form of two right circular 
cylinders, of radii « ami b, fastened together with their axes in a 
straight line I he larger cylinder, of radius a, tits in a rough hollow 
f inder of slightly larger radius, fixed with its axis horizontal. A 
light cord is coiled round the smaller cylinder of radius b, and supports 
at its extremity a mass of weight W. Show that, in order that the a 

/ Jr+nA rCSt 1,1 tlC 10 0 withoUt sli l , l ,i,l e. b be less than w >, 

"\Jl~ J sinX ' wllcre x is the angle of friction between the surfaces 
in contact. 

■v : 

*-V«**r 

j'.fp. 
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1. Assuming the parallelogram law for the direction of the re¬ 
sultant of two forces acting at a point, and without assuming the 
law true for magnitude, prove that if forces, acting at a point, arc 
represented by the sides of a quadrilateral taken one way round, 
then they are in equilibrium. 

2. Of two forces V ami Q, the magnitude of Q is given and also a 
point 0 on its line of action. Show that if the forces arc equivalent 
to a given force 11, the envelope of the lines along which it is 
possible for P to act is a conic, of which 0 is the focus and the line 
of action of A* the corresponding directrix. 

3. A rigid uniform rod is supported by two light strings attached 
to its extremities and to two fixed points situated at the same level. 
Prove that, if the strings make equal angles with the vertical, then 
they must be equal in length. 

4. A circular plate, of radius a, is fixed in a vertical plane. 
Upon its smooth rim (and in its plane) arc placed two uniform rods 
All and AC freely jointed together at A , each being of length 2 <> 
and weight IP. Find an equation for 0, the angle which each rod 
makes with the vertical in the position of equilibrium, and express 
in terms of IP and 0 the pressure upon the plate and the action at 
the joint. 

5. A heavy particle hangs by a light string which is drawn aside 
so that it may rest inclined at an angle to the vertical. The particle 
is held in this position by means of a horizontally applied force, 
which after a time is suddenly withdrawn. If the tensions of the 
string before the withdrawal and immediately afterwards arc ol 
magnitudes S and T respectively, show that the particle is of weight 

s/Sl'. 

6. If ABCDEF is a regular hexagon, find the resultant ot forces 
represented by the lines AC, AD, AE. 

7. Four straight lines in a plane intersect, two at a time, in the 
.six points A, 11, C, D, E, F, and 0 is any other point in the same 
plane. Give a geometrical construction for the resultant of the six 
Ibices represented by OA, OB, OC, OD, EO, FO. 

8. a, b, c, d are the middle points of the sides of a plane quadri¬ 
lateral ABCD. Show that, if O is any point in its plane, then the 
system of forces represented by Oa, Ob, Oc, Od is equivalent to the 
system represented by OA, OB, OC, OD. 
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9. AJH.'DE is a regular pentagon, and forces act in- at a point -m- 

A\ luc til' ,l : c 'I& '1C, .ir>, 

Ji,e,ti0„ Je litM " ,at " IC rcs " lt "” t » «•« 

■ ■ ;Ol. arc jKj-sitivc "when tl.o dfrccHon fro.,,'“"to''i,,“c 
same direction as that of /’. Prove that 2:f ~ ) - 0 

sslsss r" " r 

"* little less than SS£& ST 

12 . 0 is tlic ortliocciitro of a trian^lL* ./ay* u* 

in magnitude and direction bv 0,1 ‘ Uti OC iw'**? I ^ |,, ; es ?" 11,11 
su tant is represented in magiitud’e Z'l n ’ 

• s in the cireum-ccntrc of the trian-le AtiC. * ^ JS) ' ' v, "' r « 

1 ?‘ D . is \VO\nt in the plane ofa triangle -IUP .,,,1 r n 

picscntc7T,y °o(Td\' HJW™ JcD) fc* rcs,,Ita »t of forecs"re‘ 

«» rectangle, with the forces JL 

1’rove that the particle will he *?>**' 7' W ,cs l ,cctiv ‘- , y- 

show that therinltant^r:^- *• 

feet of the perpendiculars from 7 K * m tlle 

circle at I\ u A and B upon the tangent to the 

fi'tf’ ^V® 11 ?!' m e '«Hcss line 

distances, but which vary as the distance^ il,*' 0 sa, , ne at «l«»l 
equilibrium, two opposite sides of the t lat ’ "'hen there is 

string must be parallel, and that the f! 1 - dnl , utel ' a l formed by the 
of the string are equal.’ ‘ tUe tens,0,ls a, “»g the parallel parts 

", ll '*‘ «■ l'lane is 

Of nichnahou a by a force applied “ ' X - 4 d s,noo * h I' l «no 

?W « 0 , T rallcl totho liMe of sWof tbi i T° S i te cor,,cr ‘n -i 

that the diagonal which passes through ♦), . 11,10(1 l' Ja nc. P roVt .. 

with the vortical an angle 2a. S t lC P 01nt of contact makes 

laid uponTffind”'^ooth1 1 UM SS w^a i0, i iS “, c , ircli: of rad ™ r is 

1 “ rallcl to the “ f *te;'r& t ‘* Sw a S £5 
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together by a line string, which, passing under the ruler and over the 
pencil, lies in a plane perpendicular to the axis of the pencil; show 

that the pressure between the pencil and the ruler is 

where T is the tension of the string. 

18. A body of weight //' is attached to a fine thread, and the ends 
of the thread arc attached to small l ings, of weights P and Q, which 
can slide on a smooth vertical circular wire. Prove that, if those 
radii of the circle which pass through the rings make angles a and p 
with the vertical, and the portions of the thread make angles 7 and 
6 with the vertical, then 

P _ _ (J _ W 

cot a - cot 7 cot p - cot 6 cot 7 + cot 5 ’ 



— 19- A uniform rod ol length / rests in equilibrium, partly within 
and partly outside a smooth hemispherical bowl of radius «, whose 
rim is horizontal. Show that the inclination 0 of the rod to the 
, horizontal is determined by 

Uo. (A. - ^ 2 AJ> = l cos 0 = 4« cos 20 . • > m I <■ 1 


t l*- 


Show also that / must be less than 1 a and greater than 5 « 

20. A small ring is capable of motion along a smooth wire of 
circular shape, and is attracted by forces, varying as the distance 
and of equal absolute intensities, towards two given external points 
in the plane of the circle. Show that, in any position of the ring, 
the resultant attraction passes through a fixed point; and give a 
geometrical construction for a position of equilibrium. 

21 . Three small rings A, B, C, of unequal masses, can slide freely 
on a smooth fixed circular wire, and mutually rencl each other, the 
force between any two being measured by the product of their masses 
and their distance apart. Show that, when there is equilibrium, the 
masses arc proportional to the sides of the pedal triangle DEF, 
formed by joining the feet of the perpendiculars from A, B, C 
upon the opposite sides. Hence find a geometrical construction lor 
the triangle ABC when the masses are given. Show also that the 
pressures on the circle are proportional to the masses. 

22. Three forces, acting at a point, can be represented in magni¬ 
tude and direction by the sides of a triangle taken one way round. 
Prove, from first principles, that the algebraic sum of the moments 
of the three forces about any point in their plane is zero. 

23. Prove from statical considerations that the line joining the 

middle points of the diagonals of a quadrilateral described about a 
circle, passes through the centre of the circle. . 

24. A particle P is attracted towards two fixed points A and B, by 
forces represented by /i {PA) and ( PB ). find the locus of P such 
that the sum of the moments of the forces about a given point U may 


be equal to a given constant. . . 

25. A uniform beam AB, of length l and weight //', is movable 
in a vertical plane about a smooth hinge at A. To the end b is 
attached a fine string which passes over a small smooth pulley, fixed 
at a height h ( >1) vertically over A, and carries at its other end a 
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mass of weight w. Show that the beam is in stable equilibrium 
when it is in a vertical position above A , provided «•> IF. 


Ci..m COIi r SSC r °, f mass, With a stitr hin^s lie 

length. «u,,l ."(T>3^3^^ 

Anil' Until J*- J.. __ 1 . » I . /i /* 


1 .a pressure /'can diminish the angle 

™ly until it is equal to ai.r> & „. |lcro ja , fW 

possible nressure that AAlllfl All* 


/> . a »> / 0 ih me icaxi 

Km.ml.K^e 0 ‘ hat "°"' d . «*r. ^ op™ nt the 

,fnV>Tc. ,*?"**M A \?"' 

PW &1# 1 '' "•"- ro ^ ^ 


A 

Ob 


>*■■■< i ej tit-sun tea ny 

and direction by -i (HO). 

and represented by^tff/) to ^11 i*<?r Vv'it/^** *° \ ^J * 0 acti "t(along HO 
diHcrencc between the force." represented''hv' P V' l ' 0 , se / n '? mon , t is th ‘‘ 
hy the perpendicular from,/ upon t 7 A 3 AF ^»\ M multiplied 

triangle? ]Ac,"Ld forccs'act'alon^ OA the 

•speetively to the sides HQ CA Alii fthe M ^? 6 l >ro I ,ort '°» al rc- 
resultant passes through the centre of til ?,§ le , ; I . ,ro 1 vo tliat their 
30. Three forees aotinr' at / ^^ ,1,9t ‘ n W «>rclc. 

direction by AH, 2(CA), a( IiC) ■ show and . 

sented by OA, where O s a noin’t i5/1, t, *, cir rcsu,ta »t is repre- 
31- Three forces act at fZl f SU< ‘M hat * bisects 0C. 
each parallel to the oppositeside "‘if tbSS*?** ° f * tri ; U, ° le Ali(J > 
alo »K the line joining the in-eenhe y . ,avp 11 resulta »t acting 
prove that they are proportional ?o ° rtl,0ce,,t, '° of t,lp triangle, 

‘i™ ^"lilu/expressions.^ ' +,) *°* C 

,,v ’ /'■<. JXin A'lf JP«L t rti v 1 Z cof s ? cti "» » f » force r moot, 
resolved „,to vompo™,!., aooi.- iho :T '' if «» force is 
tlie component along BC is ° S 1 SI ' ,0S of t,le triangle, then 

BC.AE.AF n 
„ „ EP. AB. AC ’ P ’ 

two corners of a triinglo'j/c u°pin° thfoiV 110 ' 1 ’ e, ' l r‘' lioulaiVi f,0,n 
/ acting along EFcan be repineT v fcLSS "* 8 5 M, ?» then a force 
acting along the sides. 1 5 fornes Pcos A Poos By P cos C 

at a r ”"' 1 '■“ «“ Plane of a tria„ glo ABG> „ 
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ai-ted upon l»y three forces towards the angular points of the 
triangle, that towards A being proportional to PA sin A cos (P - C) • 
there are two similar forces towards B and C. Show that the re¬ 
sultant lorce on P is directed towards and is proportional to its 
distance from the centre of the nine point circle of the triangle. 

35. The circle inscribed in a triangle ABC touches the sides in 
the points D, E, F ; prove that forces acting along the lines AI), 
]>h, CF will be in equilibrium if they are in the ratios 

PC. A I) : CA.PE : AP.CF. 

36. Under what conditions, geometrical or analytical, may four 
equal forces be in equilibrium which act all inwards, or all outwards, 
along the bisectors of the angles of a quadrilateral which may be in¬ 
scribed in a circle ? 

37. APCD is a given quadrilateral in one plane; AE and AF are 
drawn parallel to PC and CD respectively, and any straight line is 
drawn meeting AP, AE, AF, AD respectively in P, Q, P, S. 
Prove that the resultant of forces acting on a rigid body at P, C, D, 
and represented in magnitude and direction by PQ, QP , PS respec¬ 
tively, is a force acting at A and represented by PS. 

38. Forces P, Q, p, S act along the sides AP, PC, CD, DA of a 
quadrilateral, which is inscribed in a circle, whose centre is on AP. 
II they keep a rigid body in equilibrium, prove that 

jr-=r- 

11 . 

39. Forces act along the sides AP, PC, CD, DA of a piano quadri¬ 
lateral taken one way round, and their magnitudes arc j>, q, r, s 
times the lengths of the sides in which they act. Prove that they 
are equivalent to a couple if 

f(l>-q)OB=(r-s)OD, 

1(7 ~ r)OC ~{s -p)OA, 
where 0 is the intersection of AC and PD. 

40. Forces act inwards perpendicular and proportional to the 
sides of a closed polygon ; find the condition of equilibrium, and 
show that if the points at which they act divide the sides in the 
same ratio, they are the middle points of the sides. 

41. A lamina can turn freely in its own plane about a fixed point 
in the plane. At dillercnt points of the lamina forces arc applied 
which are constant in direction and magnitude. Show that, in 
general, there are two possible positions of equilibrium. 

42. A ladder, of no appreciable weight, rests against a uniform 
smooth cube of weight //', standing on smooth ground with the foot 
of the ladder tied to the middle point of one of the lowest edges ot 
the cube. A man of weight w ascends the ladder. Prove that, it 
the ladder projects above the top of the cube, the cube will tilt 
before he reaches the top of the cube unless 

Il'> 2 ic cos a(sin a - cos a), 

where a-is the inclination of the ladder to the horizontal. 

43. A uniform rod AP, of weight //', can turn freely round one 
end A ; a tine cord is attached to a point C vertically above A, passes 
through an eyelet fixed on the rod at the end P, and carries a mas* 
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the W w5 h tll| a r i i t ?, 0t,ier K , . d - Pr °\' e that - 1,1 tl,c *»•«««* of friction, 
„i;° c d " lH be 1,1 c< l uill .l>in>in when BO is, if possible, equal to 

lir+w’ Provc aIso tl,at tllis position of equilibrium is an unstable 
one. 

• A - Um /° 1 nn ro '! AJ1 ' of kngth " and weight //', 'is suspended 
len«t / wl'h •' OMtlon ' ,, y two light strings AD and UK, each of 
tJ!*? l I * ‘ afC I' arallel a »d inclined at a given an'do a to the 

ins ucLr n °o ,hi ri 7,i- w " v 1 v. 1 •**•.* * h»* * 

r^“ g dt c ’<*„ h r>.it' s ,o,,sio " " ni be ir shi - - * 

n?«fK * IT"' JV'l-y »f ™liu* tvhiK free to 

If 

4fi A { 2 1 \^ ~ t . a, ‘ y) ~ /J V + *“ ta, ‘ *>) ^ -'« 4 S CC V 

is placed ona htriCS Sbff «T f ^ 

of three smooth pegs P, Q, /{ Vhere ^ ° f '** wdcs touches one 

A ,.0.1,1 „ r ^ 7>: PC = ?Q ■ QA = AR : RB = „ ; 1 . 

I . momenttracts on the lamina; show that the pressure 

on each peg, i(j±{)£. Explain the result when « = ]. 

right.attglcJ at f, is 

smooth vertical wall hv a r..m of - 1 * 1 l )0,n * ^ resting against a 

t<> a point ^ l attached ,S C and 

angle 0 which th* of • ted \ertically above 11 ; prove that the 
equation “ ,0 slnn « «itl. tit. avail is given W the 

* ! " i+ - i!)U " *> ' 

its «■ >»-.«* * «i 


, where tan tan a. 


What 


tension of the string is x ]V *** a 

3 sin (a - 0) 

limitation is there on the ratio ~i 

HC * 

Sgreiir l - ic ^ 1 /r M I S t ^"- 
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50. Two circular cylinders, of radii 3 a and a, are glued together 
along a generating line, and the compound body thus formed rests 
with the larger cylinder on a horizontal plane and both cylinders in 
contact with a third, of radius a, which itself rests on the plane. If 
all the bodies are smooth and the generating lines are all parallel and 
horizontal, and the weight of the upper small cylinder is //', prove 
that the total pressure between the two lower cylinders will be 
15- \/5 . 

40 

61. A step-ladder, whose two legs are hinged together at the top 
and connected by a light cord at their feet, stands on a smooth 
horizontal plane. Show that (i) as a man mounts it the tension of 
the cord increases, and (ii) if the cord stretches, the tension in it 
increases still more. 


52. Two uniform rods AB and AC, each of length l ami weight 
//’, are freely hinged together at A, and placed with their ends B and 
C on a smooth horizontal plane. A body of weight //'is fastened 
to one of the rods at a distance b from its lower end, and equilibrium 
is maintained by fastening a light string to the rods symmetrically. 
If the string can only bear a tension equal to ll r , show that the 

21 

maximum angle between the rods is 2 tan 1 , and find the length 


of string that must be available to give this angle. 

53. Two uniform rods, each of length 2 a and weight //', are 
hinged together at one extremity and placed symmetrically over a 
smooth circular cylinder fixed with its axis horizontal, the other 
extremities of the rods being connected by a fine light string also of 
length 2 a. Show that, if the cylinder is of radius r, then the tension 


of the string is 


/J'(4r\/3 - a) 
2«\/3 ‘ 


54. A smooth hemisphere, of radius r, is fixed with its base on a 
smooth horizontal plane. Two uniform rods, each of length 2 a 
and equal in weight, are smoothly hinged together at their upper 
extremity and rest symmetrically upon the hemisphere. Show that, 
in the position of equilibrium, the rods will or will not have their 
ends in contact with the plane according as 2a *J2 is > or <3r. 

65. A horizontal girder has four bays Ali, BC, CD, ■DE, each 
5 feet; it is stiffened by three vertical members BB', CC, DU, each 
3 feet, by horizontal members B'C, CD', and by oblique members 
AB', B'C, CD, D'E. Find by graphical construction the tensions 
and thrusts produced in the members when a uniformly distributed, 
load, of weight //', is supported by the girder. 

66 . Two rods AB and CD arc each capable of motion, in the same 
horizontal plane, about smooth pivots at their middle points. A, C 
and B, D are connected by light strings in a state of tension. 
Show that, when in equilibrium, cither the rods or the strings must 
be parallel. 

57 . A triangle ABC, formed of three light rods freely jointed 
together at their extremities, is in equilibrium under the action of 
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three forces, each perpendicular to the side nn which it acts. The 
lines of action of the forces meet in 0, and the point l 1 is taken such 
that the middle point of OP is the eircimwentre of tin* triangle. 
Show that the forces and reactions at the joints are all represented 
in the stress-diagram PAP>C. 

58. A smooth circular disc just fits inside a triangle AJil\ which 
is formed of three light rods freely hinged together at their ex¬ 
tremities, and the whole is in ecjiiilibrium under the action of no 
exte rnal forces ; pr ove that the reactions at A. J»\ C arc proportional 
to Vi -sin B sin C and two similar expressions. 

Prove also that the direction of the action at A makes with the 
bisector of the external angle at A , an angle 

. (sin MB-Cn 

tan 1 — , 

V sill Jyl f 

59. Three light rods are freely jointed together at their extremities 
to form a triangle ABC. An endless stretched elastic string passes 
through three small rings fixed at the middle points of the sides of 
the triangle. Prove that the following construction will give the 
direction of the action at A Produce the lines AB and AC beyond 
B and C to B' and C respectively, where BK and CC are each equal 
to BC ; then B'C is parallel to the action at A. 

60. Three light rods ot equal lengths are freely jointed together at 
their extremities to form a triangle. The middle points of the rods 
me connected by light stretched strings, the tensions of which are T, 
J, 11. rind the magnitudes of the actions at the joints. 

61 . Three smooth light rods are freely jointed together at their 
extremities to form an acute-angled triangle ABC, and on each 
slKles a small smooth ring of no appreciable weight. An endless 
light elastic string passes through the rings and is stretched with 
tension T. Show that the actions at the joints are perpendicular to 
and proportional to AO, BO, CO , where the circum-centre bisects 
the distance between 0 and the orthoeentre. Prove also that the 
reaction at A is of magnitude 

2 T Vsin 2 y/ - 4 cos A cos 11 cos C. 

62. Three light rods are freely jointed together at their extremities 

L tnan PJ ^ ABC, and the whole rests on a smooth horizontal 
* hiee hght strings in a state of tension, tied to BC, CA 

e i> ?*P« ct . lv * 1 y. h “ v « their other ends tied together at 

pove the folMowing construction for the direction AL of the 

5fl ,on at ‘I : pH and CA each parallel to OD to meet OF and 

OB respectively in If and A', and let 11K cut BC in L. 

68. The extremities of a uniform straight rod, of’weight ll\ are 

lf°wT«lll ,,lgCd t0 ^r 1 a !'. (, . simi,ar ro <U the farther extremities 
nf are T ‘i onnect f 1 b T a string whose length is twice that 
, • S . 3 ’ St - Cm 1S , ?. u l'l'orted symmetrically by two small 
smooth pegs m a horizontal line at a distance m times the length of 
a rod, on winch the extreme rods rest symmetrically. Show that 

the tension of the string is 

i • '5 

lunge, 


(12»i - 13), and find the stress at a 
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64. I’our equal uniform rods AB, BC, CD, DA, each of weight 
II, are smoothly jointed together at their extremities. The middle 
points ot AL and BC are constrained by two smooth fixed points in 
the same vertical, so that ABCD is a square. Prove that the actions 
at b and 1) are horizontal and equal to 2//'and A IF respectively. 
I'mil also the magnitudes and directions of the actions at A and C. 

65. hour rods, freely jointed together at their extremities to 
form a quadrilateral, rest on a smooth horizontal table under the 
action ol lorces at their middle points perpendicular to them. Prove 
that a circle can be described about the quadrilateral. 

Also, if the forces are proportional to the lengths of the rods on 
" hich they act, show that the actions at the joints are all equal and 
are in the directions ol the tangents to the circle at the correspond¬ 
ing points. 

66. A rhombus ABCD is formed of four light rods freely jointed 
together at their extremities. The angular points B and D arc 
connected by a light string, and the system is strained by means of 
a second light string connecting points in AD and BC, and per¬ 
pendicular in direction to these sides. If T denotes the tension in 
the latter string, and a the angle between the sides AB and BC, 
show that the tension in BD is of magnitude T cos a cosec A a, ami 
determine the thrusts in the rods AB and CD. 

67. Five light rods AB, BC, CA, DC, DB in the same plane are 
smoothly jointed together in the form of two triangles ABC and 
DBC, on the same base BC, and on the same side of it, AD being 
parallel to BC. The middle points of AC and BD are joined by a 
light string at tension T. Show that the stress in the rod BC is of 


magnitude 


AD\BC 

'BBC) 


68. Five equal uniform rods arc freely jointed together at their 
extremities to form a pentagon ABCDE. AB is fixed horizontally, 
and AD is joined by a light string whose length is equal to that of 
each rod. Prove that, in the position of equilibrium, the string is 
inclined to the vertical at an angle tan _, (J v 'Jt), and that the ratio of 
its tension to the weight of each rod is It!: f> s '7. 

69. A sec-saw consists of a plank of weight laid across a fixed 

rough log whose shape is that of a horizontal circular cylinder. The 
inclination to the horizontal at which it balances is increased to a 
when loads of weight //'and //"arc placed at the lower and higher 
ends respectively ; and the inclination is reduced to ft when the loads 
are inteichanged. Show that the inclination of the plank when 
unloaded is jt ., ( ///+ jr+ }t .) (/ /- a _ //'£) 

?/•(//'+ ir-w’)(ir- ir) ’ 

where \o is the weight of a load which, placed at the higher end, 
would balance the plank horizontally. 

70. Three forces, acting at a point, arc represented in magnitude 
and direction by AA\ BB\ CC. Show that their resultant is 
represented in magnitude and direction by 'i(GG’), where G and (* 
arc the centroids of the triangles ABC and A B C respectively. 
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i ® rce * 7 \ ft . /f » ' V ’ r * '' ,,rt iu ‘he »«*'• the 

P i S ? f ' 1 lv °", liU ; Jexagon taken one way round, kind the 
onhtions; which must hold, in order that the cl-ntre of the Ibr!^ 
^ niaj coincide with the centre of the hexagon. 

* 't,, 7 ,!; ^ hreo uniform pieces of wire, of equal weights and uneoual 

nASXX" “ tl,eir cxtrt,nm " s “■ f “™' **ri»4. 

73 A uniform wire is I,cut into the shape of „ trial.-de t/lC 

"ire is in 1M ° f V™"* " *< tin- 

74. Two equal uniform rods AI! and JiC of total w..i.,i.» ir 

NtringattVciS to rh"f«* n f , y ,i j; r o^ i- 7 ,,c ' ,d v d 5'* 

the vertical will be eot ll 3 and I • ,, J c| 1 1,1 »* , «» <»» A If to 

the action at the joint ’ "' tl "‘ ol t] "‘ «■* Mringond 

% awSgp 

circumference of a circle so that it > i o ,v !' n " 1J ‘^es on the 

»««. What .■o,,ditio7. - bc ">'* of 

may he possible? mass<?s satisfy, m order that this 

circular wire^aml°eaeh nlr'"Sf, a™ sll ' ,e fr f 0,1 ,l smooth fixed 

which is measured by the product of thm!' ° l ri,,g . " ith 11 fo,c ‘‘ 

between them ; show that, in eiuilibrim! ,?“***. ^ tho dist «»‘« 
•mgs is the centre of the circle 1 ’’ th * ccntrc of mass of the 

.* ..«. 

ts length beyond the one below it J Show thVl r?-? tl . ,c, ' irw *ion of 
«t more than u blocks can stand am i if (0 - lf ,l ,s au integer, 
tiicn the greatest number of blocks that W < ,s , not an integer, 
next above u. ,(Kka tlmt on, ‘ stand is the integer 

J 1 c,i j r «s possibio 1 by °m ea n s°* 0 f*a*'' i 0 ”* 1 a J far ovcr til© edge of 
lengths, whose weights are proportional JoTl ° J ,Ia,,k *’ of different 

T St l ,la . ce ‘h* planks oife nZ aim hi cn 8 tl,s - Show that 
the longest being uppermost mid do* }• lll 1 or ^ i ' r ol their lengths 
O t o load fron. S tl,1 ‘edgTwCl.’tT" -C 

of tile planks, and b is the length of'« , 3 i a » a *‘° the lengths 

t0 80^A ?* V ? U Ioad - ° ’ a, ' k 1080 is equal 

r » lhat A ' is tile 
A''/, A/?, AC. Prove that ’ ’ Gf proportional respectively 

BC 2 . A'r * « 


2 + : at_ J u>. ]ar 

AY.-rrr— > 
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where A, M, jV are tin* feet of (lie perpendiculavs from K upon BC, 
LA, AB respectively. 

81. A triangular lamina, of weight //', is supported by three 
vertical strings attached to its angular points, so that the plane of 
■; triangle is horizontal. A particle of weight equal to //' is placed 
the triangle at its orthocentre. Prove that the tensions of the 


on 

strings are given l>\ 
_ 'A 


T., 


T, 


1 + 3 cot B cot C 1+ 3 cot C cot A 1 + 3 cot A cot B ~ ^ ^ 

82. A series of cubes, of the same material, are piled one above 
another on a horizontal plane. The lengths of the sides of the 
cubes, beginning with the lowest, are 2a, 2 ar, 2ar-, 2ar\ and so on 
in geometrical progression. If there are n cubes in the pile, find the 
height of the centre of gravity of the whole system above the 
horizontal plane. If the number of cubes is infinite, r being less 
than unity, prove that the height of the centre of gravity of the 

"(i-V'T 

83. A uniform rectangular board ABCD, of weight JU, is sup¬ 
ported in a horizontal position on three pegs placed at the corner B 
and the middle points of the sides AIJ and CD. Find the pressures 
on the pegs, and prove that they are independent of the form of the 
rectangle. 

84. If the centre of gravity of a quadrilateral area is the same as 
that of four equal particles placed at its angular points, show that 
it is a parallelogram. 

86. If the diagonals of a plane quadrilateral are at right angles, 
prove that the distance of the centre of gravity of the quadrilateral 
area from the intersection of the diagonals is two-thirds of the 
distance between their middle points. 

86. A quadrilateral ABCD circumscribes a circle whose centre is 
O, and the diagonals intersect in E. Show that the centre of gravity 
of the perimeter of the quadrilateral coincides with the centre of 
six equal parallel forces acting through A, B, C, D, E, 0 ; the forces 
through E and 0 being opposite in sense to the other four. 

87. Four light rods are freely jointed together at their extremities 
to form a quadrilateral. The middle points E and /'of one opposite 
pair are connected by a light string in a state of tension ; the middle 
points G and H of the remaining pair are connected by a light rod 
in a state of compression. Show that 

the tension : the thrust = /.’/': Gil. 

88. Four equal uniform rods, each of length a, are smoothly 

jointed together at their extremities to form a square, and opposite 
joints are connected by light strings, each slightly longer than a s /2. 
The two upper rods rest on t wo smooth pegs which are in a horizontal 
line, 2c apart. Prove* that the horizontal or vertical string will be 
taut according as „ _ op >2c ^/2. 


a is < 


89. A uniform rod, of length / and weight //', has its extremities 
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supported by two line strings, of equal length, attached to two fixed 
points ill the same horizontal line at distance V apart, where V is < / 
A second uniform rod, of length equal to /' and weight //", has two 
small smooth rings at its extremities through which the strings 
pass. 1 rove that, m equilibrium, the distance between the rods is 

m-v)— 11 

‘ V //"(/r+2// 7 ) 

at fitted with small smooth rings 

Wi; l r’ T- t R1 nn o s ca » slide on two smooth straight rods 
uliieli are fixed m a vertical plane and inclined at angles a and 0 to 

i e t trTr v r °: e tl,ut - in 11,0 °* equilibrium, tl ,dng 

as iulTT ’.‘ S •". dist ""“ * joint,'where ^ 

a ..in (a -I- ft)\/{s\ir a H- >iii" ft — 2 sill a .sin ft cos (a + ft)} 

in one T, r U etJui,a J t ' , ' aI tria "8 ,cs -I' jointed 'rids* Aulf,COD, +EOF 

i* 1 c, UDQhy Ob LA are com pit* led with .six other rods 

rctr , e - t T thcr at tl,dr extremities. Show that, if stress 
a id 0 and V w by a stretched light string connecting V 

*"■ s,rcsa 

£“ 'if 

of the axle and the wheel thc <hsta,,cc bct "<*» the centres 

i» the system'in whiTeaeh l ’puilov 1 ™°*) Wdfil,t a, ° an ' a,, « C(1 
tlic strings being attached to th.-\n, by , a » sc l Kirate ® tr,,, g. 
string passing over a fS nulhv tl'n '“*? the top 

applied downwards. Prove that t], > L •°i\° / ^°' Vcr be ‘"g 
counterpoised by attaching a mi • r ‘ ts the pulleys may he 
and a mass of weight w°to the O . ''' el o l . ,t ,t ’ to the lowest pulley 
“ Power.” ° 6 t0 thc stnn S ‘"tended to support the 

round all thc" puHcys’ f the toti? Ld* wllich tI,c .*«»‘ c string passes 
Mock of pulleys, is*of ^^lK^pi“ 1,p> ? cd r’ V ,cludiM « the lower 
the “Power” is usually a, ili.d , Cnd ,° f the slri »S to which 
weight w, over a fixed* i>u\fev i li ? es .' ,nder a movable pulley of 
pulley-block. If the inoval.l^ l?., 1 ?. 1 ^‘‘attached to the lower 

proJ^ 

• At 


sin 6 


Show, .Iso, tUt if the “Power 1 ' is applied horirontally, the., 
mechameal advantage is tan 


the 
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96. If a portion of given weight is broken oil' from the end of the 
long arm of a common steelyard, find the correction which must be 
made to the apparent weight of a body as indicated by the 
graduations. 

97. A common steelyard is graduated on the assumptions that its 
weight is Q, and that the movable mass is of weight /', both which 
assumptions are incorrect. If two masses whose real weights are 
//'| and //g appear to weigh //', + <'•, and 11'.. + v;., respectively, show 
that the weight of the movable mass and the weight of the steelyard 
are less than their assumed values by 

Ji( " | - '<••_.) and J t i 1>’1 - «•._,) I- b - Jt - J, 

where b and a arc the distances from the fulcrum to the centre o! 
gravity of the bar and to the point of attachment of the substance 
to lie weighed, and 11 — //', - II oH- if, - u\,. 

98. The centre of gravity of a balance is not symmetrically 
situated with respect to the arms. If the inclination of the beam to 
the horizontal is 0 when masses of equal weight II' are placed in the 
scale-pans, and if it is O' for masses of equal weight II", prove that 
the beam will be horizontal when the difference between tlie weights 
of the masses in the two scale-pans is 

2c( IV- 11") 


«(cot 0 - cot 0')’ 

where <e is the length of each arm, and c is the distance ol the 
fulcrum from the straight line which joins the points ol attachment 
of the scale-pans. 

99 . A balance has scale-pans of different weight, and arms ol 
different length, but when the scale-pans arc empty the beam is 
horizontal and its centre of gravity is in the same vertical as the 
fulcrum. When masses of weight/'and Q arc placed in the scale- 
pans, the inclination of the beam to the horizontal is 0. and when 
the masses arc interchanged, it is <t> (on the same side); prove that 
the lengths of the arms are in the ratio 

/’ tan 0 - Q tan </>: Q tan 0 - V tan <p. 

100. A body can be just sustained upon a rough inclined plane by 
a force /'acting along the plane, or by a force Q acting horizontally ; 
show that the weight of the body is PQ(Q : sec-X- 1*)% where X is 

the angle of friction. . . ... , 

101. A uniform square lamina is placed with its plane vertical an 
one side resting along the line of greatest slope of a rough inclined 
plane, the coefficient of friction being n ; a string is attached to tne 
uppermost corner and pulled in a direction parallel to the hue o 
"reatest slope up the plane. Show that, if the tension is gradual y 
increased, the lamina will slide or tilt according as the angle o 
inclination of the plane is < or > tan -1 (1 - 2/x). 

102. A heavy uniform sphere rests on a rough inclined plane, ^ 
coefficient of friction being m, and is supported by a horizontal string 
attached to the highest point of the sphere and to a point u 
plane. Find the inclination of the plane to the horizontal wh i 
sphere is on the point ol slipping. 
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103. Two equal masses, connected l»y a light siring, rest in 
equilibrium one on each of two equally rough inclined planes of the 
same height placed hack to back, the string passing over a smooth 
pulley at the top of the planes. Show that the difference of the 
inclinations of the planes cannot exceed twice the angle of friction. 

104. Two heavy particles are connected by a light string passim' 
o\cr a smooth pulley, which is fixed on one horizontal edge of a 
smooth triangular prism, so that one particle rests on each of the 
aces which meet in that edge. If the prism becomes rough, show 
that it may be turned slowly through the angle of friction about a 
horizontal axis before the particles begin to slip. 

105. A reel, consisting of a spindle of radius c with two circular 
ends of radius «, is placed on a rough inclined plane, and has a thread 
womid on it which unwinds when the reel rolls downwards. If u is 
the coefficient of friction, and a the inclination of the plane to the 
hon/outal, show that the reel can be drawn up the plane by means 

of the thread provided n is not < < ’ S ' M a 

a - c cos a * 

105. One cud of a straight uniform heavy rod rests upon a romd, 
i^onta pane, the other end being connected with a''fixed p in 

rod aifd tl e i -V'’ * r, tlK ; of the string 1 , th. 

ita'^StaS;,E s,a " cc. . . . . 1*" 

cot 0 ± 2 cot - cot — 0 

107 Prove that the coefficient of friction between the material of 

be fom h ] h l OI,ZO i" U ‘ ,,a ," C 11,111 ll,at of il 10,1 another material mav 
be found by placing the rod with one end in contact with the nhne 

RtasrtB a."',,”;;,; 

Sh 0 ,v that the foot of the ladder, are „t a diatanec ‘ , 

where n is the coellieicut of friction and / *i,„ i , S J + ifM ‘ 

HO. Two uniform rod. S* and r 1 of eaefi l«Ucr. 

respectively, arc freely jointed to^ 2 i T ght 1F ft,ld "" 
plane with B and Con a romd, hfrizom^lVn u f ? St . 1,1 tt vc,t >eul 
the vertical being $ and O' resiLtivoW* 1 v-‘ b thcir lucli «ations to 
coefficient of friction if the friction is HmitTng!" 1 ’^ 011 ^ tl,c 

tively,'arefredy joSted LgelhTrV 5 &l ' d W rcs P^" 

with the cuds B and C 011 aroxufh i im ; r * st ln a vertical plane 
.0 the vertical heirr* , and r 
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of the- action at the hinge makes an angle cot' 1 ^ — ^ 

with the vertical. 

Show also that, if the coefficient of friction is gradually diminished 
until slipping takes place, then the end D will slip first if IFcotff is 
< IF’ cot 0'. 

112. Two equal uniform ladders are freely jointed together at one 
end, and stand with the other ends on a rough horizontal plane. A 
man, whose weight is equal to that of each ladder, ascends one of 
them. Prove that the other will slip first. 

If it begins to slip when he has ascended a distance x, prove that 

the coefficient of friction is (-^—- ) tan a, where a is the length of 

\2 a+xj ° 

each ladder and a the angle each makes with the vertical. 

113. A uniform plank, of length 2b, rests with one end on a rough 
horizontal plane, touches a smooth fixed circular cylinder of radius 
n lying on the plane, and makes an angle 2a with the plane. Show 
that, if the plank is at right angles to the axis of the cylinder, and 
X is the angle of friction, equilibrium is possible only when 

a sin \ > b tan a cos 2a sin (2a + X). 

114. A uniform solid rectangular block leans against a rough 
vertical wall, with one edge resting on a rough horizontal plane. If 
0 is the angle which the plane containing the two supporting edges 
makes with the vertical in the position of limiting equilibrium, and 
if X is the angle of friction for both edges, prove that the thickness 
of the block measured perpendicular to this plane must bear to the 
distance between the edges the ratio 

tan 0 - tan 2X : sec 2X. 

115. Two rough planes, which intersect in a horizontal line, arc 
inclined at angles a and ft to the horizontal. A cylindrical ruler, 
whose length is 2a and diameter 2b, rests with one end on each plane, 
the axis of the ruler being at right angles to the line of intersection 
of the planes. Show that, if the ruler is in limiting equilibrium 
with its axis inclined at an angle 0 to the horizontal, 

ccs (0 + <p) cot (a + X) - cos (0 - <p) cot (ft - X) = 2sin 0 sin <p, 

a 

where tan X is the coefficient of friction for each end and cot 0— 

116. Across the top of a fixed horizontal circular cylinder, and at 

right angles to the axis of the cylinder, rests a uniform plank, of weight 
/rand of length equal to the perimeter of the cross section of the 
cylinder. Prove that a mass of weight w (</r), placed on the 
plank at the point of contact, can be gradually moved to any position 
on the plank without causing it to slip, provided the coefficient of 
friction exceeds , ? v 


117. A heavy circular cylinder rests on a rough horizontal plane, 
and a heavy beam, movable freely about a hinge in that plane, rests 
at right angles to the axis of the cylinder, the beam touching the 
rough surface of the cylinder. If the coefficients of friction for the 
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Sl!f n ir C thT d , th .® P lan . c a,ul fo j: the cylinder and the beam are equal 

mmssm 

•nuu/ss 4r!r gsjrJi w f «?*««»™ 

plane J-crnendicular to the av f i ? 1 / " '? cont ® ct it in a 
same plane and on the surfve of the rl'lhV g r . ftv,t y being in the 
pointi of contact. Pro ve that iff hi < T ,, "‘ lcr ! , 1 ,,,lwa , v between the 

the inclination to the vertical of thoVu* i’?” 1 . 1 of • s *'l’l ,il, n» 

g^vity ami the axis of the cyhnder i' 1 il> Ceutro of 

cot '{(/< + -) cos a - ju}, 

2 ‘ “• out.*. 

■rfta rTr^. b rsrjaa^ cac \° r -w* «• «* 

Zfts £ rss 

2r«r* 

M 2 (2 //'+ w)*+^S ’ 

plane! m is the coeflicient of friction between each sphere and the 

the drawer, and fiSJ^cach otTicr’* St j> nt fr °'!‘ lh ? sidcs of 

impossible to pull the drawer out bv V f tl,at lt wiI1 be 

length of the drawer exceeds L wl.nn 1 • i? °"° hamlle "" kss the 
. 122. A sphere, of SdWfc ^ ° f f,ktio “- 

A uniform hollow cylinder of'ra, , i "!°f 1 horizontal table, 
table surrounding the XreS , and .T"« ht "• sta » d * on the 
uniform sphere,°of raJius i and Tl l 1 ? 14 at . ono P°int Another 
cylinder, touching it and the lirst suhor^ T> 1S p ! acc<1 insido the 
wnnot remain vertical if nlUhe surges arc smooth Md'" 

bo, if tberets Wctmi^beTween tb^lix0^801 Cal> ho ^ r H g },t »t may 
the coeflicient is not less than XW * sp lore and the cylinder and 


/a+b-c 

v ~r~ • 


19 
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123. Two wedges, in all respects similar, rest on a horizontal table, 
so that one face ol each forms an inclined plane of inclination a to 
the horizontal. The wedges are placed in contact along the lower 
edges of these faces, and a uniform circular cylinder rests between 
them so as to be supported by the faces. The cylinder is of weight 
// 7 , each wedge of weight to, and the angle of friction between the 
cylinder and each of the faces is X. Prove that equilibrium is im¬ 
possible unless either a is less than X, or the coefficient of friction 
between the wedges and the table is greater than 

irtan(a-X) 

~ JV+2w ~~ ‘ 

124. Two equal and similar isosceles wedges, each of weight W 
and vertical angle 2a, arc placed side by side with their bases on a 
rough horizontal table, so as to be just in contact along an edge. A 
uniform smooth sphere, of weight w, is supported between them, 
being in contact with a face of each. Prove that for equilibrium, it 
is necessary that the coefficient of friction should be greater than 

w cot a 
21F+ to ’ 


and that the radius of the sphere should be less than 

/ /// 

2a sin a tan a It— 

\ to 

where 2« is the length of each base. 

125. Two equal uniform cylinders, of radius a, are placed with 
their axes parallel on a rough horizontal table. A third uniform 
rough cylinder, of radius b, rests on them with its axis parallel to 
their axes. The angle of friction between the upper cylinder and 
each of the others is X, and the angle of friction between each of the 
lower cylinders and the table is X'. Prove that the maximum 
distance between the axes of the lower cylinders is the smaller of the 
two quantities 



2(a + &)sin2X and 


4 (a + 6)w/rtanX 
tc a + IV tan 2 X' - ’ 


where IF is the sum of the weights of the three cylinders, and w is 
the weight of the upper one. 

126. A body of mass M is free to move about a fixed point, from 
which its centre of gravity is at a distance h. When the centre of 
gravity is vertically below the point of support, the upper surface ol 
the body, which is plane, is horizontal at a height A' above the centre 
of gravity. Show that the body can be adjusted to support a rough 
particle of mass m on its plane surface, if the particle is placed any¬ 
where within a circular area of radius 


(M+ m)h - mil' 

^ in ’ 

where n is the coefficient of friction. 

127. An odd number of equal heavy particles are knotted at equal 
intervals on a light string, which rests on the convex arc of a rough 
vertical circle. Show that, if there is no friction between the string 
and the circle, the greatest inclination to the horizontal of the line 
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{S *U|J SSr tH “ iS » f «■«« ■*«« a„ y 

at fej HH Shr 

Lmt°mn7ks! than ° n (WhlCh * tl,C sa,,le for a " surfacw i » col, tact) 

_rtC - Jc 

n'^;« + ch N w/, + <•>•;• 

Show also that c(a - h) must be less than b- 

ST' ° f AB rCStin " °" * M. if il" cSl 

«® + 1? 
ir + 26c 

and c is > 4 ;« + N /~ 8+ ](/ n 

the lengths of AB, BC, CD being *, b, c respectively 

sides are of lengths af b c^Jd'ihcwl,ol ‘°\ * tria “ gIc ABC ' wll0sc 
so that the side BC may L t *!.«„!»e ’wS. It ’H T 8 '* .»** 
the portion of the rod over whirl. tl> " U ll ’ " 10 ltn otli of 

ii> is the coefficient of friction, and;) tiHen-H.of'tT’ S,,0wi "?. tI ! at 
from A upon BC, then the tmn.rln ,, ;n * tl,c perpendicular 
H is greater than Ul11 rest ,n ai1 )’ position provided 


«(n + 6 + c) 

' Mft+o +ta »i(*-C). 



ANSWERS TO THE EXAMPLES 


EXAMPLES I 


1. AP is vertical. 

2 . 20, 15, 7 pounds’ weight. 

3. 11 pounds' weight. 

5. 15 f'cet; Cl pounds’ weight. 

6. 66 and 114 pounds’ weight. 

7. 51*4, 39, 21 ‘1 pounds’ weight. 

EXAMPLES II 

1. 8‘48 . . . pounds’ weight. 

2. 5 pounds’ weight, acting along OC. 

5 pounds’ weight, acting along OD, where D is in BC at a 
distance of 9 inches from B. 

4. (i) 25 pounds’ weight; A- 

(ii) 26 pounds’ weight; 

(iii) 30 pounds’ weight; if. 

(iv) 51 pounds’ weight; A- 

(v) 74 pounds’ weight; j?. 

(vi) 97'5 pounds’ weight; J4f. 

(vii) 34'8 pounds’ weight; SJ. 

(viii) 47'85 . . . pounds’ weight; f-$. 

6. (i) 63 pounds’ weight. 

(ii) 39 pounds’-weight. 

(iii) 25 pounds’ weight. 

(iv) 18‘2 pounds' weight. 

7. (i) 10 pounds’ weight. 

(ii) 7‘65 . . . pounds’ weight. 

(iii) 5‘18 . . . pounds’ weight. 

8. (i) 7 pounds’ weight; 

(ii) 7 pounds' weight; Iff. 

(iii) 13 pounds’ weight; 23. 

(iv) 13 pounds’ weight; 23- 

(v) 13 pounds’ weight; 1J. 

(vi) 12 pounds’ weight nearly ; ’936 nearly. 

9. 120°. 

10. tf. 
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11 . 12 and 5 pounds’ weight. 

14. 12 pounds’ weight. 

15. 5 and 10 pounds’ weight: ■•11 

18. (50'. 

19. 15 and 8 pounds’ weight. 

20 . 60 3 . 

22 . 85 pounds’ weight; }. 


15AAMPLES III 

1 . 60 a - 

2 . 100 , 28, -23, 80, 60 pounds’ weight. 

100 and 120 pounds’ weight. 

3. (i) 5*18. . pounds’ weight each. 

.(!!' JJ ’ 07 • • • pounds’ weight each. 

(m) 10 pounds’ weight each. 

( S * ■ * :lu< j ;i*55 . . . pounds’ weight. 

4 3 -'*] 8 17 * ’ * ’ I ,0U,K,S ’ weight. 

4 ’ ,• : 10 ’ /0 ■ • • pounds’ weight, 

b ami ll*o9 • . . pounds* weight, 

5. 26 pounds' weight at an angle cos~> U with 0.1. 
lb and 14 pounds weight. 

6 . 32 pounds’ weight; 27*71 . . . pounds’ weight. 

7. j / V3 at right angles to P, and J/ya at an angle of 30 a with P 

T1 r 1’xsr^i “''° uuds ’ 

16 . ’ OP • OA 19 1,0,IUds ’ Wci ° ht - 

17. (i) 2 inches from A. 

(ii) 3 inches from A in PA produced. 

20 . 4 J inches ; 30 pounds' weight. 

21. inches ; 6 *S pounds’ weight. 

22 . 8 inches from A . 


EXAMPLES IV p IL 


1 Sdsastite!ir u 

3 . 2 a'“ ° f a '-' l '°" 1,!,SS0S throu S h «*• iutoi^cction of AC and DB 
10 . 60°. 

13.' ll'o'r 21 d pound!? w^dU.™'^ 11 th ® intcrsection of AC and PF. 
15. 5 and 7‘8 pounds’ weight 
17. i or l 

21. 3 or 5 pounds’ weight. 

23. (i) 3 or 5 pounds’ weight. 

(u) 158° or 142°. 
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26. 31 pounds’ weight. 

28. 12 and 9 pounds’ weight. 

30. 11 and 31 pounds’ weight. 

32. 11 pounds’ weight parallel to OF, where A’is the middle point of 

AB. 

33. 3 pounds’ weight parallel to FC, where F is the middle point of 

AB. 

34. (i) 4 inches from A. 

(ii) 5 inches from A. 

(iii) 7 inches from A. 

(iv) 9 inches from A. 

(v) 7 inches from A in BA produced. 


EXAMPLES V 




43 


1. (i) The forces cannot he arranged so as to produce equilibrium. 

(ii) 90'. 

(iii) 120°. 

(iv) ISO'. 

(v) 90°. 

(vi) 120'. 

(vii) 120“. 

(viii) 60°. 

2. IF sin /Scoscc {a + fi) and IF sin a cosec (a+ /3). 

3. 16 and 20 pounds’ weight. 

4. 17‘32 . . . and 10 pounds’ weight. 

6. 9 - 66 . . . pounds’ weight each. 

6. 29‘88 . . . and 81 *66 . . . pounds’ weight. 

8. 30 pounds’ weight. 

10. 6 and 8 pounds’ weight. 

12. 8 and 6 pounds’ weight. 

13. 28 and 96 pounds’ weight. 

14. 

19. J 0 JF S / 15, UIF ^15. 

21. 24 pounds. 




22. J IF-+ P*~ 2IFP cos a. 

23. 13 inches, 28 pounds’ weight. 

26. 5 pounds’ weight perpendicular to the strinj 
28. 6 pounds’ weight. . . 

36. 7 or 8 pounds’ weight, according to the direction of the loreo 

applied at A. 

EXAMPLES VI f « 

2. 15 pounds’weight; _ lo . , . . , 

25 pounds’ weight, at an angle tan j with the vertical. 

3. 45‘5 pounds’ weight. 

4. 70 pounds’ weight. 

5. (i) i IF */3, $ IF 
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6 - \ /3 perpendicular to the rod • l1V\/7 

7. 5 pounds’ weight; f \ ■ 

8 27 5 fe I r n 26 i2l lt,at '• n ,T ,gle tail_1 2 ‘ 25 with the horizontal. 
o. z i ieet; Zb pounds weight. 

9 . 8 pounds’ weight. 

10. nir. 

11. 100 pounds. 

} 2 . !t '’ at an ;in © lc of GO 5 with FA. 

13. 1 / pounds weight; 

14. 11,8,0 C0S_, ' G " ith the horizontal. 

le! at a, ° an ° le ta,r 'i with the vertical. 

18. paili/>v7. 

20. 3 and 3J pounds' weight • 11 
21’ JO", fir 4* H r • ’ 

28: Ynttl'* r’ 4 ”f wi,l ‘ tho i vr. 

29. 20 pounds’ Weight each. 

Tension iM/?-- 5 ,K>u,, ; , r' = tension in J 1C . 

30. vrZAa ' 1,0,,nds " c,g,,t 
•J IFcoscc a. 


laAIuPLES VII p . 




1 K? ’ ' ’’ 2 ° 0, \ 7 *’ 2 * • • Pounds* weight. 

2 . fiL , * ,rl ***• ■ • • •** ^ 

3* 0. 

4. 0. 

5. 7 pounds’ weight, at an angle cos'* • J with tho mi,Ml, r 

6 - ; middle SS* WCig,,t ’ rt « '&*. ^ with tho 

8- 2^oun.is’weight h, <UrectlonTc! H Wlt, ‘ th ° f "' St f ° rce ’ 

ll! >V5 U " d * WClght in ,lircction 

12 . 20 pounds’ weight along AK. 

18. A = 6 35 . . ., F=2-31 

19. A’=3, r=G‘93 

20. 3/3 . . . pounds; weight along DA. 

22. >=f,-so'. G-r^ ht ’ at a " UngIc tm ~' ‘ 289 • • • with CB. 

23 . x=(r-Q )s ,i, v= 2 ~r- 6 : 

24. %Q ^/10 + P y along OP, 

6 ' U tilt force? Un IS Welgl,t ’ at an an ° lc ^n' 1 2*824 . . . with the 
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26. 7-89 . . . 

27. 13 "2 . . . pounds’ weight; tan -1 1 *029 . . . 

28. X=Q + h{P-B)( x /5 +1), r=P+*(g-J?)(V 5 + l). 


EXAMPLES VIII p. 73 


8. The resultant is represented by 4 (OE), where E is the middle 
point of BD. 

10. IP tan a, IP sec a, IP sec a in direction AB. 

P cot a. 

cos CL 

In either of the two directions inclined at an angle sin -1 — y — 


with the rod. 

11.2 IP, UP. A 

\P N /10 along BD, where D is 8 inches vertically below 8f. 

j p 

12. S/IV3- 


/. .i • 

V4c- - a- 

15. A/r(10 + 3 N /5). 

16. jfrjyjib. 

20. in each case— 

In BO, a thrust IP cot a. 

In CA, a tension IP coscc a. 

The other forces are— 

(i) In AB, a thrust IP. 

The applied force is IP cot a. 

The reaction at B is IP cosec a at an angle a with the 
horizontal. 

(ii) In AB, a thrust IP sec n. 

The applied force is 2 IP coscc 2a. 

The reaction at B is IP + 4 cosec' 2 2a, at an angle 
tan -1 (A sin 2a) with the horizontal. 

(iii) In AB, a thrust IP coscc a. 

The applied force is 2 IP cot a. 

The reaction at B is IPJ 1 + 4 cot-a, at an angle tan ’(* «) 

with the horizontal. 

(iv) In AB, a thrust //'coscc 2a. 

The applied force is IPcosec'2a. _ 

The reaction at B is IPs' 1 +coscc-2a, at an angle 
tan -1 (sin 2a) with the horizontal. 

(v) The force applied at A is J-g//\/3* 

In BC, a thrust J//\/3. 

In CA, a tension $ IPyJS. 

In AB, a thrust [ J //\/3. 

The reaction at B is at an angle tan' wun 


the horizontal. 
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21. IK tan/3, JF ta 117 . 

22. 2P. 

c a 

23 . ~==.ik, ,jf, 


/r. 


Vc-a^ ' > N /f-«- ’ v /c 2 -a- 

24. At A, —--in a horizontal direction. 

ilf m 4 

At. O . /f ;//■_!_ 7i/'\2 1 I H' 6 *H b\* i,_i IKc~IK'b 

1 ’ V (// + } + l ^- ) 3t 311 an « le t311 1 al IK+ II") 

with the vertical. 

25. Each is of magnitude JF. The reaction at 0 is IK vertically 

downwards. 

27.' (i) }V= IV = T. 

(ii) W'J-W^T. 


w 

(lii) ft^JF, T=(—- ._W 

1171 \ 1 + tan a cot p) 


28 4 /f. = /F tau “ cot A r= i( J + 13,1 «cot /9) jf. 

in BA liD,BC, tensions &JV, A IK, \ IK respectively. 

9Q t and DC \. t V rusts iA respectively. 

29. 1 he forces applied at B and C are each A IK coscc a. 

The tension of CM is 4 J/'(l -cot-’a). ‘ 

J1 * 0 ) An. 

(») *IK 

(iii) An. 

(iv) tan _, |. 

(v) A/F n /73. 

1- * JK, J Jr. 

2. JF tan a, IK sec a. 

3. 2 IK, IK. 

4. IK cos a, IK sin a. 


EXAMPLES IX 


5. JF cos a sec 2, JF Lin 2 

^ 2 


6 . 


a 


JF. 


r^r 2 -® 2 ' % /4r*-a'- 

!* «!?; ? aU /- a f g !,r° f 30 ° with tl,c vertical. 

11 ' 9 ^! ■ s , in a ; vertically upwards. 

£ $23 P ° Unds wei S ht » (“) 200 pounds’ weight. 

16. JJ'. 


18. 
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22. tV sin a. 

25. 4:5; 20 pounds’ weight. 

26. I IF see a each, at an angle a with the vertical. 

27. 1 IV, 4 IVsJZ. 

28 . 11 J pounds’ weight. 

29. 60°, IF. 

30. -H IV, H IF. 

31. fyl or \ r id, or l IF or Jg IF. 


EXAMPLES X p. ?? 


1. 7\/2, acting at an angle of 45’ with the vertical. 

2 . 20 pounds’ weight. 

3. 20 pounds’ weight. 

4. 6 and 8 pounds’ weight. 

5. ,V*V 13. 

6 . and ,vj 2( Y h) - 

7. /rat each peg, in a direction making 30° with the horizontal 

8 ‘ - /r N /^c 2 ' 

9. 3"38 . . . ounces’ weight. 

11. 2T9 . . . ounces’ weight; 3 - 23 . . . ounces’ weight. 

12. *V//V 15 ; 1£J/V15. 

13. J IF, i IF. 

h a 


_ _ /// — -- jr 

J2u-+ 2 b--c- ’ J2a‘ 1 + 2b ,i -c- ' 


15. At C, IF- parallel to AB. 


At B 


, w / 2 i 

V a 


jlf along the bisector of the angle y//?0. 


18. \ IF see a. 

At B and C, IF tan a in a horizontal direction. 
At A, IF in a vertical direction. 

19. 5f// r . 

At A, /t//V5- 
At 7/, H II \/5. 

At O, 4/rin a horizontal direction. 

20. Along OC', where O divides y/// in the ratio ft : n. 

AtA r /f±±- a ) 

X c(a + b - c) 

At 

V c(a + b - c) 

«• 2v/i^P“' V(2 ' r+ “ )Wr - 

22. 2’8 pounds ; 8 pounds’ weight. 
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EXAMPLES XI prs- 

1 . 12 pounds’ weight. 

2. 40 pounds’ weight. 

3. /P’cos - + w cos a, JKsin ^4-u>sina. 

4. 7r-2a, A ir cosec a, / cot a. 

5. W- a 


6. 


/ j o -o + W . 

v '4r- - a“ r 
//'hr-wj(2r a -« 2 ) 


r •/ir 2 - rt- 

7. J //\ /3 ; ^/F\ /3, in a direction perpendicular to the rod. 

8. «/sm’. + (-^) S coA ; + 

9. Pressure at A= J ^ll r in a horizontal direction. 

Reaction of the hinge = V -^V at an angle tan~> ? with the 
vertical. 1 « 

10. 1 /F; J /F n /3. 

11. The middle point; |/F, g/F. 

12. AT divides 7/C in the ratio 3:5; J /F N /3, g /F\/3. 

13 - 7^"- 

14. Perpendicular to 7/C, 9 inches from B. 

15 ' “ diS ‘“ n “ S “ f 0 “" d 8 

16, 

17. 4'8 feet; 56 pounds’ weight. 

20. 120°; 7F. 

2 m 

25. —-— — 

n /4 m - p 1 ' 

26. The rod is inclined at an angle 2 sin-' L w i t |, Ac 

• The action at the hinge is N //PW» at an angle shr' £ with 
AC. iY 

EXAMPLES XII [ 0 W- lot 

2 . (i) W Pounds’ weight in the direction of the 9 pounds’ weight 

<«> * 

3. (i) 0 !»«&’ mfcht oTthe ? pounds^TciEht 

<«, 8 

along a line which meets AB produced 63 inches from A.’ 
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4. (i) 12 P, in the direction of the 7 P, along a line which meets AB 

7 inches from A. 

(ii) 2 P , in the direction of the 7 P, along a line which meets AB 
produced 3 feet 6 inches from A. 

5. 5 pounds weight, in the direction of the second force, at a distance 

of 16 inches beyond that force. 

6. (i) 11 = 8, c = 5$. 

(ii) <2=3, c=4. * 

(iii) 11 = 17, b = 3. 

(iv) <?=6, 6 = 1 . 

(v) P= IQ, ll = $Q. 

(vi) r=yt, Q=*lt. 

7. (i).i;=l, c = 34. 

(ii) P= 8, c= 16. 

(iii) 11 = 5, 6=1*. 

(iv) Q=9, 6 = 3. 

(v) Q=iP, U=\P. 

(vi) P=%R, Q=‘{R. 

8. 24. 

11. l - 895 pounds' weight. 

12. Two-thirds and one-tliird. 

13. 96 ‘43 . . . and 53 ‘57 . . . pounds’ weight. 

14. 100 and 10 pounds. 

The first man would support 12 pounds more, the other 12 
pounds less. 

15. 6 ounces. No. 


17. At a distance - — 2 Jp~^ c * lom 

18. 17’22 . . . and 3878 . . . pounds* weight. 


EXAMPLES XIII HO -MU 

1. 6 pounds’ weight ; infinity. 

2. 2A pounds’ weight, acting at an angle tan -1 1'05 . . . with CA. 
6. The moments of the two forces about C are in the ratio s l 45 : iji-i, 

so that rotation takes place about C in the direction BOA. 

6. The moments of the two forces about A arc in the ratio 

v /128 : s! 125, so that rotation takes place about A in the 
direction DOB. 

7. The moments of the two forces about A are in the ratio 100 : 99, 

so that rotation takes place about A in the direction H)h. 

9. (i) 4.V inches. 

(ii) 10 inches. 

(iii) 1 foot. 

(iv) 2 feet. 

(v) 35 pounds’ weight. 

(vi) 35 and 28 pounds. 

12. —IFand - IP. 

c 


c 
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14. P is 3 feet from A ; Q is 2 feet from B. 

15. 6$ feet from A. 

16 . 20 inches, 12 pounds’ weight. 

17. 7 pounds’ weight, 914 . . . inches from A. 

18> ~-’ ~7 To + J/>, “ from A - 


19. 


20 . 


b 

Pa + Qb (c - b)P+Qb 


c-a-b’ ]‘a + Qb 

(j) h- + ir 3 W 


a from A. 


Ir + r ■ 4 ' 

(ii) W- 

22. t-cos- 1 ,^/q- 

23. (i) 61 '09 . . . pounds’ weight. 

(ii) 77’59. . . pounds’ weight. 

(iii) 48 pounds’ weight. 

24. 16 pounds' weight; 40 pounds’ weight. 

26 . 9*49 ... pounds’ weight. 

27. 'W2 W + /A) 

A 2 - A 2 


a 


29. $- see a(l - tail a) IV. 

v 


EXAMPLES XIV 

4 '' ton"“Mtwi'u'fL 1 vertical". ' ’ I>0U,,ds ' " e, 'e ht » *» -gl- 
5- vr-, 3/r, at an angle tan" 1 g with the vertical. 

6. JP-sin a cos a. 

c 

7. ]y_SL. 

(f-+A 2 )i P+/i- 

8. $/p£ fP ^ +c2 -" a 

9. - JP, UV2, JP. 

10. P— | IP, Q=^ IV\J2, R = i,]\r K 

11. 7P(tana-lh /Pseca 

12 . Mr,vr,ivr! 

«• 5 * 3 * 

H. *P, *P A iP s /3. 

1B '1t^V3,^-Vv3,|/P 

16. IP, 2»V3, 2 JP. 26 

17. J^'ip a + g i + ft Tf . 

2a, + » * coscca. 
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18. UV sin 2a; ±JV, JVQ + cos 2 a). 

t in -1 1 ^ cot P ~ a c °t a 


19 


a + b 


20 !y( acos 0-bsind 


IV sin j8cosec(a + /3), IFsin a cosec (a-f/?). 


2 \ a sin 0 - 6 cos 
21. It divides /lA? in the ratio 2 : 3. 


n 0\ 7FY« cos 0-6 sin 0\ 

s0 )’ ’ 2 Usiii^-icos tfJ' 


EXAMPLES XV IA0-JLS. 


1. The resultant is represented in magnitude, direction and position 

l>y 2,4 E, where E is the middle point of BC. 

2. The resultant is represented in magnitude, direction, and position 

by 2 BC. 

3. The resultant is represented in magnitude and direction by 2 AC, 

and acts through the middle point of BD. 

4. The resultant is represented in magnitude, direction and position 

by 4 EF, where B and A’are the middle points of AC and BD 
respectively. 

9. Q\J 3, perpendicular to BC, through a point dividing BC externally 
in the ratio P + Q : P- Q. 

10. 7 pounds’ weight, at an angle tan -1 787 . . . with BC, through a 

point D in BC produced, where CD=BC. 

11 . 8 pounds’ weight, in direction parallel to BA, through a point 

situated in BC produced at a distance of 2 inches from C. 

12. 3’6 . . . pounds’ weight along FG, where G is in BC produced 

such that CG=\BC, and F is in AD produced such that 
DF=AD. 

Pi. Q 

13. \JP l + PQ + Q 1 , at an angle tan" 1 with FC, through 

a point 0 in FC produced, where <70=side of hexagon. 

14. 13-2 pounds' weight along AB. 

18. 0 = 0. 


JO. 2sin- , -^ r ; V IV- - vr at an angle sin- 1 ~ with the vertical. 


W 

51 . 2179 . . . pounds’ weight, at an angle tan -1 -894 
vertical. 

«■ 0) (ii) "WP (iii) 

(«) - c -p, 

C, C x l, 

(iii)and(iv)-*P, --P, -P. 

C Js 0 t 

<» -s» 

WI -S'- 


with the 
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30. (vii) -P, -P, -P. 

C \ C \ C \ 

. .... JCi ~ (l . ih 

(vm) -1\ —P. 
c c c 


EXAMPLES XVI /SI- ICO 


1. 


P. 


sfa- - c~ 

2 - 


C 1 

3. At B, a pressure IP. 

Ur 

At C, a pressure ,— 0 IF. 

b + c- 

In BC, a tension 

In CA, a thrust ...f -J P. 

\ 0 “ + C“ 

In AB, a thrust IF. 

10. At A a force IF. S 

In 2?(7, a thrust H'^j-1^. 

In .4 A a tension 
In DC, a tension IP, 

“• "VH> 

12. tin a : tan a,. 

18. In OA, a tension IP. 

In OB, a tension - IP. 

a 

In OC, a tension -IF 

a 

In AB, a thrust - IP. 

a 

In AC, a. thrust - IP. 

a 

^-c 2 


MB Y < /V 


21 - In a tension ( W % - JP ) cos a. 

99 1“ °P> a 101181011 W cos 2 a + IF, sin 2 a) cosec a. 
22. At A, a pressure IF, sin 2 a+ JP n cos 2 a. 

At A a pressure IF, cos 2 a+ IF,'sin 2 a. 

In ^0, a tension (IF, - IF.) cos a. 

In a tension (IF, cos 2 a + IF, sin 2 a) cot a. 


d04 ANSWERS TO THE EXAMPLES 

23. At B and C, forces 1 JF each. 

In OA, OB, OC, tensions $JF, i JF^, \JF~ respectively. 

In AB and AC, thrusts bJF~ and UF- respectively. 

24. At B and C, forces ^ IF and g JF respectively. 

In 0A y OB, OC, tensions &/F-, respectively; 

In AB and AC, thrusts \JF C - and ^ IF- respectively; 

2 d= \ / 2a=+2c- - b 2 . 

27. JFsin a. 


where 


EXAMPLES XVII 

1. 10/^in the direction of the 7P and AP and midway between 

them. 

2. 4 pounds’ weight in the direction of the last two forces, through 

D in AC produced, where CD = S inches. 

3. Q = 2w; I) is the middle point of AC. 

4. (i) 10 pounds’ weight, (ii) 15 pounds’ weight. 

5. 114 and 112 pounds’ weight. 

6. 33*79 . . . and 33*21 . . . pounds’weight. 

7. B is U inches from one peg. 

8. 1 pound. 

9. ft to. 

10. 03 pounds. 

11. 5 feet. 

12. 3 inches. 

13. 42 and 36 pounds’ weight. 

14. 3 r n r feet from A. 

15. Between ,' J , and feet from A. 

18. 2 pounds, 61 inches from A. 


EXAMPLES XVIII |7l- IU. 


1 . It divides the distance between the extreme particles in the 

ratio 7 :5. 

2. 7f t inches from the particle of 11 pounds. 

3. It divides the rod in the ratio 13 :11. 

4. 11 inches from A. 

5. 2 pounds. 

6. 19£ inches from that end. 

7. 2 pounds’ weight. 

9. It divides the straight line joining A to the middle point of BC 
in the ratio 3:2. 

10. The mass of the particle at A is three times that of each of the 
others. 

14. Half a side of the triangle. 
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15. Half a side of the triangle. 

16. Vs °f a side of the square. 

17. of a side of the square. 

18 . x/ (" ? i g + )' + ( uU’f 

in + wi, + at, 

20. At the intersection of AD with CE. 

22 . 15, 10, 7 inches. 

23. Art tan ®. 

24. -JJ/cosa. sec 2 ®. 

25. 5 and 1.J inches. 


EXAMPLES XIX 

3. 4*30S 4, 3'733 . . . inches. 

*• a /r, § /f. 

5. £J/. 

7. jj inch. 

9.’ lUnchcs'“ ChCS ° n thC ° thCr S ' dc ° f tho ce,,trc of the l ,lat0 - 

10 ' ^ laSa. C ° f thC h ° ,emUSt bu 7J iMchcs from the centre of the 
11. 5*72 . . . inches. 

J J* inchcs fro,n t,l « cuds of the rod. 

13. It diodes OE m tho ratio 2:7, where E is the middle point 

i*. It divides UA in the ratio 25 :38, where II is the middle point 
15. v /13 : 2. * 

18 . 7*9 inches. 

21. 1 a inches from A in AB. 

22. 1:9. 

23. 2: 3n(n + l). 

m. ■ aJ3 

3(2a + /i) ’ 

”• 3l^f )> *“< 3 - M- 

2T. It dmdes OTm tho ratio 74 =41. whore S fa the middle point 
28. It dmdes AD in the ratio 65 = 34, whore D fa the middle point 


20 
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29. It divides AD in the ratio 2(n 3 - 3 h + 1): n 3 - 2, where D is the 

middle point of BC. 

30. i«U/5-l). 


EXAMPLES XX 110 


1. 

5. 

6 . 


From «a point of trisection of one side. 
i«(3 - \/3). 

At the intersection of EF with UK, where F is in CD 1 inch 
from C, 11 is in AB If inches from B, K is in DA 5 inch 
from D. 


7. 

8 . 
10 . 

13. 

14. 

15. 

16. 

17. 

18. 
23. 

25. 

26. 

27. 

28. 

29. 

34. 

35. 


, , (in + m , \ 

tan 1 - >coto • 

\in-m ) 


60°. 

tan -1 {cot a —. ). 

6 pounds. 

5 pounds. 

2 pounds. 

7 pounds’ weight. 

6 2 +3c 2 -a 2 

6c'- "' 

■1 pounds. 

At the middle point of CD, where D divides AB in the ratio 

2 : 1 . 

1: V3 + 1. 

16. 

Wr. ' 

a-b\/i 
a + b ) 6 

vr, h w* A w. 

20 . 

6 . 


A 

( 


EXAMPLES XXI 205'- 20 L 


*■ £* 

2 - I"' 

3. IV(a - b). 


4. 


'In 

Hr- 1) 
2» a 


IF(a - b). 


7. Half the total weight of the rods. 
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1. 

2 . 

4. 

5. 

6 . 

8 . 

9. 

10 . 

11 . 

12 . 

13. 

14. 

15. 

16. 

17. 

20 . 

21 . 

22 . 

23. 

24. 

25. 

26. 

27. 

28. 


EXAMPLES XXII Zlt-22 •' 

10 pounds’ weight. 

4 inches. 

25 pounds’ weight. 

The line joining the two masses must he vertical. 2 w - cos “. 

ir+to/a-b' 1 2 ’ 


+ w ( 
2 [ 


Between 0 and *tt. 

• r, 4j pounds' weight. 

42 pounds’ weight. 

21 pounds' weight. 

10 pounds’ weight. 

T V( " r + 15w). 
iV( W'+ 15ir). 

2"I‘= II + ic i + 2k’., + 2rw., i 

2"P= IV+ w(2" - 1). J 
2 " - 1 


+ 2" _1 ir„. 


2 ’* 


(/r-u-). 


10 2 pMcys. TllC " 1 ' p0r l,lock eo,lW " s 3 l»'ltoy s and the lower 

43 pounds’ weight. 

129‘3 pounds’ weight. 

40 feet. 

35 feet. 

36 pounds’ weight; 63 inches. 

6 feet. 


ir=isr + u„ ; 1{32 + 2 3 (£)}„. 

/r-(2"-l)P+(2»-> - 1)ip, + (2"- 2 - !)«-.,+ 


29. 

30. 

31. 

32. 

33. 

34. 


+ (2 2 -l)j0„_.,+ 

(2-1)up" 


35. 

37. 

38. 

39. 


U r ={2-~l)P+^-n-l)w. 

2" 

2" ~i na ‘ 

ir+w 1 = 4P+,c i ; 20 inches. 
tl'=P(l+s/3). 

4 P= W. 

Tlio part of the string which is not vertical is inclined to 

the plane at an angle m- 1 - sln tt 

° P ’ 

45*. Pressure = IV cos a - V/»~ 

About 10,000 pounds’ weight 
45°. b ‘ 

7’92 . . . pounds’ weight. 
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EXAMPLES XXIII 


3. 

4. 

5. 

6. 


7. 


8 . 


11 . 


(i) 2;> pounds, (ii) 20 inches from the fulcrum, (iii) 1^ inches. 
7 inches from the end to which the scalepau is attached ; 2^ inches. 
A inch ; 33 pounds’ weight. 

0) -1 inches from the fulcrum, (ii) £ inch, (iii) 3g inches from 
the fulcrum. 

(i) A inch from the fulcrum in the shorter arm. (ii) 4 pounds, 
(iii) A inch. 


ir - IV 
x+ — a. 


w = 


2 //> 
b-a 


; P=(Jr l -ir 0 ) 


a 


15. 15 inches. 

16. (i) 3 pounds, (ii) 21 inches, (iii) 9 inches, (iv) 9 pounds. 

18. The 15th graduation denotes 1 pound. 

„ 20th „ „ 2 

„ 24th „ „ 4 

,, 25th ,, ,, 5 

„ 27th „ „ 9 

„ 28th „ „ 14 

„ 29th „ „ 29 

20. (i) 4 pounds’ weight, (ii) 8 pounds’ weight. 

22. i(/r,+ /r 2 ); i(/r r ir 2 ). 

23. IV -w. 

24. The arms are of unequal length, one being 1*016 . . . times as 

long as the other ; 36'S95 . . . pounds’ weight. 

25. Is. 4d. 


pounds. 


yy 

yy 

yy 

yy 

yy 


EXAMPLES XXIV 

1 . (i) h IV. 

(ii) 3 4^/r. 

(iii) IV at an angle t in -1 -^ with the vertical. 

(iv) T^fl-VlO i* 1 an upward direction inclined at an angle 
tan -1 4 with the horizontal. 

2 . (i) ^ *. 

(ii) 6 »'■ 

(iii) IV, at an angle tan -1 i upwards from the plane. 

(iv) 3n ^ 10 ~ IV, at an angle tail" 1 ^ downwards from the 

-v 

plane. , 
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3. (i) y*r V 2 

(ii) 2 V2-V6 w 
6 

..... 2 X /15 - x /5 

(ill) -> % 


10 


]V, at an angle tan -1 J with the plane. 

( iv ) _S io Vl - ,fr > at an An S lc tair ’ 4 witli the plane. 
4. 2 JFsin a-Q. 

6. +<?)coscco ; tin a. 

_(P-Q)*_ + pi_Q'. 

• 4tn-(p+Q)«.’ rir^Tp+Q)-' 

7. 14 pounds’ weight. 

s- Wr ; -v/r. 

9. tana, 2//"sin a ; IF sin 2a, at an angle a with the plane. 

17. IF tan (a - X). 

18. a±\ from the highest and lowest points of the hooi* 

20. $ IF sec (a - X). 

32. It slips. 

36 - (i) 4 ir, (ii) & if. 


xjjuuurbLS 


W 


2 WP P 

shF*+ P 2 ’ ^ au 1 ip- with the horizontal. 

T rr 


3. tair 1 -^. 

M»V3 iHV39 a direction inclined at an anglo tan -* 
'nth the vertical. e i 

8 - i^(V 3 -l). 

6 - -164 ... 

7 - 1BV19. 

10 - “(i- 2 )- 

13. 4 W V5, 4/r, 45°. 

15. cos" 1 Q sin a -cog a V 
18. 13 -66 ... pounds. 
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21. (i) tan- 1 J. 

(ii) tan- 1 ■»/-. 

(iii) W- 

(iv) 4 IV. 

(v> xV,ths of the way up the ladder. 

22. tan -1 ’3. 

23. To the top of the ladder. 

24. It divides AH in the ratio 4 : 5. 

25. ♦ and .V. 

27. 115:21. 

28. Equilibrium is disturbed or not according as the load is placed 

above or below the centre of gravity of the ladder. 


MISCELLANEOUS EXAMPLES 


4. a cos 0 = b sill'0 ; IVcosecO, IVcotO. 

6. A force represented by 5 AD. 

9. 4 (AE) + 2(jBD). 

24. A straight line. 

36. The quadrilateral must he a rectangle. 

44. The tensions of AD, HE, AF are respectively 

» w( J 0| , 


a 


a 


- w 

48. The ratio must he less than 1. 
52. «■ 


sl’)P + 2lb + b- ‘ 


55. In Ali, HO, CD, DE, tensions $ IV, ■; IV, |5 IF, § irrespectively. 

In HI!', CL", DD', tensions * IV, £ IE, § IV respectively. 

In H'C, CD', thrusts Jj IV, (j IV respectively. 

In H'C, tension t^IEsJ 34. 

In AH', CD, D'E, thrusts J//V34, A IV s /3l, 1 IV s /34 respec¬ 
tively. 

60. ]T n /7, IT. 

63. The vertical and horizontal components are $ IV and 

4 IV(6m - ll)\/3 respectively. 

64. At A, A IV n /5 in the line AO ; 

At C, lH\C) in the line CO ; 
where 0 divides HD in the ratio 3:1. 


66. Tcot la and T’eot Aa ; 

where 0 is the point of intersection of the two strings. 
71. T=P+Q-Sand U=H+S-P. 


72. At the point of concurrence of the medians. 
74. -, 3 o I/'nA tV V\no in the line DC. 
a s / 27.1/- + i/r 
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76. Each two must be together greater than the third. 
79. 

U,+ 


+ 


+ 




+ 2(a) + J 


‘ 3 *^ • • • a n> 


«l + i rti+« 2 +i 
where a, >«,,><*,> . . 

83. 4 W each. ' 

96. The apparent weight must he diminished by « times the weight 

mn 1° S 0rtl , 0U ' ,rokcn ofl * " herc * is the ratio of the long 
<um to the short arm. h 

102 . 2tairV. 

108 - b lcss i. 

(ii) The tension of the cord is between 

of the eorli? ° f the J01nt abovc tlle cord, and the length 
no. ( ir+ jr) { iv (cot o +cot o') +(;r+ in cot o\-i 

i3o. «£&+£). 

a + b + c 


THE END 


Printed by R. & R. Clark, Limited, Edinbw-gh 
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Bunyan. Price Is. 4d. 

Edited by A. A. Barter. 
THACKERAY’S ESMOND. 

School Edition. With Introduction, 
Notes, and Plans. Price 23- 6d- 

POETRY. 

Each Volume contains a short Intro¬ 
duction and Notes for School Use. 

Price 6d. net. each. 

Edited by C. Linklater Thomson. 
POEMS OF R. & E. B. BROWNING. 
POEMS OF LORD BYRON. 

POEMS OF LORD TENNYSON. 
POEMS OF KEATS & COLERIDGE. 

Edited by E. E. Speight, B.A. 
POEMS OF PERCY B. SHELLEY. 
POEMS OF H. W. LONGFELLOW. 

By A. C. M'Donnell, M.A. 
NINETEENTH CENTURY POETRY. 

Price Is. 4d. 

By John F. Milne. 

PASSAGES FOR PARAPHRASING. 

Price 9<L 

By J. A. Nicklin, B.A. 

LYRA SERIORUM. Poems for Sun¬ 
day Study. Price 8d. 
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ENGLISH 

(Continued) 


8HAKESPEARE. 

KING LEAR. Edited, with Intro¬ 
duction and Notes, by P. Shkavyn, 
M.A. Price 18. 4d. 

MERCHANT OF VENICE. Edited, 

with Introduction and Notes, by J. 
Strono, B.A. Price la. 4d. 

HENRY IV. Part I. Edited, with 

Introduction and Notes, by H. W. Ord, 
B.A. Price IS. 4<L 


MIDSUMMER 
NIGHT’S DREAM. 
JULIUS CAESAR. 
MACBETH. 
RICHARD III. 


Edited, with an 
Introduction and 
Notes, by L. W. 
Lydb, M.A. 

Price 1 b. 4d. each. 


SCOTT. 

Complete Text. 


WAVE RLE Y. 

OLD MORTALITY. 

LEGEND OF MONTROSE 
IVANHOE. 

KENILWORTH. 

FORTUNES OF NIGEL. 
QUENTIN DURWARD. 

THE TALISMAN. 
WOODSTOCK. 

FAIR M AID OF PERTH.. 

CONTINUOUS RBADBRS, 
Abridged Text. 


Each 

Volume con¬ 
tains special 
Introduc- 
[ tion, Notoa, 
and Index. 
Price 23. 
each. 


WAVERLEY. 

OLD MORTALITY. 
IVANHOE. 
KENILWORTH. 
FORTUNES OF NIGEL. 
QUENTIN DURWARD. 
THE TALISMAN. 
WOODSTOCK. 

FAIR MAID OF PERTH. 
BATTLE PIECES. 


Each 

Volume con¬ 
tains special 
. Introduc- 
/ tion and 
Notes. 

Price lfl. 6d- 
each. 



BLACKS SCHOOL TEXT BOOKS (Continued) 


ENGLISH 

(Continued) 

8COTT (Continued) 

Readers for Yodng People. 

ROB ROY. 

OLD MORTALITY. 

IVANHOE. 

THE MONASTERY. 

THE ABBOT. 

THE PIRATE. 

QUENTIN DURWARD. 

THE TALISMAN. 

FAIR MAID OF PERTH. 

LADY OF THE LAKE. Edited, 

with special Introduction and Notes, 
by R. 0. McKinlay. And containing 
Frontispiece. Prico 18. 6d. 

LAY OF THE LAST MINSTREL. 
Edited with Special Introduction and 
Notes, by W. M. Mackenzie, M.A. 
And containing Frontispiece. 

Price la. 6(L 

MABMION. Edited by W. M. 

Mackenzie, M.A. Prico 18. 6(L 

LORD OF THE ISLES. Edited by 

W. M. Mackenzie, M.A. Price Is. 6d- 


ENGLISH, Historical 

By L. W. Lyde, M.A. 

THE AGE OF BLAKE. With 14 

illustrations. Price Is. 4<L 

THE AGE OF DRAKE. With 12 

Illustrations. Price lB. 4<L 

THE AGE OF HAWKE. With 9 
Illustrations. Price la. 4<L 


By H. de B.Gibbins.M. A.,Lrrr.D. 

THE ENGL ISH PEOPLE IN THE 
NINETEENTH CENTURY. Second 
Edition. With 85 Illustrations and 4 
M“I«- Price 2s. 


ENGLISH, Historical 

(Continued) 

By John Finnemore. 
FAMOUS ENGLISHMEN. 

VoL I. King Alfred to Shakespeare 
With 57 Illustrations. 

Yol. II. Cromwell to Lord Roberts. 
With 57 Illustrations. 

Price lfl. 4<L each- 

MEN OF RENOWN. 

King Alfrod to Lord Roberts. With 
71 Illustrations. Price 1& 6d. 

Similar to " Famous Englishmen," but 
containing the principal men of both 
periods in one volume. 

BOYS AND GIRLS OF OTHER DAYS. 

Vol. L The Coming of the Romans to 
the Battlo of Towton Field (b.0. bS 
to a.d. 1461). With 15 Illustration*. 

VoL II. The Rising of LambortSlmncl 
to the Battle of Sodgmoor (1487 to 
16S5). With 12 Page Illustrations, 

Price la. 4<L each. 

SOCIAL LIFE IN ENGLAND. 

VoL I. From Saxon Times to 1605. 
With 7b Illustrations. Price la. 6d. 

Vol. 11. From 1605 to the present day. 

t/n prtparalio a. 


Edited by G. Townsend Warner, 
M.A. 

ENGLISH HISTORY ILLUSTRATED 
FROM ORIGINAL SOURCES. About 
240 pp. each. Prico 2s. 6d. each. 

Period 1307-1390. N. L. Frazer, B. A. 

With 14 Illustrations. 

1399-1486. P. H. Durham. 

With 28 Illustrations. 

1660-1715. Rxv. J. N. Figois. 

With 29 Illustrations, 

In the Press. 

Period 1215-1307. By W. J. Corbwt. 

1558-1603. H.J. Cunningham. 


Arranged by 
Harriet 
Gassiot, and 
edited, with 
an Intro¬ 
duction and 
simple 
Note*, by 
W. M. 
Mackenzie. 
Price 6(L 
each net 
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BLACK’S SCHOOL TEXT BOOKS (Continued) 


ENGLISH, Historical 

(Continued) 

Edited by B. A. Lees. 
HISTORY IN BIOGRAPHY. 

For the Use of Junior Forms. 
Illustrated. 

Ready . 

IT. Edward II. to Richard III. With 
56 Illustrations. 

By A. D. Greknwood. 

Price 2S. 

III. Henry VII. to Elizabeth. Fully 
Illustrated, By F. M. West. 

Price 28. 

rv. James I. to James II. With 32 
Illustrations. By H. Powell. 

Price 28. 

In preparation. 

L Alfred to Edward I. 

By B. A. Less. 

By J. A. Nicklin, B.A. 

POEMS OF ENGLISH HISTORY. 

VoL I. Boadicea to Anne (62 to 1714). 
With 31 Illustrations. 

Price Is. 6<L 

Or in 3 Separate Parts, viz.: 
Boadicea to Richard III. (61 to 1399). 
Henry IV. to Mary (1399 to 1558). 
Elizabeth to Anne (1558 to 1714). 

Price 4d. net eaeh. 


FRENCH. 

By F. B. Kirkman, B.A. 
MODERN LANGUAGE INSTRUC¬ 
TION WITH SPECIAL REFERENCE 
TO FRENCH. 

This book will explain the principles 
upon which the Series is based, and 
serve as a Teacher’s Guide to its use. 

[In preparation. 

NOTE ON THE METHOD OF USING 

■ A READER. By F. B. Kirkman. 

Price 3d. 

• ■ / / / 

By F. B. Kirkman. 
PREMIERE ANNEE DE FRANCAIS. 

[In preparation. 


FRENCH 

(Continued) 

By W. B. H. Leech. 
DEUXIEME ANNEE DE FRANQAIS. 

[In preparation. 

ELEMENTARY READERS. 

By F. B. Kirkman. 

•Lea Gaulois et lea Francs. Second 
Edition. Illustrated. Reform Ex¬ 
ercises. Price la. 6d. 

•Mon Livre de Lectures. Stories 
in prose and verse. Price la. 6d. 

By Jules de Glouvet. 

* Lea Franfais et lea Anglais. 887- 
1468. Illustrated, (/n preparation. 

* France de MontoreL Illustrated. 

Prlco la. 6d. 

By Mrs. J. G. Frazer. 

* Contes des Chevaliers, illustrated. 

[In preparation. 

Edited by A. R. Florian. 

•Aventures de Chicot (Dumas). 
Illustrated. Price la. 6d. 

Edited by W. G. Hartog. 

* Bayard, par Le Loyal Serviteur. 

Illustrated. Price la. 6d. 

COURS DE GRAMMAIRE FRAN 

CAISE ELEMENT AIRE. — A Short 
' French Grammar in French. Socomi 
Edition. Price la 4d. 

READERS FOR MIDDLE AND 
UPPER FORMS. 

Edited by A. Jamson Smith. 

AGE OF RICHELIEU.—Readings 
from Historians and Contemporary 
Writers. Price 2a 

Edited by F. B. Smart, M.A. 

AGE OF LOUIS XI.—Readings from 

Historians and Contemporary Writers. 

Price 23. 

Edited by F. B. Kirkman, B.A. 

VOLTAIRE.—Contes et Melanges. 

Illustrated. Price 2a 
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BLACK’S SCHOOL TEXT BOOKS (Continued) 


FRENCH 

(Continued) 

Edited by Prof. Louis Brandin'. 
GRANDS PROSATEDRS DD XVII e 
SIECLE. Price 3s. 

Edited by F. B. Kirkman, B.A. 

LE ROIDES MONTAGNES. (About) 
Promifere Pnrtle, Ch. I.-V. Illus¬ 
trated. Reform Exercises. Price 2s. 

* May be had without Vocabulary or 
English Notes if preferred. 

ILLUSTRATED TERM READERS. 
Elementary. 

Petits Contes de F6ea. By w. o. 
Hartoo. Very easy. (/,» the Prus. 

•Petites Comedies, for Reading and 
Acting. Mrs. J. 6. Frazer. 

[/n preparation. 

•Berthe aux grands pieds. Mrs. j. 
G. Frazer. Prico 6(L 

Amys et Amille, AionL By Mrs. 
J. G. Frazer. (/n the Prus. 

•Hires et Larmes. Mma. Charli- 
ville. With poetry. price 6d. 

,Co wm. 3 efc * Preceptes. A. Vessiot. 
With poetry. Price 61 

T /X L' ^ Charlemagne. Mrs. 

J. G. l-RAZKR. Price 6d. 

Middle and Upper. 

•Episodes de la Guerre de Centans. 

(Froissart.) Milo. Ninkt. 

(In the Prat . 

V n^i e: M l fflan * c> - P- B. Kirkman. 
Oral Exercises. Price 6d. 

Voltaire: Zadtg. f. b. Kirkman. 

[/n the Preu. 

Maitre Patelin. Mile. Ninkt. 

Price 6d. 

Dumas : Chicot, a. R. Florian. 

Price 6<L 

DMivrance de Schultz. Roi des 
Montagnes. V Partie. By E. 
About. (/n preparation. 

Hinrt Houssats, de 
1 Aoaddmie francaUe, 


[In the Preu. 


FRENCH 

(Continued) 

Upper, 

^^r^Maximes et Caract^rea 
du XVII« Siecle. Prof. Brandi*. 


Bossuet: Lcs Empires. 
Prof. Brandin. 


Price 9d. 


Price 9<L 
Saint Louifl, E. T. Scbordrlin. 

(/n the PretL 

• May be had without Vocabulary and 
Notes. Prico 6d. 


GEOGRAPHY. 


Descriptive 

Geographies 

By A. J. k P. D 
Ukrbxrtson. 

WoU Illus¬ 
trated. 

Prico 2a 6d- 
each. 


AFRICA. 

AMERICA (CEN¬ 
TRAL and SOUTH). 

AMERICA (NORTH). 

ASIA. 

AUSTRALIA and 
OCEANIA. 

EUROPE. 

J 

By A. J. and F. D. Herbbrtson 
MAN AND HIS WORK. 

Second Edition. Illustrated. 

_ Price Is. 6d 

AFRICA. 

AMERICA (NORTH). 

AMERICA (SOUTH). 

ASIA. 

BRITISH EMPIRE. 

BRITISH ISLES. 

EUROPE. 

W0ElD - _' Price S3. « 

By Prof. L. W. Lyde. 
EUROPE, ELEMENTARY GEO 
GRAPHY of. (For uao with Taylor 
Synthetical Maps.) Price 4d. nei 


By Prof. 

L. W. Lydk. 
Wee la. M. 
each. 



BLACK’S SCHOOL TEXT BOOKS (Continued) 


GEOGRAPHY 

(Continued) 

By Prof. L. W. Lyde. 
COMMERCIAL GEOGRAPHY. 

(Elementary.) Price 3S. 

Or interleaved for Notes. Price 4s. 

GEOGRAPHY READERS. 

Price Is. 4d. each. 
No. III. England and Wales. 

With 2 M ips and G3 Illustrations. 

No. IVa. British Isles. 

With 5 Maps and 09 Illustrations. 

No. IVb. Europe. 

With 13 Maps and 100 Illustrations. 

No. IVc. British Empire. 

With 6 Maps and 86 Illustrations. 

No. VA. Africa. 

With 2 Maps and 42 Illustrations. 


GEOGRAPHY 

(Continued) 

By W. R. Taylor. 
SCOTLAND (5 coloured sections), 

vis.: 

Northern Highlands, Southern 
Highlands, Central Plains, Loth- 
ians and Tweed Basin, South- 
Western District 

Price 2d. each net. 

IRELAND (4 coloured sections),viz.: 
Ulster, Munster, Leinster, and 
Connaught. 

Price 2d. each net. 
Beady Shortly. 

BRITISH POSSESSIONS. 

[Otheri are in preparation. 
SYNTHETICAL ATLASES— 
EUROPE. Price 28. 64 


By J. B. Reynolds, B.A. 

WORLD PICTURES. An Ele¬ 
mentary Pictorial Geography. Second 
Edition. With 71 Illustrations, mostly 
full page. Demy 8vo, cloth. 

Price Is. 64 net. 


ENGLAND AND WALES. 

Price 2s. 

SCOTLAND. Price Is. 44. 

IRELAND. Price Is. 


By W. R. Taylor. 

SYNTHETICAL MAPS. 

Series of 3 Maps on Sheet. 

EUROPE. In 12 sections, viz.: 

Austria-Hungary, Balkan Penin¬ 
sula, Basin of Danube, Basin of 
Rhine, Europe, France, German 
Empire, Holland and Belgium. 
Italy, Russia, Scandinavia and 
Denmark. Spain. 

Price 2d- each net 
ENGLAND AND WALES. In eight 

coloured sections, viz.: 

Eastern Counties; Northern 
Counties; Severn Basin; Southern 
Counties, East; Southern Coun¬ 
ties, West; Thames Basin; Trent 
Basin ; Wales and Cheshire. 

Price 2d. each net 
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GEOMETRY. 

By Charles Godfrey, M.A. 

SOLID GEOMETRY, translated and 
adapted from the German of Dr. Franz 
Hockvar. With 50 Illustrations. 

Price Is. 6d. 


GREEK. 

By A. Douglas Thomson, 
iYSSEY. Book IX 


_ A M 


By E. G. Wilkinson, M.A. 
THE RISE OF HELLAS. An His¬ 
torical Greek Reading Book. With 

2 Maps and 19 Illustrations. 

Price 2S. 64 



BLACK’S SCHOOL TEXT BOOKS (Continued) 


HYMNS. 

By J. J. Findlay, M.A. 
LAUDATE. A Hymn-Book for 
Schools. With Mu9ic, full score in 
Staff Notation, and Soprano and Con¬ 
tralto in Tonic Sol-fa. Price 2s. 6d. 
Edition with WORDS ONLY. 

Price 6(L 

LATIN. 

By E. G. Wilkin sox, M.A. 
CONQUEST OF ITALY AND THE 
STRUGGLE WITH CARTHAGE. 

(Reader.) With 23 Illustrations. 

Price 2s. 

By H. W. Atkinson. 
FOREIGN EMPIRE (THE). 200 to 

60 B.C. (Reader.) With 23 Illuetra- 
tt0 “- Price 2s. 

By F. M. Ormi8tox. 

OLD SENATE AND THE NEW 
MONARCHY (THE). 60 b.c. to a.d. 
14. (Reader.) With 14 Illustrations. 

Price 2s. 

By T. S. Foster, B.A. 
PUERORUM LIBER AUREUS. A 
First Latin Translation Book. With 
16 Illustrations. Price is. 6d. 


mathematics. 

Geometry, and 
Statics. 


PHYSICS. 


By A. F. Walden, M.A., F.C.S., 
and J. J. Manley. 

INTRODUCTION TO THE STUDY 
OF PHYSICS. 

VoL I. General Physical Measure 
ments. 

With 76 Illustrations. 

Price 3a. 6± 

Voi. ii. Heat, Light, and Sound. 

(/n preparation. 


STATICS. 

By W. J. Dobbs, M.A. 

A TREATISE ON ELEMENTARY 
STATICS. With 191 Illustrations. 

Price 7a 6<L 

ZOOLOGY. 

By Dr. Otto Schmeil. 

Tra ^ t ^ 7 A DD ? LP R 03 K kstock, M.A., 
and edited by J. T. Cukninoham. 

TEXT-B00K OF ZOOLOGY. Treated 
from a Biological Standpoint For the 
use of Schools and Colleges. Profusely 
illustrated. Demy $vo. 

Part I. Mammals. 5 S Illustrations. 
Part II. Birds, Fishes, and Rep- 
tU68. 63 Illustrations. Part III. 
Invertebrata. 69 Illustrations. 

Price 3a 6d. each. 
The three parts are also bound in one 
volume. DcmySvo. Cloth. 

Price 10a. 6d. 



BOOKS FOR SCHOOL LIBRARIES 

AND PRIZES. 


Bell (Warren), J. O. Jones, and How He Earned His 
Living, Illustrated, price 3s. 6d. 

Cook’s Voyages, price 3s. 6d. 

Dana, Two Years before the Mast, price 3s. 6d. 

Farrar, Eric, price 6d., 2s. net, 3s. 6d., or Illustrated, price 6s. 

St. Winifred’s, price 6d., 2s. net, 3s. 6d., or Illus¬ 
trated, price 6s. 

Julian Home, price 6d., 2s. net, 3s. 6d., or Illustrated, 


price 6s. 

Eric and St. Winifred's, in one vol., demy 8vo, 
cloth, price 2s. 

Eric, St. Winifred’s, and Julian Home, in 1 vol., 
demy 8vo, cloth, price 2s. 6d. 

Home, From Fag to Monitor, price 5s. 

Exiled from School, price 5s. 

Hope (Ascott R.), Stories, price 5s. 

All Astray, price 3s. 6d. 

Ready Made Romance, price 5s. 

Hero and Heroine, price 5s. 

Black and Blue, price 5s. 

Half Text History, price 3s. 6d. 

Cap and Gown Comedy, price 3s. 6d. 

An Album of Adventures, price «. 

Markham, Paladins of Edwin the Great, price 5s. 
Montagu, A Middy’s Recollections, price 3s. 6d. 

Park’s Travels in Africa, price 3s. 6d. 

Robinson Crusoe, price 3s. 6d. _ 

Scott’s Ivanhoe, Kenilworth, Rob Roy, Quentin Dur- 
ward, The Pirate, Old Mortality, Count Robert of 
Paris, Illustrated, price 3s. 6d. each. 

Scott’s Tales of a Grandfather (Farrar), price 3s. 6d. 
Stories from Waverley for Children, First series, pnce 
3s. 6d., Second series, price 2s. 6d. 

Voltaire, Charles XJI., price 3s. 6d. , 

Waterloo (Stanley), The Story of Ab: A Tale of the 

Time of the Cave Men, price 5s. 

Waverley Novels, Victoria Edition, price is. 6d per voi., 
25 vols., each volume containing a complete nove. , 
Wodehouse (Percy G.), The Pothunters, price 3s 6d 

v J A Prefect’s Uncle, pnce 3s- 6d. 


A. & C. BLACK, SOHO SQUARE, LONDON. 



" Head and shou . Ider s ^>ove any other Text-Book on Composition 
~ whlch we liave seen.” — The Guardian. 


A MANUAL OF 

ESSAY-WRITING 


FOR HIGHER FORMS OF SECONDARY 

SCHOOLS 


By J. H. FOWLER, M.A. 


ASS ISTAHT-M ASTER AT CLirrON COLLEGE ; EDITOR Of 
NINETEENTH CENTORV PROSE," ETC. 


Small Crown 8vo. Cloth. Price 2b 6& 

E333§S55KS5k5 

Ss, kS i - 


By the same Author. 


A FIRST COURSE OF 

ESSAY-WRITING 

O..... j n i . 


Second Edition, Enlarged. Cloth. Price Sixpence. 

it gires n^ody “ d the hints 

right words and to arrange iris sentenc^^-*^ 1 , 5 and to cll0 °? 8 1116 
still greater importance) fhow him ^ ° °[ der ’ hut (whabis of 

in bb o« i^SSfcSaEL*- own ,d6 “ cUar,y 


ESSAYS FROM DE QUINCEA 


Small Croum 8 do. Cloth, Price 2 b. 

sr * d ,j h „; s e "“i e w'S m to e £ * u " ho * *° * -« 

pieces in » convenient form.Bui PUoT" S ° m ' ° f D “ Q “ m " y '* m “ter 

*0 D. Quincey ih.n , bi . Cotton/ 

mZIuZ™'** ' ha ™ ing most ““rtnHe volnme. ”— Journal ,j 


A. &. C. BLACK. SOHO SQUARE, LONDON fA -,A 
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